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In  preparing  the  following  work  (undertaken  at  the  sug- 
gestion of  the  Chief  Superintendent  of  Education  for  Upper 
Canada),  it  has  been  the  constant  aim  of  the  author  to 
present  it  to  Canadian  teachers  and  students  as  a  thoroughly 
reliable  Treatise  on  the  Theory  and  Practice  of  Numbers, 
and  as  an  Arithmetic,  in  some  degree,  commensurate  with 
the  higher  qualifications  of  teachers  and  the  improved 
methods  of  instruction  now  generally  found  in  our  schools. 

The  Arithmetic  now  oiFered  to  the  public  is  based 
upon  the  Irish  National  Treatise ; — in  fact,  it  was  at  first 
intended  merely  to  adapt  that  work  to  the  decimal  cur- 
rency, and  to  abbreviate  the  somewhat  tedious  reasons 
there  given  for  the  various  rules.  So  many  alterations 
and  improvements  suggested  themselves,  however,  that  the 
original  design  was  speedily  abandoned,  and,  with  the 
exception  of  the  first  ten  or  fifteen  pages,  which  are  taken 
entire  from  the  work  in  question,  the  Treatise^  as  at  pre- 
sent issued,  is,  in  all  essential  respects,  an  entirely  new 
book.  Nevertheless,  as  it  was  the  sole  object  of  the  author 
to  prepare  a  complete  text-book  on  the  subject  of  Arith- 
metic, he  has  not  hesitated  to  adopt  whatever  he  consi- 
dered good,  either  in  the  Irish  National  or  in  the  numerous 
other  excellent  works  on  the  subject. 

By  far  the  greater  number  of  the  problems  are  original ; 
and  it  is  hoped  that  the  practical  manner  in  which  many 
of  them  are  put,  will  tend  to  render  the  study  of  Arith- 
metic more  interesting  and  useful  than  it  has  hitherto  been. 
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It  will  be  observed,  that  a  thorough  series  of  review 
examples  has  been  given  at  the  close  of  each  of  the  sections 
up  to  the  seventh,  and  a  very  extensive  set  at  the  end  of 
the  book.  This  is  deemed  an  important  feature  in  the 
present  work,  as  in  some  degree  insisting  upon  that  care- 
ful revision  of  what  has  been  learned  from  time  to  time, 
without  which,  the  pupil  arrives  at  the  end  of  the  book 
with  all  the  rules  and  principles  so  confounded  with  one 
another,  as  to  render  his  knowledge  in  a  great  measure 
worthless. 

Since  the  only  difference  between  simple  and  dencmi' 
nate  numbers  is  that  tlic  one  increase  and  decrease  accord- 
ing to  the  scale  of  tens  and  the  other  according  to  different 
scales,  there  is  no  reason  why  the  rules  relating  to  them 
should  be  separated ;  and  therefore  in  the  following  pages 
no  distinction  is  made  between  simple  and  compound 
rules.  A  somewhat  extended  experience  has  convinced 
the  author  that,  even  to  beginners,  the  science  of  Arith- 
metic is  more  successfully  presented  by  this  than  by  the 
ordinary  method  of  making  the  pupil  learn  one  set  of 
rules  for  simple  numbers  and  a  completely  different  set  for 
compound  numbers. 

It  will  be  observed  that  towards  the  end  of  the  Treatise 
the  rules  are  mainly  deduced  algebraically.  Some  teachers 
may  not,  at  first,  be  disposed  to  regard  this  as  an  improve- 
ment, but  it  was  not  adopted  until  after  careful  delibera- 
tion and  consultation  with  many  of  the  most  successful 
teachers  of  j!\jithmetic  in  the  Province.  It  is  generally 
conceded  that  a  pupil  should  commence,  in  some  sort,  the 
study  of  Algebra  as  soon  as  he  has  progressed  through 
Proportion  in  Arithmetic.  In  schools  in  which  this  view 
is  adopted  by  the  teacher,  no  difficulty  can  be  experienced, 
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aSp  even  in  the  deduction  of  the  rules,  the  algebraic  prin- 
ciples used  are  of  the  simplest  possible  character. 

As  some  teachers,  however,  prefer  always  giving  the 
rule  in  a  purely  arithmetical  form,  this  has  invariably  been 
i  appended  in  all  the  cases  usually  treated  of  in  Common 

Arithmetic. 

With  regard  generally  to  algebraic  formulas,  it  may  be 
further  remarked,  that  an  algebraic  formula  is  simply  the 
most  abbreviated  form  in  which  it  is  possible  to  express  a 
rule  or  principle.  Once  the  pupil  is  properly  taught  their 
use,  he  is  in  a  manner  independent  of  mere  memory,  since 
from  a  very  few  general  principles  he  is  able,  without  any 
reference  to  a  text-book,  to  deduce  for  lii  ■  .tielf  the  whole 
series  of  rules  for  Simple  and  Compound  Inte':  -nt,  Discount, 
Annuities,  Progression,  and  Position.  Even  when  the  pupil 
is  merely  required  to  commit  the  rules  to  memory,  it  is 
obvious  that  he  can  do  so  much  more  readily  when  they 
are  given  to  him  in  the  shape  of  algebraic  formulas  than  in 
long  worded  rules.  Let  any  one,  for  instance,  compare 
the  work  necessary  for  committing  the  eleven  rules  for 
simple  interest  with  that  required  to  commit  the  corre- 
sponding formulas,  and  the  result  will  be  a  thorough  con- 
viction of  the  superiority  of  the  latter  mode  of  giving  the 
rules.  In  short,  every  experienced  teacher  will  admit,  that 
even  while  the  pupil  remains  at  school  it  is  next  to  impos- 
sible to  make  him  remember  all  the  different  rules  for 
Interest,  Progression,  and  Annuities;  and  that  directly 
he  leaves  the  school  to  enter  upon  the  business  of  life,  these 
rules  are  either  altogether  forgotten  or  are  so  con- 
founded with .  one  another  as  to  become  mere  useless 
mental  lumber.  After  many  years'  trial,  the  author  is 
persuaded  that  the  only  successful  mode  of  treating  the 
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rules  in  question,  is  to  enable  the  pupil  to  deduce  them 
algebraically  and  then  to  interpret  and  apply  the  resultinj^ 
formulas. 

The  attention  of  the  teacher  is  respectfully  directed  to 
the  Recapitulation  at  the  end  of  the  first  section,  where,  it 
is  thought,  the  definitions  and  essential  principles  of  Nota- 
tion and  Numeration  are  so  concisely  worded  that  they 
may  be  advantageously  committed  to  memory  by  the 
pupil. 

The  examination  <|'icstions  throughout  the  work  have 
been  carefully  prepared,  aiicl  are  designed  both  to  enable 
the  self-taught  student  to  test,  at  the  close  of  each  section, 
the  extent  and  thoroughness  of  his  knowledge  of  the  prin- 
ciples therein  contained,  and  also  to  guide  the  pupil  as  to 
what  principles  and  definitions  are  of  such  importance  that 
they  require  to  be  committed  to  memory.  This  latter 
object  is  further  secured  by  the  arrangement  of  type, — all 
the  definitions  and  leading  principles  being  printed  in 
large  type,  the  explanations,  reasons,  and  remarks  in  small 
t3rpe,  and  the  problems  in  a  size  intermediate  to  the  two. 

Great  pains  have  been  taken  to  render  the  wording  of 
the  rules  as  perfect  as  possible ;  and  it  will  be  observed, 
that,  in  order  to  catch  the  eye  when  glancing  over  the 
page,  they  are  invariably  printed  in  Italics. 

It  is  believed  that  the  sections  on  Proportion,  Fractions 
Interest,  &c.,  contain  a  larger  amount  of  information 
and  a  better  selection  of  examples  than  are  commonly 
given,  and  that  the  section  on  the  properties  of  numbers 
and  the  different  scales  of  notation  will  tend  very  mate- 
rially to  enlarge  the  pupil's  acquaintance  with  the  general 
principles  of  the  science  of  Arithmetic. 
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Although  the  Preface  is  not  the  proper  place  for  discus- 
sing methods  of  teaching  Arithmetic,  the  author  cannot 
refrain  from  urging  upon  his  fellow-teachers  the  following 
points : 

1st.  The  pupil  should  be  thoroughly  drilled  upon  the 
use  of  the  signs  and  symbols  of  Arithmetic,  because  these 
constitute  the  language  proper  to  the  subject. 

2nd.  He  should  be  required  to  commit  to  memory  all 
the  essential  definitions,  and  also  the  tables  of  money, 
weights,  and  measures.  The  teacher  would  do  well  to 
examine  his  pupils  on  these  tables  once  a  month  or  oftener, 
since  if  the  pupil  has  to  turn  back  to  his  book  for  each 
table  as  it  is  required,  it  is  not  to  be  expected  that  his  pro- 
gress will  be  very  rapid  or  thorough.  It  may  be  fairly 
questioned  whether  more  than  half  the  difl&culty  and 
obscurity  that  cling  to  the  subject  of  arithmetic  does  not 
arise  from  the  fact  that  the  pupil  is  not  familiar  with  the 
signs,  the  tables,  and  the  principles  of  notation. 

3rd.  The  teacher  should  give  his  class  from  time  to  time, 
questions  of  his  own  construction,  either  to  solve  at  home 
or  as  ordinary  school-room  work,  and  the  pupils  should 
be  encouraged  and  required  to  write  questions  themselves 
under  each  rule.  This  is  an  important  exercise,  and  no 
teacher  who  once  adopts  it  will  ever  throw  it  aside. 

4th.  In  all  operations  in  which  there  are  both  multipli- 
cation and  division,  the  pupil  should  be  taught  to  first 
indicate  the  processes  by  their  appropriate  signs  and  then 
cancel  as  far  as  possible. 

5th.  The  teacher  is  respectfully  reminded,  that  without 
frequent  and  thorough  reviews  there  can  be  no  real  pro- 
gress. Experience  has  shown  that  from  one  third  to  one 
half  of  the  time  devoted  to  Arithmetic  can  be  profitably 
devoted  to  revision  and  recapitulation. 
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6th.  Tho  teacher  should  require  from  his  pupil  the 
absolutely  correct  answer  to  each  question.  '  Near  enough ' 
is  productive  of  great  mischief  to  the  pupil,  as  it  encou- 
rages a  habit  of  such  carelessness  in  his  operations,  that  no 
confidence  can  be  placed  on  his  results.  It  is  not  enough 
that  tho  pupil  understands  the  principles,  although  this 
of  course  is  important.  It  is  possible  to  so  train  the 
pupil  that  his  operations  in  Arithmetic  shall  bo  at  once 
rapid  and  accurate,  and  this  should  be  the  aim  of  the 
teacher. 

Toronto,  December,  1859. 
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The  author  regrets  to  find,  that,  notwithstanding  great  care  was  be* 
stowed  on  the  revision  of  this  work  in  its  progress  through  the  press,  some 
few  errors  have  escaped  him.  He  believes  that  the  following  are  all,  so 
far  as  the  examples  are  concerned,  and  to  these  the  attention  of  the 
teacher  is  respectfully  directed : 

Page  171,  Example  19,  before  \  place  12^^^+. 

Page  199,  Example  18,  instead  of  '2'8,  read  '2  of  '3 ;  and  in  the  same  exam> 

pie,  third  line,  for  67324«7,  read  '6732467. 

Page  232,  Example  18,  for  19  ft.  6  in.  7',  read  19  ft.  6  in.  7". 

Page  279.  Example  6,  for  L  has  the  advantage,  read  K  has  the  advantage. 

Page  281,  Example  6,  for  Ans.,  read  Arts.  63^  cents. 

Page  284,  Example  17,  Ans.  3(4  f  lbs.  at  each  price. 

Page  284.  Example  18,  Ans.  7^  bush,  at  each  price. 

Page  286,  Example  22,  for  7s.,  read  $1-40;  and  for  29  at  $1'80,  read  28  at 
♦1-80. 
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SIGNS  USED  IN  THIS  TREATISE. 


4-  the  sign  of  addition ;  as  5+ V,  or  5  to  be  added  to  V. 

— -  the  si^D  of  subtraction ;  as  4 — 3,  or  3  to  be  subtrac- 
ted from  4. 

X  the  sign  of  multiplication ;  as  8  X  9,  or  8  to  be  mul- 
tiplied by  9. 

-J-  the  sign  of  division  ;  as  18-f-6,  or  18  to  be  divided 

by  (5. 

( )  which  is  used  to  show  that  all  the  quantities  united  by 
it  are  to  be  considered  as  but  one.  Thus  (44-3—7  X  6) 
means  4  to  be  added  to  3,  "7  to  be  taken  from  the  sum, 
and  6  to  be  multiplied  into  the  rem:;ii  der — the  latter  is 
equivalent  to  the  whole  quantity  within  the  brackets. 

=r  the  sign  of  equality ;  as  54-6—11,  or  6  added  to  6, 
is  equal  to  11, 

I  >  I,  and  S  <  f ,  mean  that  J  is  greater  than  J,  and 
that  §  is  less  than  |. 

:  is  the  sign  of  ratio  or  relation  ;  thus  6  :  6,  means  the 
ratio  of  5  to  6,  and  is  read  5  is  to  6. 

: :  indicates  the  equality  of  ratios  ;  thus,  5 :  10: :  7 ;  14, 
means  that  there  is  the  same  relation  between  5  and  10  as 
between  Y  and  14 :  and  is  read  5  is  to  10  as  7  is  to  14. 

^  the  radical  sign.     By  itself,  it  is  the  sign  of  the 

square  root ;  as  -v/  5,  which  is  the  same  as  6»,  the  square 

root  of  6.    y  3,  is  the  cube  root  of  3,  or  3^.     y  4,  is  the 

7th  root  of  4,  or  4^,  &c. 

Example.  [v'{(8— 34-7)  X 4-^6} 431]  XV»-J-l»i+ 
6'=64 1*3 1,  &c.,  may  be  read  thus :  take  3  from  8,  add  7  to 
the  difference,  multiply  the  sum  by  4,  divide  the  product 
by  6,  take  the  square  root  of  the  quotient  and  to  it  add  31, 
then  multiply  the  sum  by  the  cube  root  of  9,  divide  the 
product  by  the  square  root  of  10,  multiply  the  quotient 
by  the  square  of  6,  and  the  product  will  be  eqnal  to 
641-31,  &c. 

These  signs  wte  fully  explained  in  their  proper  places. 
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ARITHMETIC. 


SECTION  I. 


DEFINITIONS. 

1.  Science  is  a  collection  of  the  general  principles  or 
leading  truths  relating  to  any  branch  of  knowledge,  ar- 
ranged in  systematic  order  so  as  to  be  readily  remembered, 
referred  to,  and  applied. 

2.  Art  is  a  collection  of  rules  serving  to  facilitate  the 
performance  of  certain  operations.  The  rules  of  Art  are 
based  upon  the  principles  of  Science. 

3.  Arithmetic  is  both  a  Science  and  an  Art. 

4.  As  a  Science,  Arithmetic  treats  of  the  nature  and 
properties  of  numbers ;  as  an  Art,  it  teaches  the  mode  of 
applying  this  knowledge  to  practical  purposes.  The  for- 
mer may  be  called  Theoretical,  and  the  latter  Practical 
Arithmetic.  To  Practical  Arithmetic  belong  all  the  ope- 
rations wo  perform  upon  numbers,  as  addition,  subtraction, 
multiplication,  division,  'the  extraction  of  roots,  &c. ;  the 
discussion  of  the  principles  upon  which  these  operations  are 
founded,  constitutes  the  theory  of  Arithmetic. 

5.  Any  single  thing,  as  a  horse,  an  apple,  a  day,  an  inch, 
is  called  a  unit  or  one. 

6.  Numbers  are  expressions  for  one  or  more  units. 
Thus,  the  words  one,  two,  three,  four,  five,  &c.,  or  the 
characters  1,  2,  3,  4,  5,  &c.,  are  expressions  by  which  wo 
indicate  how  many  single  things  or  units  arc  to  be  taken, 

7.  Numbers  are  divided  into  two  classes. 

1.  Abstract  numbers. 

2.  Apphcate,  Concrete,  or  Denominate  numbers. 
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8.  If  the  units  referred  to  by  a  number  have  reference 
to  particular  objects,  as,  seven  days,  nine  inches,  &c.,  it  is 
called  an  applied,applicate,  concrete,  or  denominate  number. 
If  the  units  represented  by  a  number  have  no  reference  to 
any  parlicular  object,  as  when  we  say  twice  eight  are  six- 
teen, or  seven  and  two  are  nine,  it  is  called  an  Abstract 
number. 

ON  NOTATION  AND  NUMERATION. 

9.  To  avail  ourselves  of  the  properties  of  numbers,  we  must 
be  able  both  to  form  an  idea  of  them  ourselves  ;  and  to  convey 
this  idea  to  others  by  spoken  and  by  written  language— that  is, 
by  the  voice,  and  by  characters. 

The  expression  of  number  by  characters,  is  called  no/a/zo/i  ; 
the  reading  of  these,  numeration.  Notation,  therefore,  and  nu- 
meration, bear  the  same  relation  to  each  other  as  writing  and 
reading,  and,  though  often  confounded,  they  are  in  reality  per- 
fectly distinct. 

10.  It  is  obvious  that,  for  the  purposes  of  Arithmetic,  we  re- 
quire the  power  of  designating  all  possible  numbers  ;  it  is  equally 
obvious  that  we  cannot  give  a  dififerent  name  or  character  to 
each,  as  their  variety  is  boundless.  We  must,  therefore,  by  some 
means  or  another,  make  a  limited  system  of  words  and  signs 
suffice  to  express  an  unlimited  amount  of  numerical  quantities  : 
—with  what  beautiful  simplicity  and  clearness  this  is  eflfected, 
we  shall  better  understand  presently. 

11.  Two  modes  of  attaining  such  an  object  present  themselves : 
the  one,  that  of  combining  words  or  characters  already  in  use,  to 
indicate  new  quantities  ;  the  other,  that  ofrepresenting  a  variety 
of  different  quantities  by  a  singte  word  or  character,  the  danger 
of  mistake  at  the  same  time  being  prevented.  The  Romans  sim- 
plified their  system  of  notation  by  adopting  the  principle  of  com- 
bination ;  but  the  still  greater  perfection  of  ours  is  due  also  to 
the  expresalon  of  many  numbers  by  the  same  character. 

12.  It  will  be  useful,  and  not  at  all  difficult,  to  explain  to  the 
pupil  the  mode  by  which,  as  we  may  suppose,  an  idea  of  con- 
eideiable  numbers  was  originally  acquired,  and  o  fwhich,  indeed, 
although  unconsciously,  we  still  avail  ourselves  ;  we  shall  see,  at 
the  same  time,  how  methods  of  simplifying  both  numeration  and 
notation  were  naturally  suggested. 

Let  us  suppose  no  system  of  numbers  to  be  as  yet  constructed, 
and  that  a  heap,  for  example,  of  pebbles,  is  placed  beforeus  that 
we  may  discover  their  amount.  If  this  is  considerable,  we  can- 
not ascertain  it  by  looking  at  them  all  together,  nor  even  by 
separately  inspecting  them  ;  we  must,  therefore,  have  recourse  to 


CIlOT.  I. 


▲bT8.  »-17.] 


AND    NUMBRATIOir. 


10 


reference 
,  &c.,  it  is 
'e  number. 
ference  to 
t  are  six- 

Abstract 


1,  we  must 
to  convey 
J — that  is, 

notation  ; 
i,  and  nu- 
iting  and 
iality  per- 

ic,  we  re- 
is  equally 
iracter  to 
,  by  some 
nd  signs 
untitles : 
effected, 

ra  selves: 
in  use, to 
a  variety 
e  danger 
lans  sim- 
e  of  com- 
i  also  to 

in  to  the 
of  con- 
indeed, 

U  see,  at 
ion  and 

tructed, 
us  that 
we  can- 
ven  by 
)urse  to 


'i' 


I 


that  contrivance  which  the  mind  always  uses  when  it  desires  to 
grasp  what,  taken  as  a  whole,  is  too  great  for  its  powers.  If  we 
examine  an  extensive  landscape,  as  the  eye  cannot  take  it  all  in 
at  one  view,  we  look  successively  at  its  different  portions,  and 
form  our  judgment  on  them  in  detail.  We  must  act  similarly 
with  reference  to  large  numbers  :  since  we  cannot  comprehend 
them  at  a  single  glance,  we  must  divide  them  into  a  sufficient 
number  of  parts,  and,  examining  these  in  succession,  acquire  an 
indirect,  but  accurate  idea  of  the  whole.  This  process  comes  by 
habit  so  rapid,  that  it  seems,  if  carelessly  observed,  but  one  act, 
though  it  is  made  up  of  many  :  it  is  indiapensible,  whenever  we 
desire  to  have  a  clear  idea  of  numbers — which  is  not,  however, 
every  time  they  are  mentioned. 

13.  Had  we,  then,  to  form  for  ourselves  a  numerical  system, 
we  would  naturally  divide  the  individuals  to  be  reckoned  into 
equal  groups,  each  group  consisting  of  some  number  quite  within 
the  limit  of  our  comprehension  ;  if  the  groups  were  few,  our  ob- 
ject would  be  attained  without  any  further  effort,  since  we  should 
have  acquired  an  accurate  knowledge  of  the  number  of  groups, 
and  of  the  number  of  individuals  in  each  group,  and  therefore  a 
satisfactory,  although  indirect  estimate  of  the  whole. 

We  oujtht  to  remark,  that  diflTorent  persons  have  very  difTcrent  limits  to 
their  perfect  compreliension  of  number.  Th(!  iut(!lligent  can  coni  eive  with 
ease  a  comparatively  large  one ;  there  arc  savajjes  so  rude  a.s  to  be  incapa- 
ble of  forming  an  idea  of  oue  that  is  extremely  sninll. 

14.  Let  us  call  the  number  of  individuals  that  we  choose  to 
constitute  a  group,  the  ratio:  it  is  evident  that  the  larger  the 
ratio,  the  smaller  the  number  of  groups;  and  the  smaller  the  ratio, 
the  larger  the  number  of  groups. 

15.  If  the  groups  into  which  we  have  divided  the  objects  to 
be  reckoned,  exceed  in  amount  that  number  of  which  we  have  a 
perfect  idea,  we  must  continue  the  process,  and,  considering  the 
groups  themselves  as  individuals,  must  form  with  them  new 
groups  of  a  higher  order.  We  must  thus  proceed  until  the 
number  of  our  highest  group  is  sufficiently  small. 

16.  The  ratio  used  for  groups  of  the  second  and  higlcr  orders, 
would  naturally,  but  not  necessarily,  be  the  same  as  that  adopt- 
ed for  the  lowest;  that  is,  if  seven  individuals  constitute  a  group 
of  the  first  order,  we  would  probably  make  seven  groups  of  the 
first  order  constitute  a  group  of  the  second  also;  and  so  on. 

17.  It  might,  and  vary  likely  would  happen,  that  we  should 
not  have  so  many  objects  as  would  exactly  form  a  certain 
number  of  groups  of  the  highest  order — some  of  the  next  lower 
might  be  left.  The  same  might  occur  in  forming  one  or  more 
of  the  other  groups.  We  might,  for  example,  in  reckoning  a 
heap  of  pebbles,  have  two  groups  of  the  fourth  order,  three  of 
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the  third,  none  of  the  second,  five  of  Ihc  first,  and  seven  indi- 
viduals or  simple  units. 

18.  If  we  hud  niiide  each  of  the  first  order  of  groups  consist 
of  ten  pobldes,  and  cjich  of  liie  second  order  consist  of  ten  of  the 
first,  each  f^roup  of  the  tliird  often  of  the  second,  and  so  on 
witii  the  rest,  we  liad  selected  [hcilfciiiuil  system,  or  that  which 
is  not  only  used  at  present,  but  which  was  adopted  l)y  the 
IlebrcAvs,  Greeks,  Romans,  Sec. — It  is  remarkable  that  the  lan- 
guage of  every  civilizt'd  nation  gives  names  to  the  difl'erent 
groups  of  this,  but  not  to  those  of  any  other  numerical  system  ; 
its  very  general  diffusion,  even  among  rude  and  barbarous  people, 
has  most  i)robably  arisen  from  the  habit  of  counting  on  the 
fingers,  whlcli  is  not  alt(  gether  abandoned,  even  by  us. 

19.  It  was  not  indispensable  that  we  should  have  used  the 
same  }-utio  for  the  groups  of  all  the  different  orders  ;  we  might, 
for  example,  have  made  four  pebbles  form  a  grou])  of  the  first 
order,  twelve  groups  of  the  first  order  a  group  of  the  second,  and 
twenty  groups  of  the  second  a  group  of  the  third  order. — In 
such  a  case  we  had  adopted  a  system  exactly  like  that  to  be 
found  in  the  table  of  Sterling  money,  in  which  four  farthings 
make  a- group  of  the  order  oi' pence,  twelve  pence  a  group  of  the 
order  of  s/iilUngs,  twenty  shillings  a  group  of  the  order  of  pounds. 
While  it  must  be  admitted  that  the  use  of  the  same  system  for 
api)licate,  as  for  abstract  numbers,  would  greatly  simplify  our 
arithmetical  processes — as  will  be  evident  hereafter — a  glance 
at  the  tables  given  further  on,  and  those  set  down  in  treating  of 
exchange,  will  show  that  a  great  variety  of  systems  have  actually 
been  constructed. 

20.  When  we  use  the  same  r«/to  for  the  groups  of  all  the 
orders,  we  term  it  a  common  ratio.  There  appears  to  be  no  par- 
ticular reason  why  ten  should  have  been  selected  as  a  "  common 
ratio"  in  the  system  of  numbers  ordinarily  used,  except  that  it 
•was  suggested,  as  already  remarked,  by  the  mode  of  counting 
on  the  fingers  ;  and  that  it  is  neither  so  low  as  unnecessarily  to 
increase  the  number  of  orders  of  groups,  nor  so  high  as  to  ex- 
ceed the  conception  of  any  one  for  whom  the  system  was  intend- 
ed.    (See  Section  III.) 

21.  A  system  of  numbers  is  called  binary,  ternary,  quaternary, 
quinary,  senary,  septenary,  octenary,  nonary,  denary,  undenary,  or 
duodenary,  according  as  two,  three,  four,  five,  six,  seven,  eight, 
nine,  ten,  eleven,  or  twelve,  is  the  common  ratio.  The  denary 
and  duodenary  systems  are  more  commonly  known  as  the  deci- 
mal and  duodecimal  systems.  Ours  is  therefore  a  decimal,  or 
denary  system  of  numbers. 

If  the  common  ratio  were  sixty,  it  would  be  a  sexagesimal 
system  ;  such  a  one  w^as  formerly  used,  and  is  still,  to  some  ex- 
tent, retained — as  will  be  perceived  by  the  tables  hereafter  given 
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for  themoasuromontofarcs  and  angle's,  and  of  time  ;  Kilnodcchmtl 
system  would  have  twelve  for  its  "  common  ratio'' ;  a  vigesimal, 
twenty,  &c. 

'?,2.  A  little  roflcctloii  w'll  show  that  it  wn:-?  useless  to  give 
different  name.s  ami  eiwinictcrs  to  any  iiumbers  except  to  those 
which  are  less  than  that  which  constitutes  the  lowest  grou]), 
and  to  the  different  order.i  of  groups  ;  because  all  ])ossiblo 
numbers  must  consist  of  individuals,  or  ofgroui'S,  or  of  both 
individuals  and  groups  : — in  neither  case  would  it  be  required  to 
specify  more  than  the  numlier  of  individuals,  und  the  number  of 
each  species  of  grou]»,  none  of  which  numbers — as  is  evident — 
can  be  greater  than  the  common  ratio.  Tiiis  is  ])recisely  what  we 
have  done  in  our  numerical  system,  cxcejit  that  we  have  formed 
the  names  of  some  of  the  groups  by  combining  those  already  used. 
Thus,  "  tens  ofthousanils,"  the  grou])  next  higher  than  thousands, 
is  designated  by  a  combination  of  words  alreadyapplied  to  express 
other  groups — which  tends  still  further  to  simplitication. 

23.  Arabic  system  of  Notation  : — 


XJnit.i  of  comparison,  or  simple  units, 


First  frroup,  or  miits  of  the  socnnrt  crdcr, 
Second  group,  or  units  of  tlic  tliinl  order, 
Tliird  frroup,  or  units  of  tlie  fourth  order, 
Pourtli  group,  or  units  of  th(>  filth  order. 
Fifth  group,  or  units  ofthe  sixtii  order. 
Sixth  group,  or  units  of  the  seventh  order, 

24.  The  characters  which  express  the  first  nine  numbers  are 
the  only  ones  used.  They  are  called  digits,  from  the  custom  of 
counting  them  on  the  fingers,  already  noticed — "  digitus"  mean- 
ing in  Latin  a  finger;  and  they  have  been  called  significant 
figures,  also,  to  distinguish  them  from  the  cypher,  or  0,  Avhich 
has  no  value  when  standing  alone,  and  which  is  used  merely 
to  give  the  digits  their  proper  position  Avith  reference  to  the 
decimal  point. 

25.  The  decimal  point  is  a  point  or  dot  used  to  indicate  the 
position  of  the  simple  units. 

The  pupil  will  distinctly  remember  that  the  place  where  the 
''simple  units  "  are  to  be  found  is  that  immediately  to  the  left- 
hand  of  this  point,  which,  if  not  expressed,  is  supposed  to  stand 
at  the  right-hand  side  of  all  the  digits — thus,  in  4G8-7Gthe  8  ex- 
presses "  simple  units,"  being  to  the  left  of  the  decimal  point ;  in 


KdlUCS, 

Charactem. 

/One 

1 

I'wo 

2 

Three 

.3 

Four 

4 

Five 

5 

six 

6 

SeV(>u 

7 

Eiglit 

8 

^yiwii 

9 

Ten 

10 

Hundred    , 

100 

Tliousand  . 

1,000 

Ten  Tliousnnd 

10,000 

Hundred  Tliousand  100,000 

Million 

1,000,000 
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49  the  9  oxprpsses   "simple  units,"  the  decimal  point  being 
understood  at  the  right  of  it. 

26.  We  fiiitl  by  tlio  tul)Ie  just  given,  that  after  the  first  nine 
nuniber.s,  tlie  siuiio  digits  are  constantly  repeated,  their  posiliona 
with  reference  to  the  decimal  point  being,  however,  changed  : — 
that  is,  to  indicate  succeeding  groupg,  the  digit  is  moved,  by 
means  of  a  cypher,  one  jdace  further  to  the  left.  Any  of  the 
digits  may  be  used  to  express  its  respective  number  of  any  of  the 
groups  :— thus  8  would  be  eight  "  simple  units"  ;  80,  eight  groups 
of  the  first  order,  or  eight  ''tens"  of  simple  units;  800,  eight 
groups  of  the  second,  or  units  of  the  third  order;  and  so  on. 
We  might  use  any  of  the  digits  Avith  the  different  groups ;  thus, 
for  example,  5  for  groups  of  the  third  order,  3  for  those  of  the 
second,  1  for  those  of  the  first,  and  8  for  the  "simple  units," 
then  the  whole  set  down  in  full  would  be  5000,  300,  70,  8,  or,  for 
brevity's  sake,  5378.  For  we  never  use  a  cypher,  when  the  jilace 
it  would  occupy  may  bo  filled  up  by  a  digit ;  and  it  is  evident 
that  in  5378  the  378  keeps  the  5  four  places  from  the  decimal 
point  (understood),  just  as  well  as  cyphers  would  have  done  ; 
also  the  78  keeps  the  3  in  the  third,  and  the  8  keeps  the  7  in  the 
second  place. 

27.  It  is  important  to  remember  that  each  digit  has  two  values, 
an  absolute  and  a  relative.  The  absolute  value  is  the  number  of 
units  it  expresses,  whatever  these  units  may  be,  and  is  unchange- 
able ;  thus  6  always  means  six,  sometimes,  indeed,  six  tens,  at 
other  times  six  hundreds,  &c.  The  relative  value  depends  on 
the  order  of  units  indicated,  and  on  the  nature  of  the  "  simple 
unit."* 

*  What  ha.'  been  said  on  this  very  important  subjoct  is  intended  princi- 
pally for  flit)  toaciier,  though  an  ordinary  amount  of  industry  and  intelli- 
gence  will  bo  quite  sufficient  for  the  purpose  of  explaining  it,  even  to  a 
child,  particularly  if  each  point  is  illustrated  by  an  appropriate  example ; 
the  pupil  may  be  made,  for  instance,  to  arrange  a  number  of  pebbles  in 
groups,  sometimes  of  one,  sometimes  of  another,  and  sometimes  of  several 
orders,  and  then  be  desired  to  express  them  by  characters— the  "unit  of 
comparison  "  being  occasionally  changed  from  individuals,  suppose  to  tens, 
or  hundreds,  or  to  scores,  or  dozens,  &c.  Indeed  the  pupils  rnvst  be  well 
acquainted  with  these  introductory  matters,  otherwise  they  will  contract 
the  habit  of  answering  without  any  very  definite  ideas  of  many  things  they 
may  be  called  upon  to  explain,  and  which  they  should  be  expected  perfectly 
to  understand.  Any  trouble  bestowed  by  the  teacher  at  this  period  will  be 
well  repaid  bv  the  ease  and  rapidity  with  which  the  learner  will  afterwards 
advance ;  to  be  assured  of  this,  he  has  only  to  recollect  that  most  of  his 
future  reasonings  will  be  derived  from,  and  his  explanations  grounded  on 
the  very  principles  we  have  endeavoured  to  unfold.  It  may  he  taken  as  a 
truth,  that  what  a  child  learns  without  understanding,  he  will  acquire  with 
disgust,  and  will  soon  cease  to  remember  ;  for  it  is  with  children  as  with 
persons  of  more  advanced  y(>ars— when  we  appeal  successfully  to  their 
understanding,  the  pride  and  pleasure  they  feel  in  the  attainment  of 
knowledge,  cause  the  labour  and  the  weariness  which  it  costs  to  bo  under- 
valued or  forgotten. 

Pebbles  will  answer  well  for  examples :  indeed,  their  use  in  computing 
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28.  Our  ordinary  numerical  characters  have  not  been  always, 
or  everywhere,  used  to  express  numbers  ;  the  letters  of  the 
alphabet  natumlly  presented  lliemselves  for  the  purpose,  as 
being  already  familiar,  and,  accordingly,  were  very  generally 
adopted — for  example,  by  the  Hebrews,  Greeks,  Romans,  &c., 
each,  of  course,  using  their  own  alphabet.  The  pupil  should  bo 
acquainted  with  the  Roman  notation  on  account  of  its  beautiful 
simplicity,  and  its  being  still  employed  in  inscriptions,  &c. :  it  is 
found  in  the  following  table  : — 

Characters.       Numbers  Expressed. 

I.         .         .  One. 


II.    . 

.  Two. 

III.   . 

.  Three. 

Anticipated changellll.  or  IV. 

.  Four. 

Change  .         .       V.       . 

.  Five. 

VI.     . 

.  Six. 

VII.    . 

.  Seven. 

VIII.  . 

.  Eight. 

Anticipated  cbangelX.     . 

.  Nine. 

Change  .         .       X.      . 

.  Ten. 

XI.     . 

.  Eleven. 

XII.   , 

.  Tjvelve. 

XIII.  . 

.  Thirteen. 

XIV.  . 

.  Fourteen. 

XV.    . 

.  Fifteen. 

XVI.  . 

.  Sixteen. 

XVII. 

.  Seventeen. 

XVIII. 

.  Eighteen. 

XIX.. 

.  Nineteen. 

XX.    . 

.  Twenty. 

XXX.,  &c., .  Thirty. 


has  given  rise  to  the  term  calculation  "  cnlcnlus"  being  in  Latin,  a  pebble : 
but  while  the  teacher  illustrates  what  he  says  by  groups  of  particular  ob- 
jects, he  must  take  care  to  notice  that  his  remarks  would  bo  equally  true  of 
any  others.  Fie  must  also  point  oiil  the  difference  between  a  group  and  its 
eauivalent  imit,  which,  from  their  perfect  equality,  are  generally  confound- 
ed. Thus  he  may  show  that  a  penny,  while  equal  to,  is  not  identical  with 
four  farthings.  This  seemingly  unimportant  remark  will  be  better  appre- 
ciated hereaftor;  at  the  same  time,  without  inaecuracy  of  result,  we  may, 
if  we  please,  consider  any  group  either  as  a  unit  of  the  order  to  which  it 
belongs,  or  so  many  of  the  next  lower  as  are  eciuivalent, 
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Characters.      Numbers  Exj}ressed. 


Anlicipatetl  cliauKeXL 


Cliantrc 


LX.,  kc. 


Anticipated  cbaiiirL'XC. 


Ch 


!ino-e 


iC,  ki 


Anticipated  cliaiigc'Cl ). 


Chan 


ge 


1).  or  To 


Anticijiated  cliangeC: 


Forty. 

Sixty,  tfcc. 

Ninety. 

One  hundred. 

Two  hundied,  &c. 

Four  liuudred. 

Five  hundred,  &c. 

Nine  hundred. 


Change 


nie  nunarec 
]\r.  >»r  Chj    .  One  thousand,  kc. 
V.  O!'  Iqq.  .  Five  thousand,  &c. 
X.or  CCI^f) .  Ten  thousand,  &c. 
^003'  •  -^''^^  thousand,  &;c. 

CCCI^QO    .  Onehundredthousand,&c. 

29.  Thus  -we  find  that  the  Romans  used  very  few  characters 
— fewer,  indoec  than  we  do,  although  our  system  is  still  more 
simple  and  effective,  fi(nu  our  api)lying  the  principle  of  "  posi- 
tion," unknown  to  tlicm. 

They  expressed  all  numbers  by  the  following  symbols,  or  com- 
binations of  them  :  I.  V.  X.  L.  C.  D.  or  I3.  M.,  or  CIq.  In 
constructing  their  system,  they  evidently  had  a  quinary  in  view  ; 
that  is,  as  we  have  said,  one  in  wliich  five  w^ould  be  tlie  common 
ratio  ;  for  Ave  find  tliat  they  changed  their  character,  not  only  at 
ten,  ten  times  ten,  &c.,  but  also  at  five,  ten  times  five,  &c.  : — a 
purely  decimal  system  would  suggest  a  change  only  at  ten,  ten 
times  ten,  &c.  ;  a  j)urely  quinary,  only  at  five,  five  times  five,  &c. 
As  far  as  notation  was  concerned,  what  they  adopted  was 
neither  a  decimal  nor  a  quinary  system,  nor  even  a  combination 
of  both  ;  tliey  appear  to  have  sui)poscd  tiro  primary  groups,  one 
of  five,  the  other  of  ten  "units  of  comparison  "  ;  and  to  have 
formed  all  the  other  groups  from  these,  by  using  ten  as  the  com- 
mon 'I'dtio  of  each  resulting  series. 

30.  They  anticipated  a  change  of  character, — one  unit  before 
*1  would  naturally  occur ;  that  is,  not  one  "  simple  unit," 
out  one  of  the  units  under  consideration.  In  this  point  of  view, 
four  is  one  unit  before  five  ;  forty,  one  unit  before  lift}- — tens 
being  now  the  units  under  consideration  ;  four  hundred,  one 
unit  before  five  hundred — hundreds  having  become  the  units 
contemplated. 
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31.  From  Uie  table  (28)  it  will  be  seen  that  as  often  as 
any  letter  is  repented,  so  many  times  is  its  value  repeated. 
Thus  I,  standing  alone,  denotes  one,  II  denotes  two,  &e. 
So  X  denotes  ten,  XX  tioenty,  (fee. 

When  a  letter  of  /^.s*.9  value  is  placed  before  a  letter  of 
f/reater  value,  it  /(^/iY'.s' «?tvA_y  its  own  value  from  the  greater ; 
but  when  placed  after  it,  it  adds  its  own  value  to  the 
greater.  Thus  V  denotes  foe,  IV  denotes /our,  and  VI, 
six  ;  so  X  denotes  ten,  IX,  nine,  and  XT,  eleven,  &c. 

A  line  or  har  placed  over  any  letter  increases  its  value  a 
tlioumndfold.  Thus  V  denotes  five,  V  denotes  five 
thousand  ;  X  denrites  ten,  X  denotes  ten  thousand,  &c. 

32.  To  express  a  number  by  the  Roman  method  of  notation ; 

Rule. — Find  the  ln>^hcd  number  u'ithin  the  given  one,  tliat  is 
express  d  by  a  single  character,  or  the  "  anticipation"  of  one  (28)  ; 
set  donm  that  character,  or  anticipation,  as  the  case  may  be,  and 
take  its  value  from  the  given  number.  Find,  what  highest  number 
less  than  tfic  remainder  is  expressed  by  a  single  character,  or  "  an- 
ticipalio7i"  ;  put  that  character  or  "  anticipation ''  to  the  right  hand 
of  trhat  is  already  written,  and  talze  its  value  from  the  last  re- 
mainder:  proceed  thus  uhiil  nofhiiig  if.  left. 

ExAMPLK.— Sot  down  the  nimilioi'  oiplitoon  lumdrocl  and  forty-four,  in 
Roman  clmi  actcrs.  One  thousand  expressed  by  M,  is  the  highest  num- 
her  within  the  fiiven  one,  indicated  by  one  character,  ir  by  an  anticipa- 
tion ;  wo  put  down 

and  take  one  thousand  from  the  piven  nmnbev,  which  loaves  eifihthvnidred 
and  forty-four.  Five  hnndrcd,  1),  is  the  liifthest  nnniber  within  the  last 
remainder  (eiirht  hnndrcMl  and  forty-four)  (>.\ pressed  by  one  character,  or 
an  "  anticipation" ;  wc  set  down  D  to  tlieriglit  iuiud  of  JI, 

MD, 

and  take  its  value  from  eip:ht  hundred  and  forty-four,  which  leaves  three 
hundnnl  and  forty-four.  In  this  the  hiiihest  numlior  expressed  by  a  sinfi'le 
character,  or  an  "  anticipation,"  is  one  hniulred,  indicated  by  C  ;  which  wo 
set  down,  and  for  the  same  reason  two  other  Cs, 

IMDCCC. 

This  loaves  only  forty-four,  the  liiKhcst  number  within  which,  expressed 
by  a  sinc:le  character,  or  an  "  anticipation,"  is  forty,  XL— an  anticipation  ; 
we  set  this  down  also, 

IMDCCCXL. 

Four,  expressed  by  IV,  still  remains ;  which,  being  also  added,  the  whole 
is  as  follows  :— 

MDCCCXLIV. 
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33.  Express  the  following  numbers  in  the  Roman  notation ; — 

1.  Twenty-five.  , 

2.  Forty-three. 

3.  Sixty-seven. 

4.  Eighty-nine. 

5.  Ninety-eiglit. 

G.  One  hundred  and  thirty-seven. 

7.  Three  hundred  and  seventy-one. 

8.  Four  hundred  and  two. 

9.  Six  hundred  and  seventeen. 

10.  Nine  hundred  and  ninety-nine. 

11.  One  thousand  four  liundred  and  forty-six. 

12.  Three  thousand  eight  liundred  and  five. 

13.  Eight  tliousaud  six  hundred  and  seventy. 

14.  Twelve  thousand  one  hundred  and  sixty-nine. 

15.  Four  hundred  and  ninety-seven  thousand,  six  hundred  and 
eighty-two. 


Answers. 


1. 

XXV. 

2. 

XLin. 

3. 

LXVll. 

4. 

LXXXIX. 

5. 

XCVIII. 

6. 

CXXXVII. 

7. 

CCCLXXI. 

8. 

CDTI. 

9. 

DCXVII. 

10. 

CMXCIX. 

11. 

MCDXLVI. 

12. 

MMMDCCCV 

13. 

ViMMMDCLXX.U. 

XMMCLXIX. 

;)i 


15.  CDXCVMiMDCLXXXII. 

34.  Read  the  following  expressions  : — 

1.  XCVII.  2.  CCLXXII. 

4.  CMIX.  5.  XV. 


3.  DCLXVIII. 
6.  VMMMXXXIII. 


1.  XVDCCCLXXXVIII.  8.  DUXLVMCMIV.  9.  XXVXXV. 


Answers. 

1.  Ninety-seven. 

2.  Two  hundred  and  seventy-two. 

3.  Six  hundred  and  sixty-eight. 

4.  Nine  hundred  and  nine, 

5.  Fifteen  thousand. 

6.  Eight  tliousand  and  tliirty-three. 

1.  Fifteen  thousand  eiglit  hundred  and  eighty-eight. 

8.  Six  hundred  and  forty-six  thousand  nine  hundred 

9.  Twenty-five  thousand  and  twenty-five. 


hundred  and  four. 
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35.  In  the  Common  or  Arabic  system  of  Notation  the  same 
character  may  have  different  values,  according  to  the  place  it 
holds  with  reference  to  the  decimal  point  (25),  or  perhaps  more 
strictly  to  the  simple  units.     This  is  the  principle  of  position. 

38.  The  places  occupied  by  the  units  of  the  different  orders, 
(23),  may  be  described  as  follows  : — simple  units,  one  place  to 
the  left  of  the  decimal  point,  expressed,  or  understood ;  tens, 
two  places  ;  hundreds,  three  places,  &c. 

37.  When,  therefore,  we  are  desired  to  write  any  number,  we 
have  merely  to  put  down  the  digits  expressing  the  amounts  of 
the  different  units  in  their  proper  places,  according  to  the  order 
to  which  each  belongs.  If,  in  the  given  number,  there  is  any 
"  place  "  in  which  there  is  no  digit,  a  cypher  must  be  set  down 
in  that  place,  when  required  to  keep  another  digit  in  its  own 
position. — But  a  cypher  produces  no  effect,  when  it  is  not 
between  one  or  more  digits  and  the  decimal  point ;  thus, 
0536,  536*0,  and  536  would  mean  the  same  thing — the  first  is, 
however,  incorrect.  536  and  5360  are  different ;  in  the  latter 
case  the  cypher  affects  the  value,  because  it  alters  the  position 
of  the  digits. 

Example. — Let  it  be  required  to  set  down  six  hundred  and  two.  The 
six  must  be  in  the  third,  and  the  two  in  the  first  place ;  lor  this  purpose 
we  are  to  put  a  cypher  between  tlie  6  and  2 — thus  602.  Witliout  a  cypher, 
the  six  would  be  in  the  second  plac  e— thus,  02 ;  and  would  mean,  not  six 
hundreds,  but  six  tens. 

38.  In  numerating,  we  begin  with  the  digits  of  the  highest 
order,  and  proceed  downwards,  stating  the  number  which 
belongs  to  each  order. 

To  facilitate  notation  and  numeration,  it  is  usual  to  divide 
the  places  occupied  by  the  different  orders  of  units  into  periods. 
For  a  certain  distance,  the  English  and  French  methods  of 
division  agree  ;  the  English  billion  is,  however,  a  thousand 
times  greater  than  the  French.  This  discrepancy  is  not  of  much 
importance,  since  we  are  rarely  obliged  to  use  so  high  a  number  : 
— we  shall  prefer  the  French  method.  To  give  some  idea  of  the 
amount  of  a  billion,  it  is  only  necessary  to  remark,  that,  accord- 
ing to  the  English  method  of  notation,  there  has  not  been  one 
billion  of  seconds  since  the  birth  of  Christ.  Indeed,  to  reckon 
even  a  million,  counting  on  an  average  three  per  second  for 
eight  hours  a  day,  would  require  nearly  12  days.  The  following 
are  the  two  methods. 
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39.  t/se  0/"  Periods. — For  the  purpose  of  reading  or  writing 
numbers,  we  divide  them,  by  separating  points,  into  periods — 
the  first  separating  point  being  the  decimal  point,  expressed  or 
understood,  and  the  other  separating  points  being  placed  after 
every  third  digit,  or  place,  to  the  right  and  left  of  the  decimal 
point.  Each  period  has  three  places — of  which  one  or  more 
may  be  occupied  by  digits.  The  lowest  place  in  every  period — 
or  that  to  the  right  hand,  is  the  "  units'  "  place  of  tliat  period  : 
and  the  highest,  the  "  hundreds'  "  ])lace.  And  this  is  true, 
whether  the  period  is  to  the  left  or  to  the  right  of  the  decimal 
point. 

40.  The  period  to  the  left  of  the  decimal  point  contains  the 
simple  units.  The  first  period  to  the  left  of  the  units'  period, 
contains  the  thousands  ;  and  the  first  period  to  the  right  of  it, 
the  thousandths.  The  second  period  to  the  left  of  the  units' 
period,  contains  the  millions  ;  and  the  second  to  the  right  of  it, 
the  millionths.  The  third  period  to  the  left  of  the  units'  period, 
contains  the  billions ;  and  the  third  to  the  right  of  it,  the 
billionths.  The  fourth  period  to  the  left  of  the  units'  period, 
contains  the  trillions;  and  the  fourth  to  the  right  of  it,  the 
trillionths.     The  fifth  period  to  the  left  of  tho  units'  period,  con- 
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tains  the  quadrillions  ;  and  tlic  fifth  to  the  right  of  it,  the  quadril- 
lionilis:  The  sixth  period  to  the  left  of  the  units'  period,  con- 
tains tlic  qui ntil lions  ;  and  the  sixtli  to  tlie  right  of  it,  tlie  quin- 
tillionths.  Tlie  seventh  period  to  the  left  of  the  units'  period, 
contains  the  scxiillions  ;  and  the  seventh  to  the  right  of  it,  the 
sextillionlhs.  Tlie  eighth  period  to  the  left  of  the  units' period, 
contains  the  septillions  ;  and  the  eighth  to  the  right  of  it,  tlio 
septillionlhs.  The  ninth  period  to  the  left  of  the  units'  period, 
contains  the  octillions;  and  the  ninth  to  the  right  of  it,  the 
octillionlhs.  The  tenth  period  to  the  left  of  the  units'  period, 
contains  the  nonillions ;  and  the  tenth  to  the  right  of  it,  the 
no?iiUiontlis. 

Tho  pupil  should  bo  made  i)crfoc'tly  fauiiliar  with  tlio  uauios  of  the 
pcriixffi,  iuul  of  tho  places  iu  each  period — .so  ns  to  bo  able,  without  the 
sliglitcst  hesitation,  to  name  the  period  and  place,  to  which  any  difrit 
bel(>nirs,  or  into  which  it  oujrlit  to  be  i)ut,.  AVlien  he  can  read  or  write  any 
one  ilifiit,  belonpin);  to  any  period  and  pla(;e,  he  should  be  taught  to  read 
and  write  a  number  consisting  of  tico,  ilir('P,f<mr,  &c.,  digits,  whether  they 
are  close  together,  or  separated  by  any  number  of  cyphers. 

The  whole  of  what  has  been  said  above  will  becomo  more  evident  from 
an  attentive  consideration  of  the  following  table  : 
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EXAAIPLE.— Let  it  be  required  to  read  off  the  following  number,  570934. 
We  put  a  i)oint  to  the  left;  of  the  9,  and  lind  that  there  are  exactly  two 
periods— thus,  570,93 1 ;  this  does  not  always  occur,  as  the  highest  or  lowest 
period  is  often  imperfect,  consisting  only  of  one  or  two  digits.  Dividing 
the  number  thus  into  parts,  shows  at  once  that  5  is  in  the  third  place  of 
the  second  period— that  is,  in  the  Hundreds'  place  of  the  Thousands^ 
period :  and  therefore,  that  it  expresses  live  hundred  thousands :  that  the 
7,  being  in  tho  second  place  of  the;  same  period,  indicates  tens  of  thousands  : 
and  tho  6,  being  in  the  first,  indicates  thousands.    The  9,  being  in  the 
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third  place  of  the  first  period,  indicates  hundreds  of  units :  the  3,  being  in 
the  second  place  of  the  sa|§e  period,  indicates  tens  of  units  :  and  the  4, 
being  in  the  first,  indicates  units  ("of  comparison,"  or  "simple  units"). 
The  number,  thenfore,  mav  be  reatl  as  follows—"  live  hundreds  of  thou- 
sands, seven  tens  of  tliousaiids,  and  six  tliousauds ;  nine  linndreds  of  units, 
three  tens  of  units,  and  four  units;"  or,  more  briefly,  "  live  hundred  and 
seventv-six  tliousand,  nine  hundred  and  tliirty-fdui-." 

ftl.  To  prevent  the  separating  point,  or  that  which  divides  into  periods, 
from  beiuK  mistal<en  for  the  decimal  point,  the  former  should  be  a  uoinma 
(.)— the  latter  a  full  stop  (.)  Without  this  distinction,  two  numbers  vvliich 
are  very  difl'erent  mi>rht  be  confounded:  thus,  H)S'T(i:i,  and  lOS,?*);?,  one  of 
which  is  a  thousand  times  preater  than  the  other.  After  a  while,  we  may 
disr>en!-e  with  the  separating  point,  though  it  is  convenient  to  retain  it 
with  large  numbers,  as  they  are  tlien  read  witli  greater  ease. 

42.  To  write  down  any  integral  or  whole  number^  it  is  merely 

necessary  to  remember  the  order  of  the  periods,  and  that  every  period 

contains  three  places,  each  of  which  must  be  filled,  cither  by  a  digit 

or  a  cipher.     The  one,  two,  or  three  digits,  belonging  to  the  highest 

period^  are  first  written  in  their  appropriate  places  ;  then  the  next 

lower  period  is  filled  with  the  digits,  or  ciphers  belonging  to  it; 

afterwards  the  next ;  and  so  on,  till  the  whole  number  is  set  down. 

Example  —Let  it  l>e  required  to  write  tlu;  number  sevcn<y-three  tiil- 
lion,  two  Imndred  and  nine  Inlliou.  eight(!en  thousand  and  six.  The  hUch- 
est  period  here  mentioned  is  that  of  trillions,  wliich  we  liuow  tobiiUve  filth 
to  the  left  of  the  decimal  point  (40).  We  tlierefore  set  down  the  digits  73, 
bearing  in  mind  that  we  are  to  put  in  four  complete  periods,  or  twelve 
places  between  the  3  and  tlii^  decimal  point.  The  next  period  we  liave  is 
that  of  billions,  which  we  fi!!  with  the  digits  209  (two  hundred  and  nine). 
The  next  period,  that  of  millions,  has  no  sifrnificant  figures,  and  we  ac- 
cordingly lill  it  thus,  000.  We  now  come  to  the  period  of  thousands,  in 
whicli  we  have  tlie  digits  IS,  but,  inasmuch  as  tlie  third  place  of  tliis  period 
must  also  be  Idled,  we  insisrt  there  a  cypher,  and  the  full  jjcriod  becomes 
018..  i^astly,  the  lowest  period,  or  that  of  units,  is  to  contain  only  the 
digit  fi,— the  other  two  places  being  filled  with  ey  )hers,  the  complete 
period  is  written  006.  Xow  setting  these  periods  one  alter  the  other  in 
their  proper  order,  we  obtain  for  the  entire  number  the  expression, 
73,209,000,018,000. 

43.  To  write  down^  any  decimal  number  we 
much  in  the  same  way.     We  have  to  rema'-k,  that 
the  last  digit  to  the  right  gives  the  denorainati-  i 
'Jhus,   -68  is    read   sixty-eight  hundredlhs ;  .4078   is  read  four 
thousand  and  seventy-eight  tenths  of  thousandths,  &c. 

Noio,  when  we  wish  to  write  any  decimal,  we  first  ascertain  hoio 
many  places  the  proposed  denomination  or  order  is  to  the  right 
of  the  decimal  point ;  and  then,  if  the  given  digits  loill  not  bring 
the  number  toils  proper  position,  we  insert  between  these  digits 
and  the  decimal  point,  the  requisite  number  of  cyphers. 

Example  l.— Let  it  be  required  to  write  tlie  numb(!r,  seven  hundred 
and  sixteen  thousand  and  eighty-nine  billionths.  Now  we  know  (40)  that 
billionths  occupy  the  9tli  place  to  the  right  of  the  decimal  point.  Were 
we  to  place  the  decimal  point  immediatHi/  befor"  the  digits  themselves, 
thua,  .716(189,  they  would  express  not  so  manv  billionths,  but  so  many  mil- 
liontlis;  since  millionths  occupy  the  6th  and  billionths  the  9th  place.  It 
IS  obvious,  then,  that  to  give  the  digits  their  proper  value,  we  must  in- 
sert three  cyphers  between  them  and  the  decimal  point,  and  the  number  i» 
theu  correctly  written  .000,716,089. 
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Example  2.— Write  the  number  six  thousand,  two  hundred  and  one 
huudrt'ths  of  trillionths.  From  (40)  \vc  know  that  hundreths  of  trillionths 
occupy  the  14th  plai'C.  The  givoii  digits  (G201)  beiu.u:  only  four  in  number, 
require  the  aid  of  ton  cyphers  in  order  to  till  tlie  I*  places,  and  the  number 
is  thus  written,  .0n(».ti(Kt,()()(l,0t)2,()l. 

Example  \i. — Write  the  number,  six  million,  seven  hundred  and  twen- 
ty-seven thousand,  and  twelve  teutiis  of  iDilliontlis.  The  jiivcn  difijits, 
6727012,  are  only  A'ei'eH  in  number,  while  the  denominatiou  tenths  of  bit- 
lionths  implies  that  ten  i)laces  must  be  filled.  We  Lave  therefore  to 
insert  three  cyphers  between  the  fiiveii  digits  and  th(!  decimal  !)oint,  and 
the  resulting  expression,  .000,672,701,2,  represents  the  given  number. 

44.  The  simple  units  are,  as  we  have  said,  always  found  in  the 
first  period  to  the  left  of  the  decimal  point.  The  digits  to  the 
left  hand,  progressively  increase  in  a  tenfold  degree — those 
occupying  the  first  place  to  the  left  of  the  simple  units 
being  ten  times  greater  than  the  simple  units ;  those  occu- 
pying the  second  jtlace,  ten  times  greater  than  those  which  oc- 
cupy the  first,  and  one  hundred  times  greater  than  the  units  of 
comparison  themselves;  and  so  on.  Moving  a  digit  one  place 
to  the  left^  multiplies  it  by  ten — that  is,  makes  it  ten  times 
greater;  moving  it  two  places,  multiplies  it  by  one  hundred — 
that  is,  makes  it  one  hundred  times  greater  ;  and  so  of  the  rest. 
If  all  the  digits  of  a  quantity  be  moved  one,  two,  &c.,  places  to 
the  left,  the  whole  is  increased  ten,  one  hundred,  &c.,  times — 
as  the  case  may  be.  On  the  other  hand,  moving  a  digit,  or  a 
quantity  one  place  to  the  right,  divides  it  by  ten,  that  is,  makes 
it  ten  times  smaller  than  before  ;  moving  it  two  places,  divides 
it  by  one  hundred,  or  makes  it  one  hundred  times  smaller,  &c. 

45.  We  possess  this  power  of  easily  increasing,  or  diminishing 
any  number  in  a  tenfold,  &c.,  degree,  wliether  the  digits  are  all 
at  the  right,  or  all  at  the  left  of  the  decimal  point;  or  partly  at 
the  right,  or  partly  at  the  left.  And  the  pupil  must  remember 
that  the  quantities  increase  in  a  tenfold  degree  to  the  left,  and 
decrease  in  the  same  degree  to  the  right,  Avherever  the  decimal 
point  may  happen  to  be.  We  therefore  put  quantities  ten  times 
less  than  simple  units  one  place  to  the  right  of  them,  just  as  we 
put  those  which  are  ten  times  less  than  hundreds,  &c.,  one  place 
to  the  right  of  hundreds,  &c.  Quantities  to  the  left  of  the  deci- 
mal point  are  called  integers,  because  none  of  them  is  less  than 
Bi  whole  "simple  unit"  ;  and  those  to  the  right  of  it,  decimals. 
When  there  are  decimals  in  a  given  number,  the  decimal  point  is 
always  expressed,  and  is  found  at  the  right-hand  side  of  the 
simple  units. 

46.  The  periods  to  the  left  of  the  decimal  point  may  be  called 
the  ascending,  and  those  to  the  right  of  it,  the  descending  series : 
— taken  together,  however,  they  constitute  but  one  series,  wiiich 
is  an  ascending  or  a  descending  series,  according  as  it  is  read 
from  right  to  left  or  from  left  to  right.  Periods  that  are  equally 
distant  from  the  units  of  comparison  bear  a  very  close  relatiou  to 
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each  other,  which  is  indicated  even  by  tlie  similarity  of  their 
names ;  the  only  difl'ercnce  being  in  the  terminations  (40).  We 
have  seen,  also,  that  when  we  divide  integers  into  periods  (40), 
the  lirst  separating  point  must  be  put  to  the  right  of  the 
thousands; — in  dividing  decimals  into  jteriods,  the  iirst  point 
must  be  put  to  the  right  of  the  thousandths  also. 

47.  Care  must  be  taken  not  to  confound  what  we  now  call 
"  decimals,"  with  what  we  shall  hereafter  designate  "  decimal 
fractions'' ;  for  they  express  equal,  but  not  identically  the  same 
qiumtities — the  decimals  being  what  shall  be  termed  the  "quo- 
tients" of  the  corresponding  decimal  fractions.  This  remark  is 
made  here  to  anticijjate  any  inaccurate  idea  on  the  subject,  in 
those  who  already  know  something  of  arithmetic. 

48.  There  is  no  reason  for  treating  integers  and  decimals  by 
different  rules,  and  at  dill'erent  times,  since  they  follow  precisely 
the  same  laws,  and  constitute  i)arts  of  the  very  mme  series  of 
numbers  (46).  Besides  any  quantity  may,  as  far  as  the  decimal 
point  is  concerned,  be  expressed  in  dillorent  ways ;  for  this  pur- 
pose Ave  have  merely  to  change  the  unit  of  comparison.  Thus, 
let  it  be  required  to  set  down  a  number  indicating  hve  hundred 
and  seventy-four  men.  If  th.e  unit  be  one  man,  the  quantity 
would  stand  as  follows,  574.  If  a  band  often  men,  it  wouid 
become  57'4 — for  as  each  man  would  then  constitute  only  the 
tenth  part  of  the  "  unit  of  comparison,"  four  men  Avould  be  only 
four  tenths,  or  0-4  ;  and,  since  ten  men  would  form  but  one  unit, 
seventy  men  would  be  merely  seven  simple  units,  or  7  ;  &c. 
Again,  if  it  were  a  band  of  one  hundred  men.,  the  number  must 
be  written  5-74  ;  and  lastly,  if  a  band  of  a  thousand  men,  it  would 
be  0'574,  Should  the  "  unit "  be  a  band  of  a  dozen,  or  a  score  of 
men,  the  change  would  be  still  more  complicated  ;  as,  not  only 
the  position  of  the  decimal  point,  but  the  very  digits  also,  would 
be  altered. 

49.  It  is  not  necessary ;^to  remark,  that  moving  the  decimal 
point  so  many  places  to  the  left,  or  the  digits  an  equal  number 
of  places  to  the  right,  amounts  to  the  same  thing. 

Sometimes  in  changing  the  decimal  point,  one  or  more  cyphers 
are  to  be  added  ;  thus,  when  Ave  move  42-G  three  places  to  the 
left,  it  becomes  42600  ;  when  we  move  2  7  five  places  to  the  right, 
it  is  0-00027,  &c. 

50.  It  follows,  from  Avhat  Ave  have  said,  that  a  decimal,  though 
less  than  Avhat  constitutes  the  unit  of  comparison,  may  itself 
consist  of  not  only  one,  but  several  individuals.  Of  course  it 
will  often  be  necessary  to  indicate  the  nature  of  the  "  simple 
units";  as  3  scores,  5  dozen,  6  men,  7  companies,  8  regiments, 
&c.  But  its  nature  does  not  affect  the  abstract  properties  of 
numbers  ;  for  it  is  true  to  say  that  seven  and  five,  Avhen  added 
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10. 
11. 
12. 


13. 
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together,  make  twelve,  whatever  the  unit  of  comparison  may 
be  : — provided,  however,  that  the  same  standard  be  applied  to 
both  ;  thus  *l  men  and  5  men  are  12  men  ;  but  7  men  and  5  horses 
are  neither  12  men  nor  12  horses;  7  men  and  5  dozen  men  are 
neither  12  men  nor  12  dozen  men.  When,  therefore,  numbers 
are  to  be  compared,  Ac,  they  must  have  the  same  unit  of  com- 
parison :  or — without  altering  their  value — they  must  be  reduced 
to  those  which  have.  Thus  we  may  consider  5  tens  of  men  to 
become  50  individual  men — the  unit  being  altered  from  ten  men 
to  one  man,  without  the  value  of  the  quantity  being  changed. 
This  principle  must  be  kept  in  mind  from  the  very  commence- 
ment, but  its  utility  will  become  more  obvious  hereafter. 

5],  Examples  in  notation. 

1.  Write  down  one  hundred  and  ninety-four. 

2.  One  thousand  and  seventy-six. 

3.  Twenty  thousand,  five  hundred  and  eight. 

4.  Two  hundred  and  one  thousand,  and  three. 

6.  Eighty  millions,  four  thousand  and  thirty-three. 

6.  Sixteen  quadrillions,  five  hundred  and  ninety-seven  trillions, 

three  billions,  forty-four  millions  and  ninety-one. 

7.  Ninety-seven  hundredths. 

8.  Six  hundred  and  forty-three  thousandths. 

9.  One  hundred  and  twenty-two  thousand  and  eighty-nine 

millionths. 

10.  Thirty-nine  tenths  of  millionths. 

11.  Sixty-three  hundredths  of  trillionths. 

12.  Seventeen  billions,  four  thousand  and  one,  and  nine  hundred 

and  sixty-seven  billionths. 

13.  Seven  trillions,  eight  hundred  and  two  billions,  twenty-three 

thousand  and  eleven,  and  nine  thousand,  nine  hundred 
and  ninety-nine  billionths. 

14.  One  quadrillion,  one  trillion,  one  billion,  one  million,  one 

thousand,  one  hundred  and  one,  and  one  trillionth. 

15.  Eight  hundred  and  ninety-six  trillions  and  two,  and  nine 

hundred  and  four  hundredths  of  millionths. 

Answers. 


1. 

194. 

2.  1076.                  3.  20508. 

4. 

201003. 

5.  80004033.          6.   16597003044000091. 

7. 

•97. 

8.  -643.                   9.  .122089. 

10. 

•0000039. 

11. 

•00000000000063. 

12. 

17000004001.000000967. 

13. 

7802000023011.000009999. 

14. 

1001001001001101.000000000001. 

XB. 

896000000000002.00000904. 
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Examples  in  Numeration. 
52.  Read  the  following  numbers  : — 


1. 

2. 
3. 

4. 
5. 
6. 

904. 

7060. 

90004. 

40300201. 

7060504030. 

70003000000400. 

7.  604.03. 

8.  90767.004003. 

9.  9001.00070300. 

10.  1237.9134671iJ43913. 

11.  -00100100100101. 

12.  100.2003004005006007 

Answers. 

10 


11 


12 


1.  Nine  hundred  and  four. 

2.  Seven  thousand  and  sixty. 
Ninety  thousand  and  fuur. 
Forty  millions,  three  hundred  thousand,  two   hundred  and 

one. 

Seven  billions,  sixty  millions,  five  hundred  and  four  thousand 
and  thirty. 

Seventy  trillions,  three  billions,  and  four  hundred. 

Six  hundred  and  four,  and  three  hundredths. 
8.  Ninety  thousand,  seven  hundred  and  sixty-seven,  and  four 
thousand  and  tliree  milliontlis. 

Nine  thousand  and  one,  and  seventy  thousand,  three  hundred 
and  s"ix  hundredths  of  millionths. 

One  thousand,  two  hundred  and  thirty-seven,  and  nine  tril- 
lions one  hundred  and  thirty-four  billions,  six  hundred 
and  seventy-one  millions,  three  hundred  and  forty-two 
thousand,  nine  hundred  and  thirteen  tenths  of  trillionths. 

One  hundred  billions,  one  hundred  millions,  one  hundred 
thousand,  one  hundred  and  one  hundredths  of  trillionths. 

One  hundred ;  and  two  quadrillions,  three  trillions,  four 
billions,  five  millions,  six  thousand  and  seven  tenths 
of  quadrillionths. 


3. 

4. 

5. 

6. 

■7. 


9 


^      ON  THE  DENOMINA'JION  OF  NUMBERS. 

63.  Wheu  two  numbers  have  the  same  unit  they  are  said 
to  be  of  the  same  denomination  ;  when  their  units  are  not 
the  same,  they  are  said  to  be  of  different  denominations. 
For  example,  16  shillings  and  28  shillings  are  two  num- 
bers of  the  same  denomination  ;  but  23  shillings  and  three 
farthings  are  not  of  the  same  denomination,  the  unit  of 
23  shillings  being  one  shilling,  and  of  tliree  farthings, 
one  farthing.  Hie  kind  of  unit  always  expresses  the 
denomination. 


Arts.  62-64.] 
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Even  in  abstract  or  slnipb;  nuinbors,  clifforeiit  names 
are  fi;iven  to  tli<>  units  as  we  proru'ed  to  the  right  or  left  of 
the  decimal  point,  viz.,  simiilo  units,  or  units  of  the  iirst 
order;  tens,  or  units  of  the  second  order;  hundreds,  or 
units  of  the  third  order,  itc.  Coiisideicd  in  this  r<hition 
to  each  oilier,  these  units  may  be  regarded  as  denominate 
numbers. 

The  following  Tables  show  the  various  kimis  of  deno- 
minate numbi'is  in  general  use,  and  also  the  relative  values 
of  their  ditforent  units. 


TABLES  OF  MONEY,  WEIGHTS,  AND  MEASURES. 


s,  four 
tenths 


STERLING   MONEY. 


64.  The  denominations  are  pounds,  shillings,  pence,  and 
farthings. 

TABLE. 

4  farthings  (qr.)  make  1  penny,  marked  d. 


) 

12  pi  lice 

i( 

1  shilling, 

A'. 

;■; 

20  shillings 

u 

]  pound. 

"        £. 

-( 

qr. 

d. 

;( 

4     = 

1 

ft. 

1 

48     = 

12 

1 

£ 

900     — 

240 

20 

1. 

A 

Other  English  coins,  sonic  of  them  now  out  of  use  : 

■i 

Moidore              =---:     27s. 

Noble     ^     Gs. 

8d. 

i 
1 

Guinea                =:=     21s. 

Crown   =     53. 

Pistole                 =     IGs. 

lOd. 

Angel    =      10s 

. 

■) 

Mark  or  Merk     —      13s. 

4d. 

Groat     =--     4d. 

Tho  letters  a  s.  d.  and  ([i'.  are  the  iuiiials  of  tli(>,  Latin  words,  libra, 
solidtis,  denarius,  and  quadrans,  which  rcsp ctivoly  Nifrnify  a  iwund,  a> 
shilling,  a  penny,  and  a  farthing  or  qnartcr.     Tho  marl</,  wliifh  some- 

timos  separates  the  shillings  and  p(>nco,  is  a  corruption  of  the  long 
/  (s),  arising  from  the  rapidity  with  wliich  it  is  made. 

It  is  now  customary  to  write  farthings  as  fractions  of  a  penny,  as  Jd.  -^d. 
jld.,  to  represent  1  qr.,  2  qr..  and  .'j  (ir. 

Sterling  money  is  suj)psHed  to  have  received  its  name  from  tho  Eslerlinga 
or  German  traders  in  Kngland,  hy  whom  it  is  said  to  liaveboen  first  coined. 

The  pound  is  so  called,  bccaiise  in  ancient  times  it  was  equal  to  a  pound 

Troy  of  silver.    Its  present  value  in  Canatlii  and  the  United  States  is  Sta  4 

off* 
Hence  the  value  of  an  English  shilling  is  2-14.  cents.    The  guinea  waa  so 

called  from  being  originally  coined  from  gold  brought  from  Guinea,  ou  th« 
coast  of  Africa. 
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Tlu)  prosont  standard  »roldcoin  of  Orcat  Tlritain  consists  of  22  parts  pure 
(fold  and  2  part-*  of  copper.  Tho  standard  .silver  coin  consists  of  87  parts 
pure  silrcr  and  S  parts  of  cojjpcr.  In  copper  coin  21  pence  weiKh  a  pound 
avoirdupois. 

Fi;i)EHAL  MONEV. 

65.  Federal  inonei/  is  the  ciiiToiicy  of  tlu-  United  States. 
Tiie  deiioiniiiiilioiis  are  eatjles,  dtdiars,  dimes,  cent-?,  and 
mills. 

TABLK. 
10  mills  (m.)  make  1  cent,  marked  cf. 


10  cents 

u 

1  dime, 

(4 

d. 

10  dimes 

.1 

1  dollar, 

«( 

*. 

10  dollaiis 

(( 

1  eagle, 

(i 

E. 

m. 

ct. 

10    == 

1 

d. 

100     = 

10 

=•. 

1 

$. 

1000     = 

100 

rr= 

10     = 

1 

E 

10000     = 

1000 

— — 

100     = 

10 

=     1. 

Tile  si>?n  $  is  tiio  symbol  I'or  the  old  Spanish  coin  of  8  -eals.  On  one  side  of 
tlu!  Spaiiisli  real  tlie  i)illars  of  llcjrcules  were  representtsd  supportinj?  tho 
world— on  the  piece  of  eight  reals  the  pillars  were  retained  and  tho 
8  written  over  them  -thus  ^J,  Many  however  consider  tlic  aiitn  H  a  con- 
traction of  the  letters  U.  S.,  the  initials  of  United  States,  mad(!  by  drop- 
ping tho  curve  of  tho  U  and  writini?  the  S  over  it. 

The  present  standard  for  both//o/</  and  silver  coin  in  tho  United  States 
isono  parts  of  pure  metal  and  lOD  parts  of  alloy.  The  alloy  for  gold  is  silver 
and  copper;  that  for  silvcsr  is  pure  copper. 

The  K')ld  coins  are  the  Kai^le,  Double  Kaj^le,  Half  Ea^le,  Quarter  Eaurlo, 
and  Dollar;  tlm  silver  coins  are  the  Dollar,  Half  Dollar,  Quarter  Dollar, 
Dime,  and  Half  Dime ;  the  copper  coins  are  the  Cent  and  Half  Cent ;  Mills 
are  never  coined, 

OLD  CANADIAN  MONEY. 

56.  Tlic  denominations  are  pounds,  dollars,  shillings, 
pence,  and  t'aithings. 

TABLE. 

4  farthings  make  1  penny,  marked 


12  pence 

ti 

1  shilling. 

8. 

5  shillings 

(( 

1  dollar, 

"             $. 

4  dollars 

(t 

I  })0und, 

'^     i;. 

qr. 

d. 

4     = 

1 

8, 

48     = 

12 

= 

1           %. 

240     == 

60 

= 

5    =     1 

£. 

»60     = 

240 

= 

20            4 

=     1. 

I 
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Note. — Every  3d.  of  the  old  coinage  is  equal  to  5  cents  of  the 
new.  The  York  Shilling  was  equal  to  the  eighth  part  of  a  $,  or 
to  7id.  or  to  l'2i  cents. 

NEW  CANADIAN  OB  DECIMAL  MONEY. 

67.  The  denominations  are  dollars  and  cents. 

The  coins  are  cet\ls,  five-cent  pieces,  ten-cent  pieces,  and 
twenty-cent  pieces. 

100  cents  (c)  make  1  dollar,  inarkeil  8. 

AVOIRDUT'OIS  WEUillT 

68.  Is  Ut,ed  in  wt^ghing  heavy  articles.  Its  name  is 
derived  from  French — and  ultimately  from  Latin  words 
signifying  "  to  have  weight."  Its  denominjitions  are  tons, 
hundredweights,  quarters,  pounds,  ounces,  and  drams. 

TABLE. 
10  drams  make  1  ounce,  marked  oz. 


16  ounces     " 

1  pound, 

(( 

ib. 

25  pounds    " 

1  quarter, 

li 

qr. 

4  quarters  " 

1  hundred 

«'eight,   " 

<;wt. 

20  cwt.        " 

1  ton, 

(( 

t. 

d.                   oz. 

16     =             1 

lb. 

256     =            16 

=          1 

qr. 

6400     =          400 

2.5     = 

1             cwt. 

25600     =        1600 

^        100      = 

4     =        1 

512000     =     32000 

=      2000      = 

80     =      20 

-_, 

t. 
==.    1. 

It  was  formerly  the  custom  to  allow  28  lbs.  to  the  quarter,  112  11)8  to  the 
hundredweight,  and  2210  to  ttie  ton.  This  has  now  lalion  into  disuse;  and 
among  merchants  in  Canada  tlio  qn.cwt.  and  ton  are  universally  considered 
as  respectively  equal  to  25  lbs.,  10(t  lbs.,  and  2(i(lO  lbs.  Tht;  Custom  Houses 
continue  to  regard  the  cwt.  <^.,  ■  .^ini  to  1 12 II  is.,  and  some  fuw  articles  are  still 
weighed  by  the  old  cwt.  by  farmers  and  others. 

TROY  WEIGHT. 

69.  The  denominations  of  Troy  Weight  are  pounds, 
ounces,  pennyweights,  and  grains.  ' 

TABLE. 

24  grains  (grs.)  make  1  pennyweight,  marked  dwt. 
20  pennyweights  "       1  ounce,  "         oz. 

12  ounces  «      l  pound,  "        lb. 
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grs.  dwt. 

24  =  1  07,. 

480  =  20     =  1          lb. 

57GO  =  240     =  12  =     1. 

This  weight  was  introduced  into  Europe  from  Cairo,  in  Egypt,  and  was 
first  adopted  in  Troyes,  a  city  of  France— whence  its  name.  It  is  used  in 
philosophy,  in  weighing-  gold,  precious  stones,  &c. 

NoTE/— The  origin  of  all  weights  used  in  England,  was  a  grain  of  wheat 
taken  from  the  middle  of  the  ear  and  well  dried.  A  weight  equal  to  32  of 
these  grains  was  called  ViPennnwci^ht,  V)eing  equal  to  the  weight  of  a  silver 
penny  tlien  in  use  ;  20  of  th(;se  penny  wciights  constituted  an  ounce,  which 
was  the  12th  i)art  of  a  pound  ( Lat. "  uncia,"  a  12th  jiart— compare  "  inch.,"  the 
twelfth  i)art  of  a  foot).  In  later  times  the  pennyweight  came  to  be  divided 
into  21  equal  parts  instead  of  32,  but  tliese  still  retain  the  name  of  grains. 

The  "  Carat,"  which  is  equal  to  about  four  grains  (somewhat  less  than 
Troy  grains),  is  used  in  weighing  diamonds.  The  term  carat  is  also  applied 
in  estimating  the  lineness  of  gold:  tlie  latter,  when  perfectly  pure,  is  said 
to  be  "  21  carats  line."  If  there  are  23  parts  gold,  and  one  jiart  some  other 
material,  the  mixture  is  said  to  be  "23  carats  line";  if  22  parts  out  of  tho 
21-  are  gold,  it  is  "  22  carats  line,"  &e.  Tii(.'  whole  mass  is,  in  all  cases,  sup- 
posed to  be  ilivided  into  24  parts,  of  which  the  number  consisting  of  gold  is 
specilied.  Our  gold  coin  is  22  carats  line ;  pure  gold,  being  very  soft,  would 
too  soon  wear  out.  The  degree  of  lineness  of  gold  articles  is  marked  upon 
them  at  the  Goldsmith's  Hall ;  thus  we  generally  perceive  "  18  "  on  the  cases 
of  gold  watches:  this  indicates  that  they  are  "18  carats  line"— the  lowest 
degree  of  purity  which  is  stamped. 

grs. 

A  Troy  ounce  contain,'? 480 

An  avoirdupois  ounce 43Y J 

A  Troy  pound 5,  TGO 

An  avoirdupois  pound  ...    7,000 

A  Troy  pound  is  equal  to  372-965  French  grammes. 
175  Troy  pounds   are  equal   to   144  avoirdupois;   175   Troy 
are  equal  to  192  avoirdupois  ounces. 

APOTHECARIES'  WEIGHT. 

60.  The  denominations  of  Apotliecaries'  Weight  are 
pounds,  ounces,  drams,  scruples,  and  grains. 

TABLE. 

20  grains  (grs.)  make  1  Si-iuj)le,  marked  sc.  or  3. 

3  scruples  "      1  dram,  ''        dr.  or   3  . 

8  diams  ''      1  ounce,         ''        oz.  or   3. 

12  ouiu'es  "      1  pound,         '•         lb. 

grs.  ^ 

20  =  1              3 

60  =  3  =        1                I 

480  =  24  =        8     =        1             !b. 

57G0  =  288  =     9G     =      12     =      1. 
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Apothecaries  mix  their  medicines  by  this  weight,  but  buy  and  sell  by 
'avoirdupois.  ,  .        ,  ,  ,         ^,  .    ^  .  ,  ^ 

The  pound  and  ounce  of  this  weight  are  the  samo  as  in  Troy  weight. 

LONG  MEASURE. 

61.  The  denominations  of  Long  Measure  are  leagues, 
miles,  furlongs,  rods,  yards,  f(M't,  inches,  and  lines. 

TABLE. 

make  1  inch,  marked  in. 

1  font,  "       ft. 

1  yard,  "       yd. 

1  rod,  pole,  or  perch,  ''       rd.  or  p. 
1  furlong, 
1  mile, 
1  league, 


12  lines  (1.) 
12  inches 

3  feet 

5^  yards 
40  rods  or  percher 

8  furlongs 

3  miles 
69|  miles  (nearly)   " 
earth's  circumference, 
ft. 


fur. 

m. 

lea. 


1  degree   or    3G0th    part   of   the 


in. 
12 
36 

198 

7920 

63360 


3  = 

16i  = 

6G0  = 

5280  = 


jd. 
1 

H  = 

220     = 

neo    = 


rd. 
1 
40 
320 


fur. 


m. 
1. 


100  links,  4  rods,  or  22  yards,  make  1  Gunter's  chain.  Each 
link  therefore  is  equal  to  ^^^^  inches. 

Eleven  Irish  are  equal  to  14  English  miles.  The  Paris  foot  is 
equal  to  12 •'792  English  inches,  the  Roman  foot  to  11-604  English 
inches,  and  the  French  metre  to  39'383  English  inches. 

4  inches  make  1  hand  (used  in  measuring  horses). 


3  inches     " 

1  palm. 

18  inches     " 

1  cubit. 

3  feet         " 

a  common  pace. 

5  foot         •' 

a  Roman  pace. 

6  feet         " 

a  fathom. 

120  falhoras  " 

a  cable's  length. 

■i 


SQUARE  MEASURE. 

62.  This  measure  is  used  for  estimating  artificei's'  vvoik, 
such  as  flooring,  plastering,  painting,  paving,  &c.,  and,  in 
short,  any  kind  of  work  where  surfnco  alone  is  concerned. 
It  is  always  employed  in  measuring  land,  and  hence  it  is 
fre(}ueatly  called  Land  Measure. 


\ 
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A  square  is  a  four-sided  1  foot  =  12  inches, 

figure  having  all  of  its 
sides  equal  and  perpendi- 
cular one  to  another.     If 
the  length  of  each  side  be    . 
an  inch,  a  foot,  or  a  yard,  S 
the   square  is    called    a'S 
square  inch,  a  square  foot,  -5 
or  a  square  yard,  &c.     It  2 
will  be  observed  from  the  ii 
adjacent    figure    that    a  ]j, 

square  foot  contains  12  X  § 
12  or  144  square  inches,  ^ 
and   similarly    a   square 
yard   may   be   shown   to 
contain  3  X  3  or  9  square 
feet. 

The  denominations  of  Sqi  are  Measure  are  square  miles, 
acres,  roods,  square  perches,  square  yards,  square  feet,  and 
square  inches. 

TABLE. 


144  square 

inches  make  1  square  foot,  ma 

ked 

sq.  ft. 

9  square 

feet          " 

1  square  yard, 

t 

sq.  yd. 

304  square  yards     " 

1  square  rod,        ' 

( 

sq.  rd. 

40  square 

rods        " 

1  rood, 

(i 

r. 

4  roods 

u 

1  acre, 

u 

a. 

640  acres 

({ 

1  square  mile, 

u 

s.  m. 

sq.  in. 

sq.  ft. 

144    = 

1 

sq.  yd. 

1296       =: 

9    » 

1           sq.  rd. 

39204     = 

272J  = 

30i  =         1 

r. 

ISf^SIGO     = 

10890     = 

1210    =      40    = 

1 

sq.  m 

6272640     = 

43560     = 

4840     =     160     = 

4 

=     1. 

63.  In  measiirinir  land  Gunter's  chain  is  us"  !.     It  is 


divided  into  100  links. 

Y/^ff  inches  " 

100  hnks  or  4  rods  " 

80  chains  " 

10000  square  links  " 

10  square  chains  '* 


1  link, 

1  chain, 

1  mile, 

1  square  chain, 

1  acre, 


u 
(( 
(( 
(( 
(t 


1. 

C. 

m. 

sq.  c. 
a. 
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SOLID  OR  CUBIC  MEASURE. 

64.  This  measure  is  used  for  finding  the  solid  contents  of 
timber,  stone,  &c.  A  cube  is  a  solid  bounded  by  six>equal 
surfaces  or  squares,  and  having  eight  equal  edges.  It  is 
called  a  cubic  inch,  a  cubic  fnot,  or  a  cubic  yard,  according 
as  each  of  these  edges  is  an  inch,  a  foot,  or  a  yard  in  length. 

The  accompanying  figure  represents  a  cubic  yard — each  edge 
being  3  feet  in  length.  The  top, 
which  is  equal  to  tlie  base,  con- 
tains 3X3  or  9  square  feet ;  hence, 
if  it  were  only  one  foot  in  height 
it  would  contain  9  cubic  feet ;  but 
it  is  three  feet  in  height,  and  must 
therefore  contain  9X3  or  27  cubic 
feet.  A  cubic  yard  then  contains 
3X3X3  or  27  cubic  feet. 

Similarly  it  may  be  shown  that  a  cubic  foot  contains 
12X12X12  or  1728  cubic  inches. 

The  denominations  of  Cubic  Measure  are  cords,  tons, 
cubic  feet,  and  cubic  inches. 

TABLE. 

1728  cubic  inches  make 

27  cubic  feet 
*40  c.  ft.  of  round  timber,  or    ) 
50  eft.  ofsq. orhewn  timber  \ 
128  cubic  feet  make  1  cord  of  firewood,  marked  c. 

c.  in.  c.  ft. 

1728    =      1  c.  yd. 

46656     =     27     =      1. 

A  pile  of  cord-wood  4  feet  high,  4  feet  wide,  and  8  feet  long, 
contains  128  cubic  feet  or  one  cord.  One  foot  in  length  of  such 
a  pile  is  called  a  cord-foot.  It  is  equal  to  16  solid  feet,  and  is 
consequently  equivalent  to  the  eighth  part  of  a  cord. 

CLOTH  MEASURE. 

65.  The  denominations  of  Cloth  Measure  are  French 
ells,  English  ells,  Flemish  ells,  quarters,  nails,  and  inches. 

*  A  ton  of  round  timber  is  that  quantity  of  timber  which, 
when  hewn,  will  make  40  cubic  feet. 


u 


n 


1  c.  ft.,  marked  c.  ft. 
1  cubic  yd.,  "  c.  yd. 

1  ton I  "  ton. 


i- 
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TABLE. 


[Seot.  I. 


2i  incl 

les  ( 

in.) 

make  1  nail,           marked  na. 

4  nails 

(t 

1  (juarter, 

qr. 

3  quarters 

u 

1  Flemish  ell, 

Fl.  e. 

1 

4  nuar 

ters 

u 

1  yard, 

yd. 

X 

5  quar 

ters 

u 

1  English  ell. 

E.  e. 

6  quarters 

(( 

1  French  ell, 

F.   G. 

in. 

na. 

2i   = 

1 

qr. 

19     = 

4 



1 

Fl.  e. 

21     = 

12 



3 

=     1           yd. 

36     = 

16 

= 

4 

=     IJ  =     1        ] 

Rng.  < 

3 

45     = 

20 

— 

5 

=     IJ  =     U  - 

1 

Fr.  e. 

54     = 

24 

— 

6 

=     2    =     li  = 

li 

=     1. 

Note. — Tho  Scotch  ell  contains  4  quarters  1|  inch. 
DRY  MEASURE. 

66.  By  this  are  measured  all  dry  wares,  as  grain,  beans, 
coal,  oysters,  <fec. 

The   denominations   of   Dry    Measure   are    chaldrons, 
bushels,  pecks,  gallons,  quarts,  and  pints. 

2  pints  (1)  makel  quart,        marked  qt. 


4  quarts 
2  gallons 
4  pecks 
36  bushels 


(t 


1  gallon, 
1  peck, 
1  bushel, 
1  chaldron, 


a 


pt. 

2 

8 

16 

64 

2304 


qt. 

=  1 

=  4 

=  8 

="        32 
=     1152 


gal. 
1 

2     = 

8     = 

288     = 


pk. 
1 

4 
144 


gal. 
pk. 
bu. 
ch. 


bu. 
1 
36     = 


ch. 
1. 


Our  standard  of  Dry  Measure  is  the  "Winchester  bushel.  This  is  an 
upright  cylinder  whose  internal  diameter  is  18i  inches  and  depth  8  inches. 
It  contains  2150"4  cubic  inches  or  77"627  lbs.  avoirdupois  of  pure  distilled 
water  at  G^'^Fahr.  and  30  in.  barometer.  Tiiestantlard  unit  of  Dry  Mea- 
sure in  the  United  States  is  also  tVie  Winchester  Ikishel,  so  {.ailed  because 
the  standard  measure  was  formerly  ke{)t  at  Winchester,  lOnjijland.  The 
standard  unit  of  Dry  Measure  in  Great  Britain  is  the  Imperial  Bushel,  which 
is  an  upright  cylinder  whose  internal  diameter  is  18780  inches  and  depth  8 
inches.  It  contains  2218"192  cubic  inches  or  80  lbs.  avoirdupois  of  pure 
distilled  water  at  02  °  Fahr.  and  30  in.  barometer. 

Grain  is  often  bought  and  sold  by  weight,  allowing  for  a  bushel,  60  lbs.  of 
wheat,  56  lbs.  of  rye,  56  lbs.  of  Indian  corn,  48  lbs.  of  barley,  34  lbs.  of  oats, 
60  lbs.  of  peas,  50  lbs.  of  beans,  40  lbs.  of  buckwheat,  00  lbs.  of  Timothy  or 
Red  Clover  Seed. 


Ab 


he 


'M 

a 

m 

a 

'? 

■s 

b 

1 

t 

1 

s 

c 

1 

f< 

1 

1 
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LKiUID  MEASURE. 

67.  Liquid  Measure  is  used  for  measuring  all  liquids. 
The  denominations  of  Liquid  Measure  are  tuns,  pipes, 
hogsheads,  barrels,  gallons,  quarts,  pints,  and  gills. 

TA15LE. 

4  gills  (g.)     make  1  pint,  marked  pt. 


2  pints 

"       1  quart. 

(( 

qt. 

quarts 

"       1  gallon. 

(( 

gal. 

31 J  gallons 

"       1  barrel. 

u 

bar. 

2  barrels 

"      1  hogshead. 

u 

hhd. 

2  hogsheads 

"      1  pipe, 

(( 

pi- 

2  pipes 

"       1  tun. 

u 

tun. 

g.            pt- 

4  =          1 

qt. 

8  =          2  = 

1          gal. 

32  =          8  = 

4  =        1       bar 

1008  =      252  = 

126  =     3U=   1 

hhd. 

2016  =      604  = 

252  =      63  =   2 

=   1 

pi.  - 

4032  =    1008  = 

504  =    126  =   4 

=  2  = 

=   1        tun 

8064  =   2016  = 

1008  =   252  =    8 

==   4  = 

=  2=1. 

The  English  Imperial  gallon  contains  277"274i  cnbic  inches  or  10  lbs. 
avoirdupois  of  pure  distilled  water,  weighed  at  a  temperature  of  62°  Fahr. 
and  under  a  barometric  pressure  of  30  inches.  ,  .    .     , 

In  the  United  States  the  wine  gallon  contains  231  cubic  niches,  and  the 
beer  gallon  282  cubic  inches.  The  gallon  of  Great  Britain  is  therefore  equal 
to  1-2  gallons  Unitcul  States  Wine  Measure. 

J3y  an  Act  of  the  Imperial  Parliament,  1820,  the  Imperial  gallon  of  27y274 
cubic  inches,  was  adopted  as  the  only  gallon,  and  is  therefore  the  standard 
for  both  liquid  and  dry  measure.  .         ,       „        , 

Beer  is  sold  usually  by  the  gallon;  sometimes,  however,  in  casks  of  5  gals.. 
10  gals.,  20  gals.,  &c.  The  beer  barrel  contains  36  gallons,  and  the  hogshead 
64  gallons. 

TIME  MEASURE. 

68.  Time  is  naturally  divided  into  days  and  years — the 
former  measured  by  the  revolution  of  the  earth  on  its  axis, 
and  the  latter  by  the  revolution  of  the  earth  round  the  sun. 

The  denominations  of  Time  Measure  are  years,  months, 
weeks,  days,  hours,  minutes,  and  seconds. 
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TABLE. 

60  seconds  (sec.)  make  1  minute, 

nn  ; »,„  U         1    lir»nr 


60  minutes 
24  hours 

1  days 

4  weeks 
13  Lunar  months  or 


CSacii.  I. 


marked  min. 
«       h. 


it 


1  hour, 

1  day, 

1  "^eek, 

1  lunar  month, 

12  calendHr  months  or  l  make  1  civiiyear, marked yr. 
3654  days  (nearly)         ) 


d. 

wk. 
mo. 


sec.     mm. 

60  =     1 

h. 

3600  =     60  = 

1 

da. 

86400  r=   1440  = 

24  = 

1 

wk. 

604800  =  10080  = 

168  = 

7  = 

1. 

yr 

31557600  =  525960  = 

8766  = 

365i= 

52^\  = 

=  1. 

Tlie  twelve  calendar  months,  into  which  the  civil  or  legal  year  is  divided, 
and  the  number  of  days  in  each,  are  as  follows : 

First     month,  January,  lias  31  days. 

Second  "  February,  "    28  " 

Third  "  March,      "   31  " 

Fourth  "  April,        "    30  " 

Fifth  "  May,         "   31  " 

Sixth  "  June,        "   30  " 

Seventh  "  July,         "   31  " 

Eighth  "  August,      "   31  " 

Ninth  "  September,"   30  " 

Tenth  "  October,     "   31  " 

Eleventh  "  November,"   30  " 

Twelfth  "  December,"   31  " 

The  number  of  days  in  the  respective  months  may  be  recalled  by  recol- 
lecting the  following  well-known  lines : 

Thirty  days  hath  September, 
April,  June,  and  November ; 
February  has  twenty-eight  alone, 
And  all  the  rest  have  thirty-one ; 
But  leap-year  coming  once  in  four, 
February  then  has  one  day  more. 

The  number  o.  .'ays  in  each  month  may  also  be  recollected  by  counting 
the  mcmths  o.i  the  four  fingers  and  three  intervening  spaces.  Thus,  Janu- 
ary on  the  first  finger,  February  in  space  between  first  and  second  fingers, 
March  on  second  finger,  April  in  second  space.  May  on  third  finger,  June 
in  third  space,  July  on  fourth  finger.  August  on  first  finger  (since  there 
are  no  more  spaces),  September  in  first  space,  &c.  Now,  when  counted 
thus,  all  the  months  having  31  days  come  on  the  fingers,  and  all  having  30 
only,  fall  into  the  spaces. 

The  solar  year  is  the  time  elapsing  from  the  passage  of  the  sun  from  either 
solstice  back  to  the  same  again,  and  is  equal  to  365(1. 5h.  48m.  48sec. 

The  sidereal  year  is  the  time  between  two  successive  conjunctions  of  the 
sun  with  some  star,  and  is  eqnal  to  365d.  6h.  9m.  14isec. 

The  civil  or  li'gal  year  is  that  in  common  use  among  different  nations,  and 
is  equal  to  365  days  for  three  years  in  succession  and  to  366  days  for  the  fourth. 
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min. 

b. 

d. 
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s  divided, 


by  recol* 


countintf 
us,  Janu- 
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1  counted 
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This  additional  day  is  given  to  every  fourth  year  in  order  to  make  the 
civil  year  agree  with  the  solar.  It  was  originally  added  by  repeating  the 
sixth  of  the  calends  of  March  in  the  Roman  calendar — corresponding  with 
the  2ith  of  February  with  us.  The  day  was  called  the  intercalary  day, 
from  the  Latin  intercalo  to  insert ;  and  the  year  was  called  bissextile  from 
the  Latin  bis,  twice,  and  sextilis,  sixth,  (i.  e.  sixth  calend,  taken  twice). 
We  now  call  it  Leap  Year  because  il  leaps  a  day  more  than  a  common  year. 
This  correction  was  made  by  Julius  Caesar,  emperor  of  Rome,  and  heace 
the  civil  year  is  often  called  the  Julian  year. 

The  addition  of  one  day  every  four  years  would  be  strictly  correct  if  the 
solar  year  contained  365  days  6h.:  but  it  only  contains  365d.  5h.  48m.  48 
sue.  or  llmin.  12sec.  less  than  3fi.5d.6n.  Adding  one  day  every  four  years  gives 
us  then  an  error  of  excess  of  44m.  48sec.,or  about  3  days  for  every  400  years. 
Thus  the  Julian  calendar  was  behind  the  solar  time— since  the  Julian  year 
was  longer  than  the  natural  year.  This  error  at  the  time  of  Pope  Gregory 
XIII.  amounted  to  10  days,  which  he  corrected  in  1582  by  suppressing  10 
days  in  the  month  of  October,  the  day  after  the  4th  being  called  the  16th. 
Hence  this  calendar  is  sometimes  called  the  Gregorian  calendar. 

This  correction  was  not  adopted  in  England  till  1752,  when  the  error 
amounted  to  11  days.  By  Act  of  Parliament,  11  days  after  the  2d  of  Sep- 
tember were  therefore  omitted.  The  civil  year,  by  the  same  Act,  was  made 
to  commence  on  the  1st  of  January,  instead  of  the  25th  of  March,  as  it  had 
done  previously. 

Dates  reckoned  by  the  old  method  or  Julian  calendar,  are  called  Old 
Style;  and  those  reckoned  by  the  new  method,  are  called  New  Style. 

To  change  any  date  from  Old  to  New  Style,  we  must  add  11  days  to  it ; 
and  if  the  giveu  date  in  Old  Style  is  between  the  1st  of  January  and  the 
25th  of  March,  we  must  add  1  to  the  year  in  New  Style. 

Russia  still  reckons  dates  according  to  Old  Style.  The  difference  now 
amounts  to  12  days. 

69.  To  ascertain  whether  a  year  is  Leap  Year. 

Divide  the  given  year  by  4,  and  if  there  is  no  remainder  it  it 
Leap  year.  The  remainder,  if  any,  shows  how  many  years  have 
elapsti  since  a  Leap  year  occurred. 

Thus,  dividing  the  year  1847  by  4,  the  remainder  is  3  ;  hence 
it  is  3  years  since  the  last  Leap  year,  and  the  ensuing  year  will 
be  Leap  year. 

To  this  rule  there  is  an  exception ;  for  we  have  seen  that  a  solar  year  is 
11  min,  12  sec.  less  than  a  Julian  year,  which  is  365i  days.  This  error,  in 
400  years,  amounts  to  about  3  days ;  consequently,  if  a  day  is  added  ev^ry 
fourth  year,  that  is,  if  we  have  100  leap  years  in  400  years,  according  to  the 
Julian  calendar,  the  reckoning  would  fall  three  days  behind  the  so^ar  time. 
Thus,  reckoning  from  the  commencement  of  the  Christian  era,  whon  it 
was  January  1st,  401,  by  the  Julian  time,  it  was  Japuary  4th  by  tb'j  solar 
time. 

To  remedy  this  error,  only  1  centennial  year  in  four  is  regarded  a  leap 
year ;  or,  which  is  the  same  in  effect,  whenever  the  centennial  year,  or  the 
number  expressing  the  century,  is  not  divisible  by  4,  that  year  is  not  a  leap 
year,  while  the  other  centennial  years  are.  Thus,  17, 18, 19,  denoting  1700, 
1800.  and  1900,  are  not  divisible  by  4,  consequently  they  are  not  leap  years, 
though  .according  to  the  rule  above  they  would  be ;  on  the  other  hand,  16 
and  20,  denoting  1600  and  2000,  are  divisible  by  4,  and  are  therefore  leap 
years.  There  is  still  a  slight  error,  but  it  is  so  small  that  in  6000  years  it 
scarcely  amounts  to  a  day. 
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70.  TABLE  SnOWINO  THE  NUMBER  OF  DAYS  FROM  ANY  DAY  OF  ONE 
MONTH  TO  THE  SAME  DAY  OP  ANY  OTHER  MONTH  IN  THE  SAME  YEAR. 


To  the  same  day. 

From  any 
day  of 

Jan. 

Fib. 

31 

Mar. 

59 

April  Majr 
90  120 

June 

151 

July 
181 

Aug, 

Sepl. 

Oct. 

Nov. 

Dec. 

334 

January 
February 

3G5 

212 

243 

2  73  304 

334 

365 

28 

59,  89 

120 

150 

181 

212 

242273 

303 

March 

306 

337 

365 

31,  61 

92 

122 

153 

184 

214245 

275 

April 

May 

Juno 

275 

306 

334  365'  30 

61 

91 

122 

153 

183214 

244 

245 

276 

30 :  .35  365 

31 

61 

92 

123 

153'l84 

214 

214 

245 

273  304  334 

365 

30 

61 

92 

122 

153 

183 

July 

184 

215 

243  274  304 

335 

365 

31 

62 

92 

123 

153 

August 

153 

184 

212  243  273 

304 

334 

365 

31 

62 

92 

122 

Sept. 

122 

153 

181212  242 

273 

303 

334 

365 

30 

61 

91 

October 

92 

123 

151  182  212 

243 

273 

304 

335 

365 

31 

61 

Nov. 

61 

92 

120  151181 

212 

242 

273;304;334  365 

30 

Dec. 

31 

62 

90  12i:i5] 

1   1 

182 

212  243  274  304  335 

365 

The  months  counted  from  any  day  of,  are  arranged  in  the  left-hand 
vertical  column ;  those  counted  to  the  same  day  of  are  in  the  upper 
horizontal  line:  the  days  between  these  periods  are  found  in  the 
angle  of  intersection,  in  the  same  wayos  in  a  common  table  of  mul- 
tiplication. If  the  end  of  February  be  included  between  the  two 
points  of  time,  a  day  must  be  added  in  leap  years. 

Example  1.— How  many  days  are  there  from  the  fifteenth  of  March  to 
the  fourth  of  October?  Looking  down  the  vertical  row  of  numbers  at  the 
head  of  which  October  is  placed,  and  at  the  same  time  along  the  horizontal 
row  at  the  left  hand  side  of  wliich  is  March,  we  perceive  in  th<nr  intersec- 
tion the  number  214 : — so  many  days,  therefore,  intervene  between  the  fif- 
teenth of  March  and  the  fifteenth  of  October.  But  the  fourth  of  October 
is  eleven  days  earlier  than  the  fifteenth;  we  therefore  subtract  11  from 
214,  and  obtain  203,  the  number  required.    • 

Example  2.— How  many  days  are  there  between  the  third  of  January 

and  the  nineteenth  of  May  P    liooking  as  before  in  the  table,  we  find  that 

120  days  intervene  between  the  third  of  January  and  the  third  of  May; 

.  but  as  the  nineteenth  is  sixteen  days  later  than  the  third,  we  add  16  to  120 

and  obtain  136,  the  number  required. 

Since  February  is  in  this  case  included,  if  it  were  a  leap  year,  as  that 
month  would  then  contain  29  days,  we  should  add  one  to  the  136,  and  137 
would  be  the  answer. 

examples. 

1.  How  many  daya  from  May  3d  to  the  4th  of  next  July  ? 

jlns.  62  days. 

2.  How  many  days  from  July  4th  to  the  25th  of  next  Decem- 
ber? Jns.  174  days. 

3.  How  many  days  from  March  2 1st  to  the  23rd  of  the  next 
September  ?  ^ns.  186  days. 
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4.  How  many  days 
next  March  ? 

5.  How  many  days 
December  ? 

G.  How  many  days 
June? 

1.  How  many  days 
June  ? 

8.  How  many  days 
iTth  of  the  same  year 


I 


from  September  23rd  to  the  21st  of  the 

jlns.  1*79  days. 

from  June  2l3t  to  the  22nd  of  the  next 

jias.  184  days. 

from  December  22d  to  the  21st  of  the  next 

^ns.  181  days. 

from  March  21st  to  the  21st  of  the  next 

^ns.  92  days. 

from  January  13th,  1848,  to  September 
?  .dns,  248  days. 


71.  The  unit  of  time  is  the  basis  of  that  of  Length,  Mass,  and  Pressure :  the 
connections  being  as  follows  :— 

A  Found  Pres^sure  means  that  amount  of  pressure  which  is  exerted 
towards  the  earth,  at  the  level  of  the  sea,  by  the  quanlity  of  matter  called 
a  pound. 

A  Pound  of  Matter  mc&ns  a  quantity  equal  to  that  quantity  of  pure  water 
which,  at  the  temperature  of  Ci"'  Fahr.,  would  occupy  27'272  cubic  inches. 

A  cubic  inch  is  that  cube  whose  side,  taken  39.1393  times,  would  measure 
the  effective  length  of  a  London  seconds-pendulum. 

A  London  seconds-pendulum  is  that  which,  by  the  unassisted  and  unop- 
posed effect  of  its  own  gravity,  would  make  8(5 100  vibrations  in  an  artillcial 
Solar  day,  or  8ttHj3"09  in  a  natural  sidereal  day. 

CIRCULAR  MEASURE. 

72.  Circular  Measure,  sometimes  called  Angular  Measure, 
is  chiefly  used  by  astronomers,  navigators,  and  surveyors, 
for  measuring  angles  and  for  reckoning  laiitude  and  longi- 
tude, and  the  motion  of  the  heavenly  bodies. 

The  Denominations  of  Circular  Measure  are  signs,  de- 
grees, minutes,' and  seconds. 

TABLE. 
60  seconds  (")  make  1  minute,  marked  ' 


60  minutes            " 
30  degrees            " 
12  signs  or  360  deg. 

1  degree, 
1  sign, 
1  circle. 

o 

s. 
c. 

//                / 

60  =            1 

3600  =         60 

108000  =      1800 

o 

c=:             1 

=     30  = 

s. 
1 

c. 

1296000  =   21600  =   360  =   12  =    1. 


I 
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The  circumference  of  every  circle 
is  Huppo8ed  to  bo  divided  into 
360  equal  parts  called  degrees, 
as  in  the  subjoined   llgure.    Since 

a  degree  is  simply  the  -^^^  part 

of  the  circumference  of  a  circle, 
it  is  obvious  that  its  length  must 
depend  upon  the  size  of  the  cinile. 
If  the  circumference  bo  360  miles 
in  length.then  a  degreeof  that  circle 
will  bo  one  mile  '  ng ;  if  the  circle 
be  360  inches  in  circumference,  then 
a  degree  will  bo  one  inch,  &c. 

The  divisions  of  the  ciroumfcrenco 
of  the  circle  into  3fi0«equal  parts  took 
itsorigin  from  the  length  of  the  year, 
which,  in  round  numoers,  was  sup- 
posed to  contain  360  days,  or  12  months  of  80  days  each.  The  12  aifftis  cor- 
respond to  the  1 2  months. 

The  term  minute  is  from  the  Latin  minututu,  "  a  small  part."  The  ter!** 
seconds  is  an  abbreviated  expression  for  second  minutes,  or  minutes  of  the 
second  order. 

MISCELLANEOUS  TABLE. 
73.  12  individual  things  make  1  dozen. 


12  dozen " 

12  gross  

20  individual  things 
24  shtets  of  paper. . 
20  quires 

112  pounds 

200       "     

196       "     


(I 


1  gross. 

1  great  gross. 

1  score. 

1  quire. 

1  reanj. 

1  quintal. 

1  barrel  of  pork  or  beef. 

1  barrel  of  flour. 


BOOKS. 

A  sheet  folded  into  two  leaves  is  called  a  folio. 

"  folded  into  four  leaves  is  called  a  quarto^  or  4to. 
"  folded  in  to  eight  leaves  is  called  an  odavo,  or  8vo. 
"    folded  into  twelve  leaves  is  called  a  duodecimo^ 

or  12mo. 
"    folded  into  eighteen  leaves  is  called  an  18mo. 

74.  When  the  figures  are  written  by  the  side  of  each 
other,  thus, 

2587931272, 

the  language  implies  that  the  iimt\n  each  place  is  equiva- 
lent to  ten  units  of  the  place  next  to  the  right ;  "  that 
ten  units  of  any  particular  place  are  equivalent  t<  one 
unit  of  the  place  Immediately  to  the  left. 


i 


■ffv 
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75.  When  figures  are  written  thus, 

$     d.     e.     rn. 

14      6      6 
tlie  lanrjuagc  implies  that  ten  units  of  the  lowest  denomi- 
nation make  one  of  the  second  ;  ten  of  the  second,  one  ol 
the  third  ;    and  ten  of  the  third,  one  of  the  fourth. 

76.  When  figures  are  written  thus, 

T.  cwt.  qr.  lb.  oz.  dr. 
16  11  3  21  14  3 
the  la.iguage  implies  that  IG  units  of  the  lowest  denomina- 
tion make  one  of  the  second  ;  16  units  of  the  second,  one 
of  the  third  ;  25  units  of  the  third,  one  of  the  fourth  ;  4 
of  the  fourth,  one  of  the  fifth ;  and  20  of  the  fifth,  one  of 
the  sixth. 

All  other  denominate  numbers  are  formed  on  the  same 
principle  ;  and  in  all  of  them  we  pass  from  a  lower  to  the 
next  higher  denomination  by  c  -nsidering  how  many  units 
of  the  one  make  one  unit  of  the  other. 


REDUCTION. 

77.  Reduction  is  the  changing  the  denomination  of  a 
number  from  one  unit  to  another,  without  altering  the 
value  of  the  number.  For  example,  if  we  desire  to  reduce 
7  of  the  order  of  hundreds  to  a  lower  denomination,  we 
multiply  the  7  by  10,  and  thub  obtain  70  of  the  order  iens^ 
which  are  equal  to  7  of  the  thh'l  order  or  hundreds.  If 
we  wish  to  reduce  to  a  still  lower  denomination,  we  multi- 
ply the  tens  by  ten,  .'aid  this  gives  as  700  of  the  Jirst  order 
or  simjile  units,  which  are  just  equal  to  70  tens  or  7  hun- 
dreds. 

If,  on  the  contrary,  we  wish  to  reduce  900  of  the  Jirst 
order  or  simple  units  to  units  of  the  third  order  or  hundreds^ 
we  divide  by  10,  and  thus  obtain  90  of  the  second  order^ 
which  we  again  divide  by  10  and  obtain  9  units  of  the 
third  order  or  hundreds. 

Hence  reduction  of  denominate  numbers  is  divided  into 
two  parts : — 

1st.  To  reduce  a  number  from  a  higher  denomination  to 
a  lower  :  this  is  called  Reduction  Descending. 


7^ 
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2nd.  To  reduce  a  number  from  a  lower  denomination 
to  a  higher:  this  is  called  Reduction  Ascending. 

REDUCTION  DESCENDING. 


i;X  AMPLE, 

78.~Ileducc  £6  ICs.  Old  to  fartbingg. 

£  s.  d. 

G  IG  Oi 
•JO 

13G  shillings  =  X'G  IGs. 
12 

1G32  pence  =  X'G    IGs   Od. 
4 

G529  farthings  =X"6  IGs  0|d. 

Explanation.— In  this  example  we  multiply  the  jEG  by  20,  because  each 
pound  is  equal  to  20  shillings  j  6  pouuds  are  theroforo  c(iual  to  120 
shillings,  and  the  1(5  shillings  given  in  the  (iuestion  make  i;{G  shillings. 
Then  wo  multiply  the  number  of  shillings  by  12,  because  ea<'h  shilling  is 
equal  to  12  ponce,  and,  since  there  are  no  pence  in  the  (iuestion,  we  simply 
set  down  the  result,  l(j;J2  pence.  Lastly,  wo  niulti[)ly  tlu^  IWJrt  pence  by  4, 
because  each  penny  is  equal  to  4  farthings,  and  to  the  result  wo  add  the 
one  farthing  given  in  the  question. 

From  the  above  example  and  solution  we  deduce  the 
following — 


RULE. 


Multiply  the  highest  given  denomination  by  that  quantity 
which  expresses  the  number  of  the  next  lower  contained  in  one  of 
its  units ;  and  add  to  the  product  that  number  of  the  next  lower 
denomination  which  is  found  in  the  quantity  to  be  reduced. 

Proceed  in  the  same  way  with  the  result ;  and  continue  the  process 
untilihe  required  denomination  is  obtained. 

EXERCISES. 

1.  How  many  farthings  in  23328  pence?    Jlns.  93312. 

2.  How  many  shillings  in  £348  ?    ^ns.  6960. 

3.  How  many  pence  in  jE38  10s.?     jIhs.  9240, 

4.  HoAV  many  pence  in  £58  13s.  ?     .Ans.  14076. 

5.  How  many  farthings  in  £58  13s.?     Jtns.  56304. 

6.  How  many  farthings  in  £59  13s.  6ld.  ?     Jlns.  57291. 

7.  How  many  pence  in  £63  Qs.  9rf.  ?     jins.  15129. 

8.  How  many  pounds  in  16  cwt.,  2  qrs.,  16  lb.  ?    Jns.  1666. 

9.  How  many  pounds  in  14  cwt.,  3  qrs.,  16  lb.  ?    Ans.  1491. 
10.  How  many  grains  in  3  lb.,  5  oz.,  12  dwt.,  16  grains  ?   jlns 

19984. 
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93312. 


). 

1304. 

ns.  57291. 

129. 

.  ?     Ans.  1666. 

.  ?     Ans.  1491. 

1  grains  ?    Ans. 


11.  IIovv  many  grains  in  7  lb.,   II   oz.,  15  dwt.,   14  grains? 
Jus.  45974. 

12.  How  iniiuy  lioms  in  20  (common)  years?     Jinn.  175200. 

13.  IIow  miiiiy  feet  in  I  mile?     Jn^.  .'I'JHO. 

14.  Huw  many  minutes  in  4(5  year.^,  21  <lays,  8  h<Mir.s,  56  n»in- 
uteH  (not  tiiivinR  leap-years  into  account)'.'     .'lu^.  242t)H;{7G. 

15.  IIuw  many  s(jnarc  yards  in  74  scinarc  perches?  Jlns, 
2238.5  (223d  and  a  Imlf). 

16.  How  many  square  yards  in  40  acres,  3  roods,  12  i)crclie8? 
Alls.  22GG33. 

17.  How  many  square  acres  in  707  square  miles?  Ans. 
490880. 

18.  llow  many  cubic  inches  in  767  cubic  feet.     Ans.  1325376. 

19.  Ifow  many  quarts  in  7g7  pecks?     Ans.  6136. 

20.  How  many  pints  in  797  pecks?    Ans.  12752. 

REDUCTION  ASCENDING. 

70.  E.xAMPLK. — Reduce  85G347  farthings  to  pounds,  &c. 

4)856347 

12)214086^1. 

20)l7840s  6id. 

~le892~0s.  6jd.=  856347  farthings. 

Explanation— We  divide  the  farthings  by  4,  because  every  four  farthingH 
are  equal  to  one  penny  ,and  it  is  evident  that  what  remains  after  taking  away 
fuur  farthings  as  often  as  possible  from  the  fartliings  must  be  farthings. 
AVe  thus  obtain  SoO-W  farthings,  equal  to  214086  pence  and  3  farthings. 
Then  we  divide  the  pence  by  12,  becavso  every  12  pence  arc  equivalent  to 
one  shilling,  and  what  remains  after  taking  12  pence  as  often  as  possible 
from  the  pence  must  be  pence.  We  thus  ascertain  that  2U086  pence  arc 
equal  to  17840  shillings  and  «  pence.  Lastly  we  divide  17840  shillings  by 
20,  because  every  20  shillings  are  equal  to  one  pound.  By  this  process  we 
have  reduced  856347  farthings  to  £S'J2  Os.  Sid. 

From  the  above  example  and  solution  we  deduce  the 

RULE. 

Divide  the  given  number  by  that  number  which  it  takes  of  the 
given  denomination  to  make  one  of  the  next  higher.  Set  down  the 
remainder,  if  any,  and  -proceed  in  the  same  manner  with  each  suc- 
cessive denomination  till  you  come  to  the  one  required.  The  last 
quotient,  with  the  several  remainders  annexed,  will  be  the  answer 
required. 

EXERCISES. 

1.  Reduce  32756  farthings  to  pounds,  shillings,  and  pence. 

Ans.  £34:  2s.  5d. 

2.  Reduce  23547  troy  grains  to  pounds,  &c. 

Ans.  41b.,  1  oz.,  1  dwt.,  3  grs. 
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3.  Reduce  397024  yards  to  miles,  furlongs,  &c. 

Jus.  225  m.  4  far.  2ti  r.  1  yd. 

4.  How  muny  hours  are  there  iu  28G35  seconds  ? 

jliis.  7  h.  57min.  15  sec. 

5.  How  many  cwt.,  qrs.,  and  pounds  iu  IGGG  pounds  ? 

JJns.  IG  cwt.  2  qrs.  IG  lb. 

6.  How  many  hundreds,  &c.  iu  1491  pounds? 

.dns.  14  cwt.  3  qrs.  IG  lb. 

7.  How  many  pounds  troy  in  115200  grains?         .dns.  20. 

8.  Howmany  pounds  in  107520  oz.  avoirdupois?  ^i/(s.  G720. 

9.  How  many  cubic  feet,  &c.,  iu  1674G74  cubic  inches? 

^■Jiis.  9G9  feet,  242  inches. 

10.  Howmany  yards  in  7G7  Flemish  ells? 

^'Jns.  575  yards,  1  quarter. 

11.  How  many  leagues  in  183810  feet? 

.'Jus.  11  lea.  1  m.  G  fur.  20  rd. 

12.  How  many  cubic  yards  in  138297  cubic  inches  ? 

Jlns.  2  c.  yds.  2G  ft.  57  in. 

13.  How  many  cords  of  wood  are  there  in  G7893  cubic  feet? 

Jns.  530  cords,  53  cub.  ft. 

14.  In  35G1829  seconds  how  many  weeks? 

./ins.  5  wks.  6  dys.  5  h.  23  min.  49  sec. 

15.  In  1597  quarts,  how  many  bushels? 

.^ns.  49  bushels,  3  pks.  1  gal.  1  qt. 
IG.  In  1000  cord-feet  of  wood,  how  many  cords  ? 

^ns.  125  cords. 


17.  In  10,000"  how  many  degrees  ? 


jlns.  20  4G'  40" 


18.  In  70,000  square  links,  how  many  square  chains  ? 

Jlns.  7  square  chains. 

19.  In  11521  grains  apothecaries'  weight,  how  many  pounds? 

Jlns.  2  lbs.  0  5  0  3  0  3  1  gr. 

20.  In  2G025  square  feet,  how  many  roods? 

Jns.  2  r.  15  sq.p.  l7  sq.yds.  8  sq.ft.  3G  sq.  in. 

REDUCTION  OF  THE  OLD   CANADIAN   CURRENCY  TO 
THE  NEW  OR  DECIMAL  CURRENCY. 

80.  Example. — Reduce  £7G  14s.  lO^d.  to  cents. 
£76X400  =■-■    30400  cents. 

14s.  X  20  —        280      " 

lOjd.  -=  13  far.X5-i-  12= 


12 


Explanation— We  multi- 
ply £76  by  400,  because  each 
pound  is  equal  to  4  dollars  or 
400  cents ;  next  we  multiply 
14,  the  number  of  shilling!!, 
£76  14s.  lOd^d.  -     M)&J7^\  ets.     by  20,  becaitse  each  shilling 

is  equal  to  20  cents ;  and  lastly  we  multiply  tlie  luunber  of  farthings  in 
the  pence  and  farthings  by  5  and  divide  the  result  by  12,  because  each 
farthing  is  equal  to  ^i^  of  a  cent. 
That  each  farthing  is  equal  to  ^?^  of  a  cent  is  evident  from  thefa<;t  that 
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r.  1  yd. 

I.  15  sec. 
^ds? 
rs.  IG  lb. 

rs.  16  lb. 
Jns.  20. 
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1  quarter. 

fur.  20  rd. 

s? 

5  ft.  57  in. 
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20  46'  40" 
tins? 

are  chains, 
lany  pounds  ? 
h  03  1  gr. 

i.ft.  36  sq.  in. 

IRENCY  TO 
)Y. 


ION— We  nmlti- 
DO,  because  etuih 
al  to  -t  dollars  or 
i\t  wc  multiply 
ber  of  shillings, 
ise  each  shilling 
I-  of  farthings  in 
12,  because  each 

join  the  fiu!ttliat 


W  fartliiiigs  (or  ouo  siiilliug)  are  equal  to  20  cents  ;  or  12  farthings  equal  5 
cents,  or  ono  farthing  equal  ^^  of  a  cent. 

From  tlie  above  exuniple  and  solution  we  deduce  the 
followiiifT — 

RULE. 

MuUiply  l/ic.  pounds  by  400,  the  sliillings  by  20,  and  take 
Jh'c -twelfths  of  the  number  expressing  how  many  farthings 
there  are  in  the  given  pence  and  farthings.  Md  the  three  results 
together  and  their  sum  vill  be  the  number  of  cents  required. 

Consider  the  lust  two  figures  as  cents,  and  the  result  will  he 

dollars  and  cents. 

NoTi;.— "\Vo  tak(!  (Ivo-twolftlis  of  the  fartliings  by  multiplying  them  by 
llvo  antl  dividing  the  result  by  twelve. 

1.  How  many  cts.  are  therein  £3  Ys.  l^d?  .5ns.  1342^^ cts. 

2.  How  many  dollars  are  there  in  £20  18s.  3|d  ? 

.4nS.  11965|.  cents,  or  $119. 65f  cents. 

How  many  cents  are  there  in  ll^d  ?       Jns.  18J  cents. 
How  many  dollars  and  cents  are  there  in  £69  15s.  6d  ? 

jins.  27910  cents,  or  $279.10. 

5.  How  many  dollars  and  cents  in  183.  8|d?  Jlns.  $3.74^. 

6.  How  many  dollars  and  cents  in  £17  163.  5Jd  ? 

.,Qns.  $7l.29-j\. 

7.  How  many  dollars  and  cents  in  £87?       Jlns.  $348.00. 

8.  How  many  dollarsand  cents  in  15s.  ll§d  ?  ./ins.  $3.19 y\. 

9.  How  many  dollars  and  cents  in  £16  6s.  2d  ? 

.dns.  $65.23i. 

10.  Reduce  £2  Os.  lid.  to  dollars  and  cents.     Jins.  $9,981. 


3. 

4. 


I  l^ECAPlTrLAJION. 

f      I.  Science  is  a  collection  of  the  general  principles  or 
I  l,eading  truths  of  any  branch  of  knowledge  sj^steinatically 
arranged. 

II.  Art  is  a  collection  of  rules  serving  to  facilitate  the 
performance  of  certain  operations. 

III.  The  rules  of  art  are  based  upon  the  principles  of 
science. 

IV.  Arithmetic  is  both  a  science  and  an  art. 

V.  The  science  of  arithmetic  discusses  the  properties  of 
numbers  and  the  jmnciples  upon  which  the  elementary 
operations  of  arithmetic  are  founded. 

yi.  The   science   of   arithmetic   is   called   Theoretical 
Arithmetic. 
VII.  The  art  of  arithmetic  is  called  Practical  Arithmetic. 


54 


RECAPITULATION. 


[Sect.  I. 


f- 


r 


VIII.  Practical  Arithmetic  is  the  application  of  rules, 
basod  upon  the  science  of  numbers,  to  practical  purposes, 
as  the  sohition  of  problems,  &c. 

IX.  JVumbers  are  expressions  for  one  or  more  things  of 
the  name  kind. 

X.  Unity,  or  the  2init  of  a  number,  is  one  of  the  equal 
thinjcrs  which  the  number  expresses. 

XI.  Numbers  are  divided  into  two  classes,  viz. :  simple 
or  abstract  numbers ;  and  applicate,  concrete,  or  denomi- 
nate numbers. 

XII.  An  applicate,  concrete,  or  denominate  number  is  a 
number  whose  unit  indicates  some  parti(;ular  object  or 
thin^. 

XIII.  A  simple  or  abstract  number  is  a  number  whose 
unit  indicates  no  particular  object  or  thing. 

XIV.  Numbers  may  be  expressed  either  by  words  or  by 
characters. 

XV.  The  expression  of  numbers  by  characters  is  called 
JVotntion. 

XVI.  The  reading  of  numbers,  expressed  by  characters, 
is  called  Numeration. 

XVII.  The  characters  ive  use  to  express  numbers  are 
either  letters  or  figures. 

XVIII.  The  expression  of  numbers  by  letters  is  called 
Roman  Notation.  ' 

XIX.  The  expression  of  numbers  hy  fif/iires  is  called 
Arabic  Notation. 

XX.  In  the  Roman  Notation  only  seven  numeral 
letters  are  used,  viz. :  I,  V,  X,  L,  C,  D,  M. 

XXI.  When  these  letters  stand  alone,  I  denotes  oiie,  V 
five,  X  ten,  hfijty,  C  one  hnndred,  D  five  hundred,  M  one 
thousand. 

XXII.  All  other  numbers  are  expressed  by  repetitions 
and  combinations  of  these  letters. 

XXIII.  In  combinations  ofthese  numerical  letters,  every 
time  a  letter  is  repeated,  its  value  is  repeated  ;  also  when  a 
letter  of  a  lower  value  stands  before  one  of  a  higher,  its 
value  is  to  be  subtracted  ;  but  when  a  letter  of  a  lower 
comes  directly  after  one  of  a  higher  value,  its  value  is  to 
be  added. 
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XXIV.  A  bar  or  da=^h  written  over  a  letter  or  com- 
bination of  letters,  multiplies  its  value  by  one  thousand. 
As  we  have  already  a  character  for  one  thousand,  viz.,  M, 
and  can,  by  repeating  it,  express  hvo  or  three  thou- 
sand, we  do  not  dash  the  I,  or  combinations  into  which  it 
enters. 

XXV.  Anciently,  IV  was  written  IIII ;  IX  was  written 
Villi ;  XL  Avas  written  XXXX,  &c.;  D  was  written  Iq,  and 
>!  ^vas  written  Clf).     Affixinor  q  to  I;^  increases  its  value 

mcR— thus  Iq=500;  Io^=5000;  lQp3=50000, 
.     Prefixing  C  and  affixing   q    to  CIq   increases  its 
value  also  ten  times,  thus,  CIq=1000  ;  CCIoQ==lOOOO  ; 
CCCIooo==l  00,000,  &c. 

XXVI.  The  iio'ures  or  characters  used  in  the  Arabic  or 
common  system  of  notation  are  1,  2,  3,  4,  5,  6,  7,  8,  9,  0, 
one,  two,  three,  four,  five,  six,  seven,  eight,  nine,  zero. 

XXVII.  The  fii'st  nine  of  these  characters  are  called' 
significant  figures,  because  each  one  has  always  some  value, 
or  denotes  some  number.  They  are  also  called  digits 
[Lai.  digitus,  "  a  finger"),  from  the  almost  universal  habit 
of  countiuii-  on  the  fingers. 

XXVIII.  The  last  or  zero  is  called  a  cipher  or  naught, 
because  it  is  valueless,  that  is,  stands  for  nothing.  It  is  not, 
however,  useless,  since  it  serves  to  give  the  significant  figures 
their  appropriate  places. 

XXIX.  When  the  0  stands  to  the  left  of  an  integral 
number,  or  to  the  right  of  a  decimal,  i.  e.  when  it  does  not 
come  between  the  decimal  point  and  some  significant  figure, 
it  is  both  valueless  and  useless. 

XXX.  The  digits  1,  2,  3,  &c.,  standing  immediately  to 
the  left  of  the  decimal  point,  expressed  or  understood,  are 
called  simple  units,  or  units  of  the  first  order. 

XXXI.  The  decimal  point  is  a  small  dot  or  point,  used 
to  indicate  the  position  of  the  sim2)le  units. 

XXXII.  The  digits  1,2,3,  &c.,  standing  one  place  to  the 
left  of  the  simple  units,  are  called  tens,  or  units  of  the 
second  order  to  the  left.  AVhen  they  stand  one  place  to 
the  right  of  the  simple  unit,  they  are  called  tenths,OT  units 
of  the  second  order  to  the  right. 
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XXXIII.  The  digits  1,  2,  3,  ike,  when  stHiidiiig  two 
places  to  the  left  of  the  simple  unit,  are  called  hundreds,  or 
units  of  the  third  oratr  to  the  left.  When  standing  two 
places  to  the  right,  they  are  called  hundredths,  or  units  of 
the  third  order  to  the  right,  (.fee. 

XXXIV.  Commencing  at  the  simple  units  and  proceed- 
ing to  the  left,  we  have  units  of  the  first  order  or  simple 
units  ;  next,  units  of  the  second  order  or  tens  ;  next,  units 
of  the  third  order  or  hundreds  ;  next,  units  of  the/owr</i 
order  or  thousands  ;  next,  units  of  the  fifth  order  or  tens 
of  thousands,  <fec. 

XXXV.  Commencing  it  the  simple  units  and  pro- 
ceeding to  the  right,  we  have  units  of  the  first  order  or 
simple  units  ;  next,  units  of  the  second  order  or  tenths  ; 
next,  units  of  the  third  order  ov  hundredths  ;  next,  units 
of  \j\\c fourth  order  or  thousandths  ;  next,  units  of  ihe fifth 
order  or  tenths  of  thousandths,  &c. 

XXXVI.  Each  digit  has  two  values,  viz. :  a  simple  or 
absolute  value,  and  a  local  or  relative  value. 

XXXVII.  The  simple  or  absolute  value  of  a  digit  is  the 
value  it  expi esses  when  simply  considered  as  representing 
a  certain  number  of  repetitions  of  the  digit  one. 

XXXVIII.  The  local  or  relative  value  of  a  digit  is  the 
value  it  expresses  when  considered  as  occupying  a  certain 
positiort  with  reference  to  the  decimal  point. 

XXXIX.  The  ratio  of  one  number  to  another  is  the 
relation  which  one  bears  to  the  other  with  respect  to  mag- 
nitude, when  the  comparison  is  made  by  considering,  not 
by  how  much  the  one  is  greater  or  less  than  the  other,  but 
what  number  of  times  it  contains  it,  or  is  contained  in  it. 

XL.  When  several  numbers,  or  groups  of  unit'?,  are  so 
arranged  that  the  second  and  third  have  the  sam  ratio  to 
one  another  as  the  first  and  second,  and  the  third  and 
fourth  the  same  ratio  as  the  second  and  third,  &c., — they 
(the  numbers  or  groups  of  units)  arc  said  to  have  a  com- 
mon ratio. 

XLI.  The  common  ratio  of  our  system  of  numbers  is  10 
— by  saying  which  we  merely  mean  that  the  different 
orders  increase  or  decrease  from  one  another  in  a  ten-fold 
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proportion,  i.  e.,  thut  10  units  ol  any  uiic  oiuei  luako  one 
unit  of  the  next  liigher,  and  vice  versd. 

XLII.  A  system  of  numbers  is  called  a  binaiy,  ternary/, 
quaternary,  quinary,  senary,  septenary,  octenary,  nonary^ 
denary,  &c.,  system,  according  as  one,  ttvo,  three,  four,  five, 
six,  seven,  eight,  nine,  or  ten  is  the  common  ratio  of  the 
orders.     Ours  is  a  denary  or  decimal  system. 

XLIII.  To  facilitate  the  reading  of  a  number  we  divide 
it  into  periods  of  three  y)laceseach,  by  placing  separating 
points  after  every  third  figure  right  and  left  of  the  decimal 
point. 

XLIV.  The  periods  to  the  left  of  the  decimal  point  are 
units,  thousands,  millions,  billions,  trillions,  (fee.  The 
periods  to  the  right  of  the  decimal  point  are  thousandths, 
millionths,  hillionths,  trillionths,  etc. 

XLV.  The  lowest  order  used  in  any  readinfj,  whether  it 
be  thousands,  units,  hundredths,  tenths  of  thousandths, 
liundredths  of  millionths,  &c.,  gives  the  name  or  denomin- 
ation to  the  part  or  whole  of  the  number  used  in  the  read- 
ing. 

XLVI.  Numbers  to  the  left  of  the  decimal  point  are 
called  integers  or  whole  numbers ;  those  to  the  right  of  the 
decimal  point  are  called  decimals. 

XLVII.  A  number  is  multiplied  by  10  every  time  the 
decimal  point  is  moved  one  place  to  the  right,  and  divided 
by  10  every  time  the  decimal  point  is  moved  one  place  to 
the  left.  Thus,  moving  the  decimal  point  two,  four,  or  six 
places,  either  multiplies  or  divides  the  number  by  100, 
10,000,  or  1,000,000,  according  as  we  move  it  to  the  right 
or  to  the  left. 

XLVIII.  A  number  may  be  read  in  several  ways  by 
changing  the  nature  of  the  simple  unit.  Thus  the  num- 
ber 576.24  may  be  read  : 

1st.  Five  hundreds,  seven  tens,  six  units,  two  tenths,  and  four  hundredths. 

2nd.  Fifty-sevon  tens,  six  units,  two  tenths,  and  four  hundredths. 

3rd.  Five  hundred  and  seventy-six  units,  two  tenths,  and  four  hun- 
dredths. 

4th.  Five  thousand,  seven  hundred  and  sixty-two  tenths,  and  four  hun- 
dredths. 

5th.  Fifty-seven  thousand,  six  hundred  and  twenty-four  hundredths. 

6th.  Five  hundred  and  seven  thousands,  six  hundred  and  twenty-four 
hundredths. 
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7th.  Fifty-seven  tens,  and  six  hundred  and  twenty-four  hundredths. 
8th.  Five  hundred  and  seventy-six  units,  and  twenty-four  hundredths. 
9th.  Fifty-seven  tens,  sixty-two  tenths,  and  four  hundredths. 
10th.  Five  hundreds,   nfiven  hundred  and  sixty-two  tenths,  and  four 
hundredths,  &c. 
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MISCELLANEOUS  EXERCISES. 

SECTIOX  I. 

I.  Reduce  6789G34-  links  to  acres,  and  prove  by  reduc- 
ino^  the  result  to  links. 

'2.  Read    67845398078004     and    5000704000040000. 
00060004. 

3.  Set  down  4700  in  Roman  numerals. 

4.  Make  42,080  ten  thousand  times  greater. 

5.  Reduce  £16   10s.  O^^l.  Old  Canadian  Currency  to 
Dollars  and  CtMits. 

6.  Read  LXXV.VIMCMXCI. 

7.  Write  down,  in  Arabic  numerals,  six  hundred  and  five 
billions,  seventy  thousand  and  sixteen,  and  nine  mijlionths. 

8.  Make  409780  one  hundred  times  greater. 

9.  Read  the  number  0708  in  all  the  ways  it  can  be 
read  (See  Reca]iitulation  XLVIII.) 

10.  Divide  00800403  by  one  million. 

II.  Divide  8430  by  ten  thou^nnd. 

12.  Multiply  0780  by  one  hundred  thousand. 

13.  Multiply  00432086  by  ten  millions. 

14.  Write  down  one  quadrillion,  one  billion,  one  thou- 
sand and  one,  and  one  trillionth. 

15.  W^ite  down  seven  thousand,  six  liundred,  and  nine 
tenths  of  millionth?. 

10.  Read  90807000504030  and  4004004040400060432. 
01010203040500. 

17.  Reduce    0780403    inches  to   acres,  and  prove  by 
reducini>'  the  result  to  iiudies. 

18.  Reduce  017  cord-feet  of  wood  to  cords. 

19.  Reduce  91867  cubic  feet  of  wood  to  cords. 

20.  Writedown 7 18,  014,409,000,8043,96149,163986, 
and  444444  in  Roman  numerals. 

21.  Read  CCCXXXIII,  MCMLXXXIX,  and  ML 


k 


3 


Sect.  I.] 


MISCELLANEOUS    EXERCISES. 


59 


*l 


22.  Kefid  6129  in  as  many  ways  as  it  can  be  read. 

23.  Give  all  the  readings  of  G34980. 

24.  Give  all  the  readings  of  19.639. 

25.  Reduce  18s.  9id. ;  £6  2s.  lid.;  3s.  7d. ;  and 
£189  Ts.  4|d.  to  dollars  and  cents. 

26.  Give  all  the  reidinors  of  the  number  '^69.863  Fede- 
ral money. 

27.  Give  all  the  readinirs  of  9  bush.  3  pic.  1  gal.  3  qts.  1  pt. 

28.  Were  the  years  1693,  1856,  1128,  1549,  867,  444, 
1600,  and  927,  lenp-years  or  not — if  not,  how  many  years 
after  or  before  leap-year? 

29.  IIow  many  days  from  tin's  to  the  l7th  of  next 
March  ? 

30.  Answer  the  following  questions  :  What  is  the  mean- 
ing of  the  symbols.^  s.  d.  and  q.  i  In  the  expression  "  i^^g, " 
wiiat  does  the  long  mark  (/)  represent  ?  What  is  the 
derivation  of  the  word  sterling?  Why  are  the  pound 
and  guinea  so  cnlled  ?  AVhat  is  the  derivation  of  the 
sign  ^  ?  What  is  the  derivation  of  the  words  "  grain," 
"pennyweight,"'  "ounce,"  and  "inch""  What  is  a 
"  carat  "  ^  What  is  a  square  ?  Show  that  a  square 
vard  contains  nine  square  feet.  Show  that  a  cubic  yard 
contains  27  cubic  foct.  What  is  a  cubic  yard?  What 
is  meant  by  a  ton  of  round  timber  ?  What  must  be 
the  dimensions  of  a  pile  of  wood  in  order  that  it  shall 
contain  a  cord?  What  is  meant  by  a  cord-foot?  What 
are  the  dimensions  of  the  Imperial  bushel? — of  the  Win,' 
Chester  bu.sJ  d  ?  Which  of  the^^e  is  our  standard  1  Which 
that  of  the  United  States  1  How  many  pounds  of  wheat 
go  to  the  bushel? — of  rye? — of  oats? — of  barley  ? — of 


peas 


? — of   beans  ? — of    buckwheat  ? — of    Indian    corn  ? 


What  is  our  standard  for  liquid  measure?  How  many 
cubic  inches  of  water  are  there  in  the  Imperial  gal- 
lon ?  IIow  many  pounds  Avoirdupois  ?  What  are  the 
standard  gallons  of  the  United  States  ?  Explain  why  a 
day  is  added  to  every  fourth  year.  What  is  the  origin 
of  the  division  of  the  circle  into  deu'rees  and  sio-ns  ? 
What  is  the  derivation  of  the  terms  "  minute "  and 
"  second"  ?    How  many  sheets  of  paper  are  there  in  a  quire? 
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2.  What  is  art  Mil.) 

4.  Ih  arithniotic  a  sciciicfi  or  an  art  V 
(IV.) 

6.  Wliat  is  the  sciciuM!  of  arithinntio 
callfd?  (VI.) 

8.  What  is  practical  arithniotic  ? 
(VIll.) 

10.  WhatisthounitofanuniberP  (X.) 

]  2.  What  are  applicatc  or  denominate 
nvnubcrs?  (\II.) 

14.  By  liow  mjftiy  methods  may  num- 
bers be  expressed  V  (XIV.) 


How  many  (quires  in  a  ream  J  How  many  ['oiinds  are  there 
in  a  barrel  of  flour?  What  is  the  meaning  of  folio? — of 
4to  or  quarto  ? — of  8vo  or  octavo  ? — of  12ino  or  duodeci- 
mo ?— of  lOmo  ?— of  18mo  ? 

QUESTIONS  TO  BE  ANSWERED  AY  THE  PUPILS. 

'SorF..—Xn)nhcrs  in  Roman  numoraU,  tJiii/i  ATI,  refer  io  flic  articles  in 
the  recapitulation;  those  in  Araliic  numerals,  thi<s,  1(5,  refer  to  the  nnm- 
hered  artiLles  of  the  Section. 

\.  What  is  science  ?  (I.) 

.'{.  Upon  what  are  the  rules  of  art 
based?  (III.) 

5.  Wliat  are  the  obioctsof  the  science 
of  arithmetic?  (V.) 

7.  What  name  is  p;iv(!n  to  the  ai't  of 
arithmetic?  (VII.) 

9.  What  are  numbers?  (IX.) 

11,  How  many  classes  of  numbers 
are  there?  (XI.) 

13.  What  are  simpleor  abstract  num- 
bers? (XIII.) 

1.5.  What  is  Notation  ?  (XV.) 

16.  What  is  Numeration?    (XVI.) 

17.  What  characters  do  we  use  to  express  numbers  ?  (XVII.) 
IS.  What  is  Roman  Notation?  (XVIII.) 

19.  What  is  Arabic  Notation?  (XIX.) 

20.  What  numeral  letters  are  used  in  Roman  Notation  ?  (XX.) 

21.  What  is  the  value  of  each  of  these  letters  when  standinu,'  alone?  (XXI.) 

22.  How  are  all  other  numbers  expressed  in  Roman  Notation  ?  (XXll.) 

23.  In  combinations  when  a  letter  is  repeated,  what  docs  it  indicate  ? 

(XXIII.) 

24.  When  a  letter  of  a  lower  is  placed  before  one  of  a  higher  value,  what 

docs  it  indicate  ?  (XXIII.) 

25.  When  a  letter  of  a  lower  is  placed  after  one  of  a  higher  value,  what  does 

it  indicate?  (XXIII.) 

26.  What  effect  has  a  bar  or  dash  written  over  a  letter  or  expression  ?  (XXIV.) 

27.  How  do  we  always  write  1000,  2000,  3000  ?  (XXIV.) 

28.  Why  do  we  not  dash  the  I  or  expressions  into  whicli  it  enters  ?  (XXIV.) 

29.  How  were/owr,  nine,  forty,  &c.,  anciently  written  V  (XXV.) 

30.  How  were  50  and  1000  anciently  written  ?  (XXV.) 

31.  How  were  the  expressions  IQ  and  CIO  increased  in  value  in  ten-fold 
proportion  ?  (XXV,) 

32.  What  are  the  characters  used  in  Arabic  or  Common  Notation  ?  (XXVI.) 

33.  What  are  significant  figures,  and  wliy  arc  they  so  called  ?  (XXVI  I.) 

34.  What  are  digits,  and  why  are  they  so  called?  (XXVII.) 

35.  Why  is  0  called  "  cipher  "  or  "  naught."  (XXVllI.) 

36.  Is  the  cipher  of  any  value  ?    Is  it  of  any  use  ?  (XXVIIL) 

37.  When  is  the  cipher  or  0  both  valueless  and  useless  !  (XXIX.) 

38.  When  are  digits  called  simple  units  or  units  of  the  first  order  ?  (XXX,) 

39.  What  is  the  decimal  point?  (XXXI.) 

40.  When  are  digits  called  ^e«s  or  units  of  the  second  order  to  the  left? 

(XXXII.) 

41.  When  are  digits  called  tenths,  or  units  of  the  second  order  to  the  right  ? 

(XXXII.) 

42.  When  are  digits  called  hundreds,  thousands,  hundredths,  thousandths, 
&c?  (XXXIII.) 

43.  Name  the  different  orders  to  the  left  of  the  decimal  point?— to  th» 
right?  (XXXIV.)  (XXXV,) 

44.  How  many  values  has  eaoh  digit  ?    What  are  thoy  ?  (XXXVI.) 
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.-(I. 
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What  is  the  simple  or  i.'  solute  value  of  a  digit?  (XXXVII.) 
What  is  the  local  or  relative  value  of  a  digit  ?  (XXXVIII.) 
Wiiat  is  meant  by  the  ratio  one  number  bears  to  another?  (XXXIX.) 
What  is  meant  by  aconmion  ratitj?  (XL.) 

What  is  meant  by  saying  tliat  10  istlie  common  ratio  of  our  system  of 
mini  hers/  (XL  I.) 

Wliat  name  is  given  to  a  system  iiaving  10  for  its  common  rjitio? — to 
one  having  6  ?— to  one  liaving  8  r— to  one  liaving  2  V— to  one  having  12  ? 
—to  one  having  7?  (XLII.) 

Why  are  periods  used?  JIow  many  places  are  there  in  ea«h  period? 
(XLIIL) 

Name  the  periods  right  and  left  of  the  decimal  point?    (XLIV.) 
What  order  gives  the  name  or  titmomination  to  the  number  read? 
(XLV.) 

Wiiatare  hiteftcrsf    \\^\\n,tiw(^  decimals  f  (XLVI.) 
How  does  it  cllect  a  number  to  remove  the  decimal  point  to  the  right  ? 
How  to  remove  it  to  the  left?  (XLVII.) 
How  may  a  number  bo  read  in  several  ways?  (XLVI  II.) 
Wlien  ligiires  are  written  thus,  t)7-4"32,  what  docs  the  notation  imply  ? 
(Article  74.) 

When  rtgures  are  written  thus,  6d.  23h.  10  min.  37sec.,  what  does  the 
notation  iixiply  ?  (75  and  76.) 
What  is  Reduction?  (77.) 
Into  what  two  parts  is  reduction  divided?  (77.) 
Wliat  is  Reduction  Descending  ?    Give  an  example,  (77.) 
VVliat  is  Reduction  Asctmding?    Give  an  example.  (77.) 
Give  tlie  rule  for  Itediiction  Descending.  (78.) 
Give  tlie  rule  for  Reduction  Ascending.  (79.) 

What  are  the  denominations  of  Sterling  money?  Give  the  table.  (54.) 
How  are  pounds,  shillings,  anil  pence  reduced  to  farthings?  Give  the 
])roccss  and  the  reason  for  each  stej).  (Answer  this  and  similar  suc- 
ceeding tinestions  after  tlie  following  model.)  Wo  multiply  the  pounds  by 
twenty  and  add  in  the  shillings,  because  each  pound  is  equal  to  twenty 
shillings.  We  multiply  the  shillings  by  twelve  and  add  in  the  pence, 
uecaase  each  shilling  is  equal  to  twelve  pence.  And  lastly,  we  multiply 
the  pence  l)y  four  and  add  in  the  farthings,  because  each  penny  is 
equal  to  four  farthings. 

What  are  the  denominations  of  Federal  money?  Give  the  table.  (55.) 
What  are  the  denominations  of  Canadian  money,  old  currency?    Give 
the  table.  (56.) 

What  are  the  denominations  of  Canadian  money,  new  currency  P  Give 
the  table.  (57.) 

How  is  Old  Canadian  Currency  reduced  to  New  ?  Give  the  _  rocess  and 
reasons  for  each  step.  (80.) 

Whatarethedcnominationsof  Avoirdupois  weight?  Give  the  table.  (58.) 
How  many  pounds  are  there  in  the  now  cwt.?  llow  many  in  the  old 
cwt.?     (58.) 

How  are  drams  reduced  to  tons  ?  (58  and  78.) 

What  are  the  denominations  of  Troy  weight  ?  Give  the  table.  (59.) 
How  are  grains  Troy  reduced  to  pounds  Troy?  Give  the  process  and 
reason  for  each  step.  (59  and  79.)  (Answer  this  and  succeeding  similar 
questions  after  the  following  model.)  We  divide  the  grains  by  24, 
because  cxiiTy  24  grains  are  equal  to  one  pennyweight.  We  divide  the 
resulting  pennyweights  by  20,  because  every  20  penny  weights  are  equal 
to  one  ounce.  Antl  lastly,  we  divide  the  resulting  ounces  by  12,  because 
every  12  ounces  are  equal  to  one  pound. 

What  are  the  denominationsof  Apothecaries'  weight?  Give  the  table.  (60) 
How  are  pounds,  ounces,  &c..  Apothecaries'  weight,  reduced  to  grains  P 
(60  and  78.)  Answer  as  in  (luestion  66. 

What  are  the  denominations  of  Long  measure?    Give  the  table.  (61 ) 
How  are  lines  reduced  to  leagues  ?  ((31  and  79.)    Answer  after  model  in 
(jue.stion  75. 

What  are  the  denominations  of  Square  measure  P  Give  the  table.  (62.) 
How  are  square  miles  reduced  to  square  inchoe  P  (62  and  78.)  Answer 
after  model. 
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82.  How  are  links  reduced  to  acres?  (t'.3  and  79.)  Answer  after  model. 

83.  What  are  tho  denominations  of  Solid  measure?    Give  the  table,  (04.) 

84.  How  are  cubic  inches  reduced  to  cubic  feet?  (64  and  70.) 
8r>.  IIow  arc  cubic  feet  of  wood  reduced  to  cords?  (Ol  and  70.) 
8t!.  Whnt  in  a,  cord-f oof/  (Oi.) 

S7.  Wiiut  are  the  doiiouiinationa  of  Cloth  measure  ?    (Jive  the  table.  («3.) 

8«.  How  arc  EiikMsIi  ells  reduced  to  inches  ?    Answer  after  model. 

H(».  \Vhat  are  the  denominations  of  Dry  measure  ?    fiive  tiie  lal>le.  (tjtl.) 

!)().  How  are  i)iiits  ntdueed  to  chaldrons  V    Answer  alter  niodrl. 

'.»i.  What  are  tiie  denDniiiuitions  of  Li(iuid  mrasnre'-    (iive  the  talde.  ((i7.) 

•.•2.  How  an;  tuns  reduced  to  ffills?    Answer  iiflcr  model. 

IW.  What  are  the  de.ioniinalions  of  Time  measure  V    (iive  the  table.  (G8.) 

'.)l.  How  are  seconds  reduced  to  years  V    Answer  after  model.  ((IK.) 

95.  Name  the  months  and  the  number  of  days  in  eaeli,  ((is.) 

96.  What  is  the  Solar  year  and  its  lent^th  V— the   Sidereal  year  and  its 
lengtli?— the  i'ivil  year  and  its  lenfi;thV  ((i8.) 

97.  How  enn  we  ascertain  whether  any  given  \e;ir  be  Leap-year?  ((i'J.) 

98.  Show  that  the  unit  of  time  is  the  basis  of  the  units  of  length,  mass  or 
CiH)acity,  and  weight.  (71.) 

99.  What  are  the  denominations  of  Circular  measure  ?    Give  the  table.  (72.) 

100.  Upon  what  does  tho  length  of  a  degree  depend?     How  are  dei-'rees 
reduced  to  seconds  ? 


SECTION  II. 

FUNDAMENTAL  RULES. 

1.  Arithmetic  may  be  divided  into  four  parts  : — 

1st.  Tho 'arithmetic  of  Wliole  Numbers,  or  that  whicli 
treats  of  tho  properties  of  entire  units. 

2nd.  The  arithmetic  of  Fractioiii^,  or  that  which  treats 
of  the  parts  of  units. 

3rd.  The  arithmetic  of  Ratios,  wliich  treats  of  the  rela- 
tions of  number?,  whether  integial  or  fractional,  to  each 
other  and  to  the  unit  1. 

4th.  The  application  of  arithmetic  to  practical  and  useful 
purposes. 

2.  The  arithmetic  of  whole  numbers  includes  Addition, 
Subtraction,  Multiplication,  Division,  Involution,  Evolution, 
&c. 

3.  The  arithmetic  of  Fractions  maybe  divided  into  two 
parts : — 

1st.  Vulgar  or  Common  Fractions,  \n  which  the  unit  is 
divided  into  any  number  of  equal  parts. 

2nd.  Decimal  Fractions  in  which  the  unit  is  divided 
according  to  the  scale  of  ten. 

4.  The  arithmetic  of  Ratios  relates  to  the  comparison  of 
numbers  with  respect  to  their  quotients,  and  embraces 
Proportion  and  Progression. 
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6.  Addition,  Subtraction,  Multiplication,  Division,  are 
called  the  fundamental  rules,  o\  ground  rM/cf  of  Aiithraetic, 
because  all  the  other  operations  of  A.rithiMetic  are  per- 
formed by  means  of  them. 

6.  Whatever  operations  we  may  perform  upon  a  num- 
ber, we  can  only  either  increase  it  or  diminish  it:  if  we 
increase  it,  the  process  belongs  to  a(Ulition,  if  we  (Mminish 
it,  to  subtraction.  All  the  rules  of  arithmetic  are  therefore 
resolvable  info  these  two.  Multiplication  is  only  a  short 
method  oT  performing  a  peculiar  kind  of  addition,  in  whicli 
the  addentls  are  all  the  same,  and  division  is  merely  an 
abridged  method  of  performing  a  particular  kind  of  sub- 
traction, in  which  the  same  quantity  is  to  bo  taken  away 
from  a  given  number  as  often  as  possible. 

When  any  number  of  quantities,  either  different,  ov  repetitions 
of  the  same,  are  united  together  so  as  to  form  but  one,  Ave  term 
the  process,  simply,  "  Addition."  When  the  quantities  to  be 
added  are  the  same,  but  we  may  have  as  many  of  them  as  we 
please,  it  is  called  "  Multiplication  ;"  when  they  are  not  only  the 
same,  but  their  number  is  indicated  by  one  of  them,  the  i)rocess 
belongs  to  "  Involution."  That  is,  addition  restricts  us  neither 
as  to  the  kind,  nor  the  number  of  the  quantities  to  be  added  ; 
multiplication  restricts  us  as  to  the  kind,  but  not  the  number  ; 
involution  restricts  us  both  as  to  the  kind  and  number.  All, 
however,  are  really  comprehended  under  the  same  rule — addition. 

ADDITION. 

7.  The  sum  of  two  or  more  numbers  is  a  number  which 
contains  as  many  units,  and  no  more,  as  are  found  in  all 
the  given  numbers. 

8.  Addition  is  the  process  of  finding  the  sum  of  two  or 
more  numbers. 

9.  The  quantities  to  be  added  together  are  called 
addends,  and  tlie  result  of  the  addition  is  called  the  sum 
of  the  addends. 

10.  Only  those  quantities  can  be  added  which  have  the 
same  unit,  or,  in  Other  words,  which  are  the  same  deno- 
mination. 

Thus  it  is  evident  that  6  days  and  1  miles  cannot  be  added, 
since  the  result  would  neither  be  13  days  nor  13  miles  ;  nor  can 
5  shillings  and  3  pence  be  added,  as  the  result  would  neither  be 
shillings  nor  pence.  Similarly,  we  cannot  add  units  and  tens, 
or  tenths  and  hundredths,  or  units  and  sevenths,  &c. 
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11.  Hence,  in  writing  down  the  addends,  preparatory 
to  addinj^,  we  must  be  careful  to  set  units  of  the  same 
denoiniiiiition  in  the  sainti  vertical  column,  /.  e.  units  under 
units,  tens  under  tens,  hundreds  under  hundreds,  <fec. ; 
shillings  under  shilliiio-s,  pence  under  pence,  &c. ;  miles 
under  miles,  fuilnni;s  under  furlongs,  rods  under  rods,  etc. 

EXERCISES. 

(1)  C-J) 

Shillings, 
r  9 
Addends  }  8 


Apples. 


Addends  ^  3 
Sum  of  Addends  7 


Sum  of  Addends  24 


Addends 


(3) 


(4) 
cwt. 

9 

6 

9 

8 

1 


Sum  of  the  Addends  30 

(5)  (G)  (1)  (8)  (9)  (10) 

penco,  sevenths,  horses,  tens,     millionths.     $ 

4  6  1  7  G  9 

7  5  9  8  9  8 

8  4  8  9  8  1 

9  3  7  6  3  2 
6  6  5  5  2  3 


(11) 
miles. 
7 
1 
2 
3 
4 


39 


34 


23 


30 


28 


23 


17 


12.  Let  it  be  required  to  add  together  987  and  689. 

I.  II.  III.  IV. 

987  987  987  987 

689  G89  G89  G89 


1500 

160 

16 


160 

1500 

15 


IG 

160 

1500 


1000 

70 

6 

600 

600 

70 

70 

6 

600 

6 

1000 

1000 

IG 
16 
15 

1676 


V. 

987 
689 

1676 


1676 


1676 


1676 


■^ 
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(11) 

5 

miles 

3 

7 

8 

1 

1 

2 

2 

3 

3 

4 

17 


V. 

987 
689 


1676 
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ExPtAXATioN.— W«'  place  tl  10  given  number,  987  au'i  689,  Uider  en  ih 
other,  according  to  (II)  and  draw  a  line  to  separate  the  (uldendM  from  the 
sum. 

It  is  manifest  that  so  long  as  wo  add  the  units  of  the  sevoral  orderi*  it  is 
quite  immaterial  wlicther  wo  commence  at  the  higliest,  at  ti.e  lowest,  rat 
an  intermediate  denomination. 

In  tlie  first  of  tlie  above  operations  wo  have  commenrod  continually  at 
the  highest  or  left-hand  order.  The  hundreds  added  mako  IB  huiidreds 
or  one  thousand  and  live  hundred,  whicli  we  set  dowu;  the  tons  added 
make  16  tens,  equal  to  l  hundred  and  6  tens,  and  the  unit  added,  i  ...;  16 
'ens,  equal  to  1  ten  and  6  units,  all  of  which  we  set  down  in  thei  app  o- 
priate  columns. 

Next  considering  the  partial  sums  1500,  160,  and  16,  as  so  many  new 
addends,  we  proceed  similarly  with  them  and  obtain  a  new  set  of  partial 
suras,  viz. :  1000,  600,  70,  and  6.  But,  from  the  nrincipleu  of  notation  (Sec. 
I.),  these  last  numbers  (t.  e.  1000,  600,  70,  and  6)  may  be  written  in  one 
lino,  thus,  1676,  which,  therefore,  is  the  sum  of  the  addends  987  and  68v). 

In  (II).  (Ill),  (IV),  (V)  the  same  result  is  obtained  by  a  slightly  different 
process. 

In  (II)  we  have  commenced  at  the  tens,  and  in  (III),  (IV)  and  (V)  at  the 
units  or  lowest  order.  (IV)  is  simply  (III)  with  the.unnecessaiyO's  omitted. 

(V)  is  (IV)  somewhat  modifl(!d  as  follows :— 9  units  and  7  u)iits  make  16 
units,  equal  to  6  units,  which  we  set  down,  and  one  ten  which  we  carry  to 
the  next  column  or  column  of  tens :  1  ten  and  8  tens  make  9  tens,  and  8  tens 
make  17  tens,  equal  to  7  tens,  which  we  set  down,  and  l  hundred,  which  we 
carry  to  the  column  of  hundreds ;  1  hundred  and  6  hundreds  make  7  hun- 
dreds, and  9  hundreds  make  16  hundreds,  equal  to  6  hundred  and  1  thou- 
sand, both  of  which  we  set  down. 

13.  From  (I),  (II),  and  (HI),  it  is  manliest  that  it  is  as 
legitimate  to  commence  at  the  lowest  denomination  as  at 
the  highest;  and  from  (IV)  and  (V).  that  it  is  more  con- 
venient to  commence  at  the  lowest  dvinoinination. 

14.  From  (V)  we  learn  thatwiien  we  have  obtained  the 
sum  of  the  units,  in  any  column,  we  reduce  it  to  the  next 
higher  denomination,  and,  setting  down  the  remainder 
under  the  column  added,  carry  the  units  of  the  next  higher 
denomination  to  their  proper  column. 

16.  The  reasoning  in  (12),  (13)  and  (14)  applies  to  any 
numbers  whatever,  whether  abstract  or  denominate,  and 
from  it,  for  addition,  we  deduce  the  following  general — 

RULE. 

Write  down  the  numbers  so  that  units  of  the  same  denomi- 
nation  shall  fall  in  the  same  column  (Arts.  10  and  11). 

Draw  a  line  beneath  the  addends  (Jdrt.  12). 

Add  up  the  units  of  the  lowest  denomination  and  divide  their 
sum  by  so  many  as  make  one  of  the  denomination  next  higher 
(Arts.  13  and  14). 

Set  down  the  remainder  and  carry  the  quotient  to  the  next  higher 
denomination  (Art.  14). 

E 
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Proceed  in  thv  same  manner  through  all  the  denominations  to 

the  last. 

IG.  We  commence  at  the  lowest  order,  or  tenths  of  thousandths.    There 

being  nothing  to  add  to  the  9  tenths  of  thousandtlis, 

EXAMPLE,     wo  simply  set  down  the  9  in  its  appropriate  column. 

G98.9t>49       Next  we  add  the  thousandths,  thus  :— 2  thousandths 

84.78  and  6  thousandths  are  8  thousandths  and  4  thousandths 

9.896         are  12  thousandths,  which  are  equal  to  2  thousandths 

98.4*2         and  1  hundredth.    The  2  thousandths  we  write  down 

989.9  in  its  own  column  and  carry  the  hundredth  to  the 

column  of  hundredths.    Next  we  add  the  column  of 

1881.9829  hundredths,  thus  :— 1  hundredth  (carried)  and  6  hun- 
dredths make  7  hundredths  and  9  hundredths  make 
]G  hundredths,  and  6  hundredths  make  22  hundredths  and  6  hundredths 
make  28  hundredths,  which  are  equal  to  8  hundredths  and  two  tenths. 
We  set  down  the  8  hundredths  and  carry  the  two  tenths  to  the  next 
column,  or  column  of  tenths.  Adding  the  tenths  we  find  their  sum  to  be 
39  tenths,  equal  to  9  tenths,  which  we  set  down,  and  3  units  which  we 
carry.  The  simple  units  added  make  41  units,  equal  to  1  unit,  which  we 
set  clown  and  4  tens  which  we  carry  ;  the  tens  added  make  38  tens,  equal 
to  8  tens  and  3  hundreds  ;  the  hundreds  added  (with  the  3  hundreds  we 
carry)  make  18  hundreds,  or  8  hundreds,  and  1  thousand,  both  of  which 
we  set  down  in  their  proper  columns. 

17.  We  commence  as  in  (16)  with  the  lowest  denomination,  which,  in 
EXAMPLE,      this  example,  is  cents.    89  cents  and  42  cents,  and  56 

$69'89  cents  and  89  cents,  added,  make  376  cents.    But  every 

11"56  100  cents  make  one  dollar,  376  cents  are  therefore  equal 

73"42  to  3  dollars  and  76  cents.    The  76  cents  wu  set  down  in 

91'89  their  proper  place  and  carry  the  3  dollars  to  the  column 

of  dollars. 

$246-76 

18.  Example. — Add  together  £52  l7s.  SJd.,  £47  5s.  6Jd.,  and 
£66  143.  2id. 


£ 

3. 

d. 

62 

17 

3^ 

47 

5 

6. 

66 

14 

2I 

} 
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£166  17  OJ  sum. 
\  and  i  make  3  farthings,  which,  with  f ,  make  6  farthings ;  these  are 
equivalent  to  one  of  the  next  denomination,  or  that  of  pence,  to  be  carried, 
and  two  of  the  present,  or  one  half-penny,  to  be  set  down.  1  penny  (to  be 
carried)  and  2  are  3,  and  6  are  9,  and  3  are  12  pence— equal  to  one  of  the 
next  denomination,  or  that  of  shillings,  to  be  carried,  and  no  pence  to  be 
set  down;  we  therefore  put  a  cypher  in  the  pence  place  of  the  sum.  1 
shilling  (to  be  carried)  and  14  are  15,  and  5  are 20,  and  17  are  37  shillings— 
equal  to  one  of  the  next  denomination,  or  that  of  pounds,  to  be  carried  and 
17  of  the  present,  or  that  of  shillings,  to  be  set  down.  1  pound  and  6  are  7 
and  7  are  14,  and  2  are  16  pounds— equal  to  6  units  of  pounds,  to  be  set 
down,  and  1  ten  of  pounds  to  be  carried ;  1  ten  and  6  are  7  and  4  are  11  and 
6  are  16  tens  of  pounds,  to  be  set  down. 

When  the  addends  are  very  numerous,  we  may  divide  them  into  two  parts 
by  horizontal  lines,  and,  adding  each  part  separately,  may  afterwards  find 
the  amount  of  all  the  sums. 
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cents,  and  50 
i.  But  every 
erefore  equal 
set  down  in 
p  the  column 


3.  6Jd.,  and 


these  are 

to  be  carried, 

penny  (to  be 

0  one  of  the 

pence  to  be 

the  sum.    1 

17  shillings — 

carried,  and 

and  6  are  7, 

Is,  to  be  set 

4  are  11  and 

ito  two  parts 
srwards  find 
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a 

s. 

d. 

57 

14 

2^ 

32 

If. 

4 

£ 

s.    d. 

19 

17 

6 

>  =  151 

7    ir 

8 

14 

2 

32 

5 

yj 

47 

6 

41 

1 

32 

17 

2 

5(5 
27 

3 

4 

<» 
2 

-  =  253 

3     llj 

52 

4 

4 

67 


£      a.     d. 

404     11     10 


37      8    2, 

Or,  in  adding  each  column,  we  may  put  down  an  asterisk,  thus  *  as  often  as 
we  come  to  a  quantity  which  is  at  least  equal  to  that  number  of  the  deno- 
mination added  which  is  required  to  make  one  of  the  next— carrying  forward 
what  is  above  this  number,  if  anything,  and  putting  the  last  remainder,  or 
—when  there  is  nothing  left  at  the  end— a  cypher  under  the  column :— we 
carry  to  the  next  column  one  for  every  cross.    Using  the  same  example— 


£ 

s. 

d. 

57 

*14 

2 

32 

10  ■ 

4 

19 

*17 

*6 

8 

*14 

2 

32 

5 

•9 

47 

*6 

4 

32 

17 

2 

56 

*3 

•9 

27 

4 

2 

52 

4 

4 

37 

8 

O 

404 

11 

10 

2  pence  and  4  are  6,  and  2  are  8,  and  9  are  17  pence — equal  to  1  shilling 
and  5  pence ;  we  put  down  a  dot  or  an  asterisk  and  carry  5.  5  and  2  are  7,  and 
4  are  11,  and  9  are  20  pence— equal  to  1  shilling  and  8  pence ;  we  put  down 
a  dot  or  an  asterisk  and  carry  8.    8  and  2  are  10  and  6  are  10  pence — equal  to 

1  shilling  and  4  pence ;  we  put  down  a  dot  and  carry  4.    4  and  4  are  8  and 

2  are  10 — which,  being  less  than  1  shilling,  we  set  down  under  a  column  of 
pence,  to  which  it  belongs,  &c.  We  lind,  on  adding  them  up,  that  there  are 
three  dots ;  we  therefore  carry  3  to  the  column  of  shillings.  3  shillings  and 
8  are  11,  and  4  are  15,  and  4  are  19,  and  3  are  22  shillings— equal  to  1  pound 
and  2  shillings ;  we  put  down  a  dot  and  carry  1.    1  and  17  are  18,  &c. 

Care  is  necessary,  lest  the  dots,  not  beir^  distinctly  marked,  may  be 
considered  as  either  too  few  or  too  many.  This  method,  though  now  but 
little  used,  seems  a  convenient  one. 

PROOF  OF  ADDITION. 

19.  First  Method. —  Go  through  the  process  again,  beginning  at 
the  top  and  adding  downwards. 

This  method  of  proof  is  merely  doing  the  same  work  tAvice,  in 
a  slightly  different  manner. 

Second  Method. — Separate  the  addends  into  two  parts.  Add 
each  part  separately,  in  the  usual  way,  and  then  add  their  sums. 
If  the  last  sum  is  the  same  as  that  found  by  the  first  addition,  the 
work  may  be  presumed  to  be  correct. 

This  method  of  proof  is  founded  on  the  axiom  that  "  th« 
whole  is  equal  to  the  sum  of  all  its  parts," 
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Example.— Find  the  sum  of  5092G7,  235809,  72910,  and  83925. 

'  OPERATION.  IMtOOF  BY  SKCOND  METHOD. 

r)092r)7  509267       72910 

235809  235809       83925 


839 

iw 

25    I'lirlifU  sums 

7450  7t3 

15 

6835 

7450  7t! 

Sum  ltni!» 

1 1      Second  partial  sum 

1 50835 

Proof. . . . 

901911 

RXEHCTSES. 

(12) 

(13)     (14) 

(15) 

(16) 

(17) 

Dollars. 

IJiislicls.  Day?!. 

Acres. 

Dollars 

Pounds. 

15 

7(J     7t)5 

392 

5832 

98764 

26 

48     381 

44(3 

8007 

8753 

18 

r>9     872 

872 

4ti7l 

76 

61 

81     315 

900 

0789 

9889 

2333 


2679 


26199   117482 


120  264 

(18—41) 
The  sum  of  the  numbers  in  each  row  of  the  following  table, 
whether  taken  vertically  or  horizontally,  or  from  corner  to  corner, 
is  24156.     Let  the  pupil  be  required  to  make  these  24  distinct 
additions.* 

TABLE. 


2016  4212 

1656 
4248 

3852 

1290 

3492  936 

3132  57G2772  216 

25:'  M)52 

1 

1692 

3888 

1332 

3528 
1368 

972  3168  612  2412 

1    i 

2448  288 

20884284 

1728 

3924 

35641008  2808  648 

i        i 

684 
2880 

2484 

324  2124 

4320 

1764 

3960 

1404  3204  1044'2844 

1    '    1 

720 

2520i  360 

1 

2160 

4356 

1800 

3600 

1440  3240,1080 

,   1    1 

1116 

2916 

7562556 

396 

2196 

3996 

1836 

36361476'3276 

i    1 

3312 

1152 

2952  792 

2592 

362232 

! 

4032'l872'3672'l512 

1548  3348 

1 

1188  298f> 

432 

2628   72 

22684068 

19083708 

3744  1584 

3384  828 

3024 

468 

2664 

108 

2304 

41041944 

1 

1980 
4176 

3780 
1620 

1224 
3816 

3420 
1260 

864 
3456 

3060 

504 

2700 

144 

23404140 

f 

900 

3096 

540 

2736 

180'2376 

*  This  table  Is  formed  by  multiplying  the  numbers  in  the  magic  square 
of  11  by  30. 
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(17) 
ouiids. 
187(34 
8753 
76 
9889 

L7482 

ing  tabic, 
to  corner, 
^  distinct 


j  216 

[2412 

648 

2844 

1080 

3276 

1512 

3708 

1944 

1140 

5376 

Bic  square 


(42) 

74564 

7674 

376 

6 


(43) 

5676 

1567 

63 

6767 


(44) 

76746 

71207 

100 

56 


(46) 
42-37 
56-84 
2  7-92 
()2-41 


(47) 
0-87 
5-273 
8-127 
25-63 


82620 

(48) 
3-785 

(40) 

85-742 

(50)                  (51) 
0-00007         5471-3 

20-766 

6034-82 

0-06236           5 

63-47 

0-253 

57-8563 

0-0572 

21-502 

10-004 

712-52 

0-21 

0-0007 

34-808 

(52) 
81-0235 

(53) 
0-0007 

(54) 
8456-5 

(55) 
576-34 

576.03 

5000-0 

0-37 

4000-005 

4712-5 

427-0 

8450-302 

213-5 

6-5371 

2            37-12 

0-007 

2753-0 

5:^6-0906 

2 

MONEY. 

(56) 
£       s.      d. 

(57) 
£    s.  d. 

(58) 
£      s.    d. 

(59) 
£      s.      d. 

4567   14     6.'{ 

76  14  7 

3767  13   11 

5674  17     6i 

776  15     7i 

667  13  6 

4678  14  10 

4767  16   Hi 

76   17     9i 

67  15  7 

767  12     9 

3466  17  105 

51     0   10| 

5     4  2 

10   11     5 

5984     2     2i 

44     5     6 

0     3  4 

3     4  11 

8762     9     9 

5516   14     3,3 

AVOTUDUFOIS  WEIGHT. 

('i;0) 

I'Wt.  qv3.  lb. 
76       3      14 

(61) 
cwt.  qr.s.  lb. 
476      1      24i 

(62) 
cvvt.  qrs.  lb. 
447      ]       7 

(63) 
cwt.  qrs. 
14       2 

lb. 
12 

37       2      15 

756      3     211 

576      1       6 

3       3 

7 

14       111 

767      1      16 

467       I       1i 

2 

15 

567      2      15 
973      1      12 

563      1       6 
428      0      Oi 

7       0 

3 

14 

128       3      15 

Hi 


«'  1 1 
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Aet.i 


(64) 

lb.  oz.  dwt.  grs. 

7      0       5        9 

6      6       6        7 

9      5       6        8 


21    11     18 


0 


TROY  WEIGHT. 

(05) 
lb.  oz.  dwt.  grs. 


57  9 
67  9 
66  8 
74  6 
12    3 


12 
11 
10 


14 

11 

5 

'A 

4 


(66) 

lb.    oz.  dwt.  gfS. 
87      3        7 
11      12 


44   12 
67     8 


16 

10 

9 


12 
3 
14 
13 
10 


TIME. 


(67) 

(68) 

(69) 

yrs. 

ds.  hrs. 

ms. 

yrs. 

ds.  hrs. 

ms. 

y/s. 

ds.  hrs. 

ms 

99 

359  9 

56 

60 

90  0 

50 

59 

127  7 

50 

88 

0  8 

57 

6 

76   1 

57 

120  9 

44 

77 

120  7 

49 

3 

58 

76 

121  11 

44 

6 

1   2 

0 

fi 

47  3 

41 

265 

115  2 

42 

8 

9  11 

17 

(70) 

yds.  qrs.  nls. 

567      3  2 

476      1  0 

72      3  3 

5      2  1 


CLOTH  MEASURE. 


(71) 
yds.  qrs,  nls. 

147  3      3 
173      1      0 

148  2       1 
92      3      2 


(72) 

yds.  qrs.  nls. 

157     2       1 

143     3       2 

1       2 

54     0       3 


(73) 

yds.  qrs.  nls. 
156      1        1 
176      3        1 
54      1        0 
573      2        3 


\ 


1122 


CANADIAN  MONEY. 


(74) 

$978-63 

492-29 

83-43 

729-47 

9-00 


(75) 

$  69-42 

189-87 

674-29 

86-43 

982-78 


(76) 

$719-43 

912-99 

68-68 

50-00 

9-73 


(77) 

$9863-47 

986-10 

91-89 

7-45 

•98 


•pZ^C7i2'o^  ^ 


$ 


gfs. 
12 
3 
14 
13 
10 


nis. 
1 
1 
0 
3 
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18.  O-4+'74-4'7+3'7-0OY+'75-O5+T4T-On=  934'004. 

79.  56-054-4-'754-0-00Y+36- 14+4-672  =  101-619. 

80.  0-76+0-0076+76+0-54-5-f  0-05  ^  82-3176. 

81.  0-5+0-005+5+50-1-500  =  555-505. 

82.  0-367+56-7+762+97-6+471  =  1387-667.       . 

83.  Add  eight  hundred  and  fifty-six  thousand,  nine  hundred 
and  thirty-three  ;  one  million,  nine  hundred  and  seventy-six 
thousand,  eight  hundred  and  fifty-nine  ;  two  hundred  and  throe 
millions,  eight  hundred  and  ninety-five  thousand,  seven  hundred 
and  fifty-two.  ^ns.  206729544. 

84.  Add  three  millions,  and  seventy-one  thousand  ;  four  mil- 
lions, and  eighty-six  tliousand  ;  two  millions,  and  fifty-one  thou- 
sand ;  one  million ;  twenty-five  millions,  and  six ;  seventeen 
millions,  and  one ;  ten  milliond,  and  two  ;  twelve  millions,  and 
twenty-three ;  four  hundred  and  seventy-two  thousand,  nine 
hundred  and  twenty-three  ;  one  hundred  and  forty-three  thou- 
sand;  one  hundred  and  forty-three  millions.       ^ns.  217823955. 

85.  Add  one  hundred  and  thirty-three  thousand  ;  seven  hun- 
dred and  seventy  thousand  ;  thirty-seven  thousand  ;  eight  hun- 
dred and  forty-seven  thousand  ;  thirty-three  thousand  ;  eight 
hundred  and  seventy-six  thousand  ;  four  hundred  and  ninety-r 
one  thousand.  Jns.  3187000, 

86.  Add  together  one  hundred  and  sixty-seven  thousand;  three 
hundred  and  sixty-seven  thousand  ;  nine  hundred  and  six  thou- 
sand ;  two  hundred  and  forty-seven  thousand  ;  ten  thousand  ; 
seven  hundred  thousand  ;  nine  hundred  and  seventy-six  thou- 
sand ;  one  hundred  and  ninety-five  thousand  ;  ninety-seven  thou- 
sand. Jns.  3665000. 

APPLICATIONS. 

1.  How  many  miles  is  it  from  the  lower  end  of  Lake  Huron  to 
the  Gulf  of  St.  Lawrence,  passing  through  the  River  St.  Clair, 
25  miles  long ;  Lake  St.  Clair,  20  miles  ;  River  Detroit,  23  miles  ; 
Lake  Erie,  250  miles ;  Niagara  River,  34  miles  ;  Lake  Ontario,  180 
miles ;  and  the  River  St.  Lawrence,  750  miles  long  ? 

jins.  1282  miles. 

2.  The  city  of  Toronto  has  a  population  of  about  50,000 ; 
Hamilton,  25,000  ;  Kingston,  15,000  ;  London,  10,000  ;  Ottawa, 
10,000  ;  Montreal,  75,000  ;  and  Quebec,  45,000.  What  is  the 
population  of  these  seven  cities  taken  together  ?      ^ns.  230,000. 

3.  In  the  year  1856  Canada  exported  : — Produce  of  the  mine, 
$165,000;  produce  of  the  sea,  $500,000  ;  produce  of  the  forest, 
$10,000,000  ;  animals  and  their  produce,  $2,500,000  ;  agricul- 
tural products,  $15,000,000  ;  manufactures  and  ships,  $1,600,000  ; 
and  various  other  products  to  the  amount  of  $2,235,000.  What 
was  the  total  value  of  Canadian  exports  for  that  year  ? 

Ms.  $32,000,000. 
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4.  A  wholesale  merchant  sells,  during  the  year,  goods  to  the 
amount  of  $11080  in  Toronto  ;  $9427  in  Gait;  $1798  in  Berlin ; 
$16423  iu  Hamilton;  $7496  in  Guelph  ;  $6429  in  Woodstock; 
$5297  in  Chatham;  and  $8426  in  Goderich.  Required  the 
amount  of  the  year's  sales.  Ans.  $66376. 

5.  The  Grand  Trunk  Railway  is  962  miles  long,  and  cost 
$60,000,000  ;  the  Great  Western  is  229  miles  long,  and  cost 
$14,000,000  ;  the  Ontario,  Simcoe,  and  Huron  is  95  miles  long, 
and  cost  $3,300,000  ;  the  Toronto  and  Hamilton  is  38  miles  long, 
and  cost  $2,000,000.  What  is  the  aggregate  length  and  cost  of 
these  four  roads  ?  Ans.  Length,  1324  miles,  and  cost  $79,300,000 

6.  The  circulation  of  promissory  notes  for  the  four  weeks 
ending  February  3,  1844,  was  as  follows : — Bank  of  England, 
about  £21,228,000;  private  banks  of  England  and  Wales, 
£4,980,000 ;  Joint  Stock  Banks  of  England  and  Wales,  £3,446,000 ; 
all  the  banks  of  Scotland,  £2,791,000 ;  Bank  of  Ireland, 
£3,581,000  ;  all  the  other  banks  of  Ireland,  £2,429,000  :  what 
was  the  total  circulation?  Ans.  £38,455,000. 

7.  Chronologers  have  stated  that  the  creation  of  the  world 
occurred  4004  years  before  Christ ;  the  deluge,  2348  ;  the  call 
of  Abraham,  1921 ;  the  departure  r^  the  Israelites  from  Egypt, 
1491  ;  the  foundation  of  Solomon's  temple,  1012  ;  the  end  of  the 
captivity,  536.  This  being  the  year  1859,  how  long  is  it  since 
each  of  these  events  ?  Ans.  From  the  creation,  5863  years  ;  from 
the  deluge,  4207  ;  from  the  call  of  Abraham,  3780  ;  from  the 
departure  of  the  Israelites,  3350  ;  from  the  foundation  of  the 
temple,  2871  ;  and  from  the  end  of  the  captivity,  2393. 

8.  Add  together  the  following  :— 2d.,  about  the  value  of  the 
Roman  sestertius;  7^d.,  that  of  the  denarius;  l^d.,  a  Greek 
obolus  ;  9d.,  a  drachma  ;  £3  15s.,  a  mina ;  £225,  a  talent ;  Is. 
7d.,  the  Jewish  shekel ;  and  £342  3s.  9d.,  the  Jewish  talent. 

Ans.  £571  2s. 

9.  Add  together  2  dwt.  16  grains,  the  Greek  drachma;  1  lb. 
1  oz.  1  dwt.,  the  mina  ;  67  lb.  7  oz.  5  dwt.,  the  talent. 

Ans.  68  lb.  8  oz.  8  dwt.  16  grains. 

10.  What  was  the  population  of  the  British  provinces  in  North 
America  in  1834,  the  population  of  Lower  Canada  being  stated 
at  549,005,  of  Upper  Canada,  336,461 ;  ofNewBrunswick,  152,156; 
of  Nova  Scotia  and  Cape  Breton,  142,548  ;  of  Prince  Edward's 
Island,  32,292  ;  of  Newfoundland,  75,000  ?  Ans.  1,287,462. 

11.  A  owes  to  B  £567  16s.  7Jd. ;  to  C  £47  IGs.  ;  and  to  D 
£56  Id.    How  much  does  he  owe  in  all  ?      Ans.  £671  12s.  8id. 

12.  A  man  has  owing  to  him  the  following  sums  : — £3  10s.  7d', ; 
£46  7jd. ;  and  52  14s.  6d.    How  much  is  the  entire? 

Ans.  £102  5s.  SJd. 

13.  A  merchant  sends  off  the  following  quantities  of  butter : — 
47  cwt.  2qrs.  7  lb. ;  38  cwt.  3  qrs.  8  lb. ;  and  16  cwt.  2  qrs.  201b. 
How  auch  did  he  send  off  in  all  ?  Ans.  103  cwt.  10  lb. 
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14.  A  merchant  receives  the  following  quantities  of  tallow, 
viz.  : — 13  cwt.  1  qr.  6  lb.  ;  10  cwt.  3  qrs.  10  lb.  ;  and  9  cwt. 
1  qr.  15  lb.     How  much  has  he  received  in  all? 

jliis.  33  cwt.  2  qrs.  6  lb. 

15.  A  silversmith  has  71b.  8  oz.  16  dwts.  ;  9  lb.  1  oz.  3  dwts. ; 
and  4  lb.  1  dwt.     What  quantity  has  he  ?  .d/is.  21  lb.  4  oz. 

16.  A  merchant  sells  to  A,  76  yards  3  quarters  2  nails ;  to  B, 
90  yards  3  quarters  3  nails  ;  and  to  C,  190  yards  1  nail.  How 
much  has  he  sold  in  all  ?  Jlns.  357  yards  3  quarters  2  nails. 

17.  A  merchant  in  Toronto  sells  goods  to  the  following 
amounts  during  the  week,  viz.  : — Monday,  $420-38  ;  Tuesday, 
$711-43;  Wednesday,  $419-87;  Thursday,  $1080-42;  Friday, 
$1304-65  ;  Saturday,  $2498-91.  Required  the  whole  amount  of 
the  week's  sales.  Jns.  $6444-66. 

18.  Looking  over  my  last  month's  expenditure,  I  find  that  I 
have  paid  the  following  sums,  viz.  : — Baker's  bill,  $5-73  ; 
Butcher's  bill,  $20-91;  Groceries,  $12-75  ;  Fruit,  $3-29;  Rent, 
$16-25;  Servants'  wages,  $10;  Tailor's  account,  $17-87  ;  Shoe- 
maker's bill,  $11-63  ;  and  sundries,  $9.47.  Required  how  much 
I  paid  in  all.  Jlns.  $107-90 

19.  Add  together  $607-19;  $298-97;  $789-87  ;  $1723-10;  and 
$123-00.  Jns.  $3542-13. 

20.  A  farmer  sells  seven  loads  of  wheat,  the  first  containing 
1763  lbs.,  the  second  1827  lbs.,  the  third  1329  lbs.,  the  fourth 
1901  lbs.,  the  fifth  16G6  lbs.,  the  sixth  1879  lbs.,  and  the  seventh 
1185  lbs.  What  was  the  aggregate  weight  of  the  seven  loads 
and  how  many  bushels  did  they  contain  ? 

Jiis.  11550  lbs.  or  192  J  bushels. 
Note.— The  bushels  avo  found  by  dividing  the  aggregate  weight  by  60 
lbs.,  til*'  weight  of  Olio  bushel. 

21.  Having  effected  an  insurance  on  my  household  furniture, 
&c.,  I  am  required  to  make  a  detailed  statement  of  its  value.  I 
find  this  to  be  as  follows  : — Carpets  $250*00,  table  and  bed  linen 
$90-88,  beds  and  bedding  $173-60,  furniture  $791-23,  pictures 
and  engravings  $207-18,  books  $1649-19,  plate  and  plated  ware 
$307-18.     Required  the  total  value  of  my  household  furniture. 

Jns.  $3469-26. 

22.  Toronto  has  a  population  of  45,000,  Hamilton  20,000, 
Brockville  4,000,  Prescott  2,500,  Kingston  15,000,  Ottawa  City 
10,000,  Chatham  4,000,  Goderich  2,000,  London  10,000,  Port  Hope 
4,000,  Cobourg  5,000,  Montreal  70,000,  and  Quebec  50,000. 
What  is  the  entire  population  of  these  13  cities  and  towns  ? 

Jns.  241,500. 
20.  The  pupil  should  not  b(i  allowed  to  hvi\e  addition  until 
he  can  rearf  up  the  columns  without  hesitation.  For  instance,  in 
the  following  questions,  which  are  inserted  for  the  sake  of  practice 
in  rapid  addition,  he  should  not  be  permitted  to  spell  the  columns 
thus,  0  and  4  are  10,  and  4  ai*e  14,  and  4  are  18,  and  5  are  33 
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&c. 

,  but  should  bo  required  to 

read  them,  i. 

c,  simply  touch 

each  digit  with  h 

is  pencil  and 

name  the  sum, 

thus  :— 6,  10,  14, 

18, 

23,  31,  32,  35, 

42,  43,  44,  49 

53,  &c.  &c. 

I. 

11. 

III. 

IV. 

244058 

275634 

135790 

123456 

492327 

386731 

246824 

786123 

. 

635425 

987654 

135790 

456789 

3214G5 

321456 

864212 

123456 

•732840 

989123 

579246 

788123 

,' 

376731 

456789 

835792 

459789 

935746 

123456 

468357 

123456 

847963 

789123 

924689 

789123 

745143 

456789 

753246 

456789 

234561 

123456 

835792 

123456 

746874 

739123 

468357 

789123 

, 

934746 

456789 

924683 

456789 

" 

1 

872345 

123459 

579246 

123456 

1 

934756 

789123 

835798 

789123 

'■ 

842345 

456789 

C42875 

456789 

■ 

■, 

873456 

123456 

334683 

123456 

1 

864580 

789123 

579864 

789122 

234672 

456789 

297531 

456789 

325871 

246842 

135795 

871178 

479234 

357931 

246834 

936639 

'  845645 

642248 

824248 

248842 

823456 

756139 

357964 

525255 

245734 

246842 

872278 

736376 

872475 

657931 

375946 

875578 

896731 

642248 

624862 

473468 

456841 

753139 

375937 

934579 

We" 

314567 

246842 

872459 

894645 

814563 

357931 

837645 

123875 

427831 

642248 

644875 

767457 

"" 

932768 

753913 

472963 

875345 

456345 

375913 

875847 

874563 

345634 

426428 

864314 

375534 

734734 

573931 

734561 

937565 

734564 

624824 

273475 

875734 

«  ; 

834756 

735813 

845675 

698945 

RECAPITULATION. 

I.  Addition  is  the  process  of  finding  the  sum  of  two  or 
more  numbers. 

II.  The  numbers  to  be  added  are  called  Addends. 

III.  The  result  of  the  addition  is  called  the  sum  of  the 
addends, 
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IV.  In  writing  numbers  down  preparatory  to  adding 
them,  wo  write  units  under  units,  tens  under  tens,  &c., 
because  only  like  quantities,  i.  e.,  quantities  of  the  same 
name,  can  be  added  togetlier. 

V.  We  draw  a  line  under  the  addends  in  order  to  sepa- 
rate them  from  the  sum, 

VI.  We  begin  the  addition  at  the  column  containing 
the  lowest  denomination  and  work  from  right  to  left, 
because,  by  so  doing,  we  are  enabled  to  carry^  from  the 
column  added,  the  number  of  units  of  the  next  higher 
denomination  it  contains,  to  their  appropriate  column,  and 
thus  perform  the  work  by  one  addition  which  would  other- 
wise require  two  or  three. 

VII.  We  divide  the  sum  of  the  units  of  any  one  deno- 
mination by  the  number  required  to  make  one  of  the  next 
higher,  in  order  to  know  how  many  we  are  to  carry  to 
the  next  higher. 

VIII.  The  addition  of  simple  numbers  was  formerly  called 
Simple  Addition  ;  and  the  addition  of  compound,  or  deno- 
minate numbers,  Compound  Addition.  As  the  same  rule 
applies  to  the  addition  of  all  numbers,  there  is  no  reason 
why  we  should  treat  of  the  addition  of  simple  and  deno- 
minate numbers  separately. 

QUESTIONS. 

XoTE. — Arabic  minerals,  thus  fl4ij,  refer  to  the  articles  of  the  Section, 
and  Roman  numerals,  thus  (VIJ,  to  the  Recapitulation. 

1.  Into  what  parts  raa,y  Arithmetic  be  divided  ?  (I.) 

2.  Of  what  does  the  Arithmetic  of  Whole  Numbers  treat  ?  (I.) 

3.  What  rules  are  included  in  the  Arithmetic  of  Whole  Numbers  P  (2) 

4.  Of  what  does  the  Arithmetic  of  Fractions  treat  ?  (1) 

5.  How  is  the  Arithmetic  of  Fractions  divided  P  (3) 

6.  How  is  the  unit  divided  in  Vulgar  or  Common  Fractions  ?  (3) 

7.  How  is  the  unit  divided  in  Decimal  Fractions  ?  (3) 

8.  Of  what  does  the  Arithmetic  of  Ratios  treat  ?  (1) 

9.  What  rules  of  Arithmetic  are  embraced  in  the  Arithmetic  of  RatiosP  (4) 

10.  What  are  the  fundamental  rules  of  Arithmetic  P  (5) 

11.  Why  are  they  so  called  P  (5) 

12.  Upon  what  rules  do  all  the  operations  of  Arithmetic  ultimately 
depend  ?  (6) 

13.  AVhat  is  the  sum  of  two  numbers  ?  (7) 

14.  What  is  Addition?  (8  or  I.) 

15.  What  are  addends  P  (9  or  II.) 

16.  What  kind  of  quantities  only  can  be  added  ?  (10) 

17.  What  is  the  rule  for  addition?  (15) 

18.  Why  must  we  pla<*e  units  of  the  same  denomination  in  the  Hamo 
vertical  column?  (IV.) 
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19.  Why  do  wo  draw  a  line  under  the  afldendsP  (V.) 

20.  Why  do  we  beKin  to  add  at  tht^  lowest  denomination?  (VI.) 

21.  Why  do  wo  divide  the  sum  of  the  units  of  any  one  denomination  by 
&H  many  as  make  one  of  the  next  liiglier  V  (Vll.) 

22.  How  do  we  prove  addition  V  (1!») 

2:i.  Upon  what  axiom  is  tlio  2nd  method  of  proof  founded  ?  (19) 
SM.  So  far  as  the  result  is  eoncerned,  does  it  make  any  dill'erence  where 
we  commence  to  add?  (12) 

25.  Exliibit  the  work  when  we  commence  adding  at  the  left-hand  side, 
or  highest  denomination.  (12) 

26.  When  the  addends  are  very  numerous,  what  plan  may  we  adopt?  (18) 

27.  Upon  what  princij)le  does  the  former  of  these  nlans  proceed  P  (10) 

28.  What  did'erent  rules  were  formerly  made  in  addition?  (VIII.) 

29.  Is  this  distinction  necessary?    Why  not  ?  (VIII.) 

30.  Illustrate  the  ditferonco  between  spelliny  and  readiny  in  addition.  (20) 


SUBTRACTION. 

21.  Subtraction  is  tlio  process  of  finding  the  difference 
between  two  numbers. 

22.  The  greater  of  the  two  given  numbers,  or  that  which 
is  to  he  lessened^  is  called  tlie  Minuend  (Lat.  Minuendas^ 
"to  be  lessened")  ;  the  smaller,  or  that  which  is  to  be  sub- 
tracted, the  Subtrahend  (Lat.  Subtrahendtis,  "  to  be  sub- 
tracted"). 

23.  If  anything  is  left  after  making  the  subtraction,  it 
is  called  the  remainder,  difference,  or  excess. 

24.  Only  quantities  of  the  same  denomination  (i.  e., 
which  have  the  same  unit)  can  be  subtracted  the  one  from 
the  other. 

25.  Subtraction  is  indicated  by — ,  called  the  minus,  or 
negative  sign.  Thus  5 — 4=1,  read  five  minus  four  equal 
to  one,  indicates  that  if  4  is  subtracted  from  5,  unity  is  left. 

Quantities  connected  by  the  negative  sign  cannot  be  taken, 
indifferently,  in  any  order  ;  because,  for  example,  5 — 4  is  not  the 
same  as  4 — 5.  In  the  former  case  the  positive  quantity  is  the 
greater,  and  1  (which  means  ■\-\)  is  left ;  in  the  lattei',  the 
negative  quantity  is  the  greater,  and  — 1,  or  one  to  be  subtracted, 
still  remains.  To  illustrate  yet  further  the  use  and  nature  of  the 
signs,  let  us  suppose  that  we  have  five  pounds  and  owe  four  ; — the 
five  pounds  we  have  will  be  represented  by  5,  and  our  debt  by 
— 4  ;  taking  the  4  from  the  5,  we  shall  have  1  pound  (-}-  1)  re- 
maining. Next  let  us  suppose  that  we  have  only  four  pounds 
and  owe  five  ;  if  we  take  the  5  from  the  4  (that  is,  if  we  pay  as 


far  as  we  can)  a  debt  of  one  pound,  represented  by 
remain  ; — consequently  5 — 4=1  ;  but  4—5=  — 1. 


-1,  will  still 
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26.  When  sftveial  nuniWors,  connected  by  the  sigiiH  -f- aud  — 
are  placed  within  brackets,  thus,  (7+4 — 6 — 3-|-9,)  the  whole 
expression  is  to  be  considered  as  one  quantity.  The  negative 
sign  before  such  an  expression  indicates  that  tho  value  of  the 
whole  expression  within  the  brackets,  is  lo  bo  subtracted,  or, 
what  amounts  to  the  same  tiling,  that  tlie  numbers  having  the 
sign  +  before  thera  are  to  bo  subtracted,  and  tliose  liaving  tho 
sign  — ,  added.  Hence  a  minus  sign  liefore  a  bracket,  has  the 
effect  of  changing  the  signs  of  all  the  quniitities  within  the 
brackets,  whei'  the  brackets  are  removed.  So,  also,  when  we 
desire  to  place  a  quantity  within  brackets,  we  must  change  its 
sign,  if  the  sign  preceding  the  first  bracket  be  minus. 

The  following  examples  will  show  how  the  brackets  affect 
numbers,  according  as  we  make  them  include  an  additive,  or  a 
subtractive  quantity  : — 

27—  4+7—3  =27 
27— (4+7— ;i)=19 
But      27— (4— 7+'J)  —27.  [chauginp  all  tho  signs  of  the  original  quanti- 
ties, but  the  lirst.] 

Again  48+  7—3—8+7—2  ==49. 

48+(7— 3— 8+7— 2)=41t ;  what  is  in  tho  brackets  being  additive,  it 

is  not  necessary  to  cliange  arty  signs. 
48+7--(3+8— 7+2)=49;  It  is  now  necessary  to  change  all  tno  signs 

i)t  the  brackets. 
48+7 — 3— (8— 7+2)  =49 ;  it  is  necessary  in  this  case,  also,  to  change 

the  signs. 
48+7— 3— 8+ (7— 2)  =49 ;  it  is  not  necessary  in  this  case. 

27.  Wlien  the  numbers  are  small,  they  can  be  subtracted 
mentally,  thus  :  from  G  shillings  take  4  shillings,  and  the 
result  is  evidently  2  shillings ;  from  9  pounds  take  4  pounds, 
and  the  remainder  is  5  pounds ;  from  16  days  take  9  days, 
and  the  remainder  is  7  days;  from  14  sixteenths  take  5 
sixteenths,  and  the  remainder  is  9  sixteenths,  &c. 

When  the  numbers  are  too  large  to  be  conveniently 
retained  in  the   mind,  they  may  be  written  as  in  addition. 

Example  I. — From  97  take  43,  that  is,  from  9  tens  and  7  units 
take  4  tens  and  3  units. 


OPERATION. 

90+7  or  97  =  Minuend. 
40+3  or  43  =  Subtraliond. 


Explanation,-  -3  units  from  7  units  leaves 
4  units,  and  40  units  or  4  tens  from  90  units  or 
9  tens,  leave  50  units  or  5  tens. 
50+4     64  =  Remainder. 

Example  2. — Let  it  be  required  to  subtract  746  from  978,  or 
from  900+70+8  to  take  700+40+6. 


OPERATION. 

900+70+8  or 
700+40+6  or 


C5:S 

97  8 
7  4  6 


200+30+2  or    2  3  2 


Explanation.— 6  units  from  8  imits,  and  2  units 
remain ;  40  units  or  4  tens  from  70  units  or  7  tens, 
and  30  units  or  3  tens  remain  ;  and  700  units  or  7 
hundreds,  from  900  units  or  9  hundreds,  and  200 
units,  or  2  hundreds  remain. 
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ExAMPLK  li. — From  842  take  6(il. 
ExPI.ANATiox.— In  plncing  tlio  sublralu'iid  luidor  tho  niiiuiond,  in  this 
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812  or  80(»-|-40+2  or  700-j  i;J(l-|-2 
ttfll  or  (JOO-HiO+I  or  OOO-j-  «<>+l 


OI'KUA 

TION. 

cwt. 

qrs.  11). 

cwt.  qrs.  lb 

» 

2      7    = 

8        ")      8 

S 

2      7- 

3        2      7 

example,  \vr  llnd  tliat,  wliilo  wo  can  snb- 
tract  tlic  units  I'nnn  the  nnits,  wo  cannot 
Hul)tra<'t  tlic  tens  liuni  tho  teiiH,  sinco  wo 
have  t>  trns  in  tlio  snbtraliond  and  only  V 
t(!ns  in  till'  minuend.  Wo  itet  over  this 
181  or  100+  80+1    diUlculty  by  consldt'iinK  tho  niinnond  to 

be,  not  800+40+2,  but  700+l'K»+2,  or,  in.ol  Imt  words,  wo  fjornnv  una  ol  tiio 
order  of  hundreds  and  rodnco  it  to  tons.  Now  wo  liiivo  1  unit  from  2  units 
and  1  unit  remains;  t!0  units  or  (J  tons  from  1  Ht  units  or  1>  tons,  and  80 
units  or  8  tons  rotnain  ;  COO  units,  or  tl  hundreds,  from  700  units,  or  7  hun- 
dreds, and  100  units  or  1  huntlrod  ronniin. 

ExAMi'LE  4. — Let  it  be  required  to  subtract  3  cwt.  2  qrs.  7  lb.s. 
from  9  cwt.  1  qr.  8  lbs. 

EXPI.AXATION.— As  wo  cannot  subtract  2  (|rs.  from  1  (|r.,  wo  hornno  1 

cwt.  and  reduce  it  to  (luartors.  Tlic  1)  cwt. 
1  (|r.  8  lb.  w('  then  consider  as  8  cwt,  5  (irs. 
S  lb,,  and  fi'om  it  subtract  the  5  cwt.  3  qrs 
7  lb.  Thus,  7  lbs.  from  8  lbs.  and  1  lb.  re- 
mains ;  8  qrs.  from  5  qrs.  and  2  iirs.  nnnain ; 
5       !}      1      and  3  cwt.  from  8  cwt.  and  5  cwt  remain. 

28.  Hence,  to  find  the  difference  between  two  numbers, 
we  deduce  the  following — 

RULE. 

Write  the  subtrahend  under  the  minuend,  so  that  units  of  the 
same  denomination  may  be  in  the  same  vertical  column,  (24) 
Draw  aline  under  the  subtrahend  to  separate  it  from  the  remainder. 
Subtract  each  digit  in  the  subtrahend  from  the  one  over  it  in  the 
minuendf  beginning  at  the  lowest  denomination. 

When  the  units  of  any  one  denomination  of  the  minuend  fall  short 
of  those  of  the  same  denomination  in  the  subtrahend,  borrow  one 
of  the  next  higher  denomination  in  the  minuend,  reduce  it  to  its 
equivalent  units  of  the  required  denomination,  add  them  to  the  units 
of  that  denomination  given  in  the  minuend,  and  from  their  sum 
subtract  the  units  of  that  denomination  given  in  the  subtrahend. 

29.  The  following  is  the  complete  work  of  a  question  in 
Subtraction : 

Example  5. — From  6400  lbs.  0  oz.  0  dwt.  7.0006  grs.  take 
987  lbs.  3  07,.  17  dwt.  22.6349  grs. 

OPERATION. 


(10)  9  9  11              19                 24. 9  9  9 

6  3  HJ  'HJ  tS              5ft                 6.K^Kl^a(10) 

«  ^  0  0  lbs.     0  oz.     0  dwt.     "T.O  0  0  0  grs. 

9  8*7  3          1*7  22.63  4  9 


Minuend. 
Subtrahend. 
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Kxpr.ANiTiov.— Hero,  as  we  ciimiot  tnkcU  ti'iitli!<of  tiiousaiultliH  of  a 
(Train  from  tl  tenths  of  tliousautlMis  of  a  praiii,  wo  borrow  ono  Kralii,  thoro 
nt'inj?  no  tcntli.s,  hiindrodtlis,  or  thousandtlis  in  tlu'  niiinicml.  Now  this  ono 
grain  is  equivalent  to  ton  of  tiio  order  of  tenths  of  KraiiH.  Horrow  one  tenth 
and  tliore  remain  »  tenths,  and  the  one  tenth  we  l)orrowed  is  eqniil  to  10 
hundredths.  Horrow  1  liundredth,  tliere  reniiiiii  V  hundredths,  and  tlie  ono 
huiidredtliwe  borrowed  is  ecinnl  to  10  tlionsandtlis.  Borrow  1  tl\ousandth, 
there  remain  9,  and  tlie  1  tliousiindtli  is  eiiual  to  10  of  tiie  order  of  tenths 
of  tliousandths- -the  order  for  wliicli  it  was  necessar.v  to  borrow.  10  of  tiie 
order  of  tenths  of  tlionsandtlis  of  grains  and  tS  of  the  order  of  tentlis  of 
tlionsandtlis  of  grains,  make  HI,  from  which  take  y  of  the  order  of  tenths  of 
thousandths  of  grains,  and  there  remain  7  of  the  order  of  tenths  of  thou- 
sandths of  grains;  4  of  the  order  of  thousiindlhs  from  It  of  the  order  of 
thousandths  and  .'i  of  the  orch-r  of  thousandths  remain;  3  of  the  order  of 
hundredtlis  from  0  of  the  order  of  luuidredths  and  0  hundredths  remain; 
6  tenths  from  0  tenths  and  ;{ tenths  remain. 

Again,  as  we  eannot  take  22  praiiis  from  0  grains,  we  borrow  from  tho 
next  available  higher  order,  which,  in  this  case,  is  luuulreds  of  pounds.  1 
of  the  order  of  hundreds  of  pounds  reduced,  as  above,  to  its  equivalent 
low(!r  denomination,  is  eciual  to  9  tens  of  lbs., !)  units  of  lbs.  11  oz.  19  dwt. 
2i  grs.  21  praiiis,  added  to  0,  make  ;$0  grains,  and  22  grains  from  ;J0  grains, 
leave  8  grams;  17  dwt.  from  19  dwt.  leave  2  dwt ;  3  oz.  from  11  oz.  leave  8 
oz. ;  7  units  of  lbs.  from  9  units  of  lbs.  leave  2  units  of  lbs. ;  8  tens  of  11)8. 
from  9  tens  of  ll)s.  leave  1  ten  of  lbs.  We  cannot  take  9  hundreds  of  lbs., 
from  3  hundreds  of  lbs.,  so  we  are  compelled  to  borrow  1  of  tho  order  of 
thousands  of  lbs.,  which  is  equal  to  10  hundreds  of  lbs.,  and  3  hundreds  of 
lbs.,  make  13  hundreds  of  lbs. ;  9  hundreds  of  lbs.  from  13  hundreds  of  lbs. 
and  4  hundreds  of  ll)s.  remain  ;  (>  thousands  of  lbs.  from  5  thousands  of 
lbs.  and  5  thousands  of  lbs.  remain. 

30.  If  any  digit  of  tho  minuend  bo  smaller  than  tho  corresponding  digit 
of  tho  subtrahend,  practically,  we  can  proceed  in  either  of  two  ways.  P'irst, 
wo  may  increase  that  denomination  of  tho  minuend  which  is  too  small,  by 
borrowing  one  from  the  next  higher,  (considered  as  so  many  of  tho  lower 
denomination,  or  that  which  is  to  be  increased,)  and  adding  it  to  those  of 
the  lower,  already  in  the  minuend,  in  this  case  we  alter  the  form,  but  not 
tho  value  of  tho  minuend ;  which,  in  tho  example  given  below,  would 
boconie — 

hundreds,    tens.       units. 

7  8  12  =  792,  tho  minuend. 

4  2  7  =  427,  the  subtrahend. 

3  0  5  —  305,  tho  difference. 

Or,  secondly,  wo  may  add  equal  quantities  to  both  mi  miend  and  subtrahend , 
which  will  not  alter  tho  ditferenco  ;  then  we  would  have 
hundreds,    tens,    units. 

7  9       2  +  10  =  792  +  10,  the  minuend  +  10. 

4  2  +  1       7       =  427  + 10,  tho  subtrahend  +  10. 

6  5       =  305  +   0,  tho  same  difference. 

In  this  mode  of  proceeding  we  do  not  use  tho  given  minuend  and  subtra- 
hend, but  others  which  produce  the  same  remainder. 

PROOF  OP  SUBTRACTION. 
13.  First  Method. — Jldd  together  the  remainder  and  substra- 
hend  ;  and  the  sum  should  be  equal  to  the  minuend. 

For  the  remainder  expresses  by  how  much  tho  subtrahend  is  smaller 
than  the  minuend ;  adding,  therefore,  the  remainder  to  the  subtrahend, 
should  make  it  equal  to  the  minuend ;  thus, 

8754      minuend. 
5839      8ubtrahend."S 

2915      difference.   ) 

Sum  of  difference  and  subtrahend,  8754  »=  minuend. 


i 


"a  •' 


: 
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Second  },lm'BOD.— Subtract  the  remainder  from  the  minuend, 
and  what  is  left  should  be  equal  to  the  subtrahend. 

For  the  remainder  is  the  excess  of  the  minuend  over  the  subtrahend  ; 
therefore,  taking  away  this  excess  should  leave  both  equal ;  thus 


8634  minuend. 
7985  subtrahend. 


Peoof  :  8634  minuend. 
649  remainder. 


649  reraaindor.  Now  remainder,  7985  =  subtrahend. 

In  practice,  it  is  suffi(!ient  to  set  down  the  quantities  once ;  thus 

8634  minuend. 
7985  subtrahend, 

C49  remainder. 
Difference  between  remaindsr  and  iiinuend,  7985  =  subtrahend. 

EXERCISES. 


(6) 
From  11000000 
Take  9919919 


0) 
3000001 

2199077 


(8) 
8000800 

377776 


(9) 

8000000 
62358 


(10) 

4040053 
220202 


1080081 

From 
Take 

(11) 
85-73 

42-16 

(12) 

865-5 

73-2 

(17) 

874-32 
5-63705 

(13) 

594-76? 
85-6 

(14) 
47-630 
0-078 

(15) 
52-137 
20-005 

43-57 

From 
Take 

(16) 
0-00063 
0-00048 

(18) 

57-004 

2-3 

(19) 
47632-0 

0-845003 

(20) 
400-327 
0-0006 

0-00015 

Art. 


Frou 
Take 


Froii 
Take 


Froi 
Tak 


21.  7465676—567456=6898220. 

22.  566789—75674=491115. 

23.  941000—5007=935993. 

24.  97001—50077=46924. 

25.  76734—977=75757. 

26.  56400—100=56300. 

27.  700000—99=699901. 

28.  5700—500=5200. 

29.  9777—89=9688. 

30.  76000—1=75999. 

31.  90017—3=90014. 


32.  07777—4=97773. 
133.  60000—1  =  59999. 

34.  75477—76=75401. 

35.  7-97-1-05=6-92. 

36.  1-75—0-074=1-676. 

37.  97.07—4-769=92-301. 

38.  7-05—4-776=2-274. 

39.  10-761— 9-001=1-76. 

40.  12-10009—7-121=4-97909. 

41.  176-1— 0-007=176.093. 

42.  15.06— 7-863=7-197. 
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(43) 
From     $987(3-4:J 
987-49 


MONEY. 

(44) 
S427-6a 
197-21 


(45) 
$721-73 
91-00 


S8888-94        S230-42 


$ 


(47) 

(48) 

(49) 

From 

$1234-50 

$G7l-98 

$286-29 

Take 

999-90 

99-67 

611-89 

(46) 
$16-25 
9-75 

$ 

(50) 

$7-19 
1-86 


$234-54 


$572-31         $ 


$ 


£       s. 
From  1098   12 
Take    434  15 


d. 
6 
8 


(52) 

X  s.  d. 
767  14  8 
486  13  9 


(53) 
£    s.  d. 
76  15  6 
14  5 


(54) 
X    s.  d. 
47  16  7 
39  17  4 


X663   16   10 

(36) 
£    s.     d. 
From    98  14     2 
Tiiko    77  15     3 


(57) 
£     s.  d. 
47  14  6 
38  19  9 


(58) 
£    s.  d. 
97  16  6 

88  17  7 


(59) 

£  s.  d. 
147  14  4 
120  10  8 


(50) 

£    s.  d. 

97  14  t; 

6  15   7 


(60) 
£     a.  d. 
'■^60    15  6 

477  17  7 


It 


From 
Take 


AVOIRDUPOIS  WEIGHT. 


(61) 
cwt.  qrs.  lb 
200     2 
99     3 


24 
15 


(62) 

cwt.  qrs.  lb. 

175     2  15 

27     2  7 


(63) 
cwt.  qrs.  lb 
9664    2 
9073   lO 


100     3       9 


TROY  WEIGHT. 


lb.  oz.  dwt.  grs. 
From    554    9      19       4 
Take      97    0      10     15 


457    9       2      13 


lb.  oz.  dwt.  grs. 
946    0     10        0 
17      23 


F 


25 

27 


(64) 
cw^t.  qrs.  lb. 
554     0      0 
476     3      5 


lb.  oz.  dwt.  grs 
917  0       14       9" 
798  0       18     17 
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TIME. 


yra. 

da.  hrs.  ms. 

yrs. 

(Is.  hrs. 

rns 

From  767 

131  0  30 

475 

14  13 

16 

Take  470 

110  14  13 

1G(> 

16  13 

17 

291     20  10     17 


LBBOI. 11 


yrs.  ds.  hrs.  ms. 
567  126  14     12 
400       0   15       0 


11 


APPLICATIONS. 

1.  A  sliopkoepiT  l)()iij;tit  a  pioco  of  cloth  containing  42  yards 
for  £22  lOs.,  of  wliicli  lie  sells  27  yards  for  jL'15  15s.  ;  how  many 
yards  has  he  left,  and  w  iiat  have  they  cost  him  ? 

Jim.  15  yards  ;  and  they  cost  him  £G  15s. 

2.  A  merchant  bought  231  ton;^,  17  cw:.  1  quarter,  23  lb., 
and  sold  117  tons,  18  cwt.,  2  quarters,  24  lb.  ;  how  much  re- 
mained MHdold  '!  Jlns.  SO  tons,  18  cwt.  2  qrs.  24  lb, 

3.  In  xHni  the  revenue  of  Canada  was  as  follows  : — Customs, 
$4,500,000  ;  Public  Works,  $500,000  ;  Crown  Lands,  $500,000  ; 
and  casual,  $320,000.  For  the  same  year  the  e.\peaditure  was 
as  follow- : -Interest  on  public,  debt,  &c.,  $1,000,000;  civil 
government,  $22ri,<)(i0  ;  Legislation,  $450,000  ;  administration 
of  jusfice,  $450,000  ;  education,  $380,000  ;  collection  of  revenue, 
$940,000;  public  works,  &c.,  $1,755,000.  How  much  did  the 
total  revenue  of  iliat  year  exceed  the  total  expenditure  ? 

Ans.  $620,000.  | 

4.  The  census  of  1852  gives  the  population  of  Upper  Canada  | 
as  962,004,  and  that  of  Lower  Canada  as  890,261.  By  how  I 
much  did  the  population  of  the  former  exceed  that  of  the  latter?  ^ 

Ans.  71,743.  { 

5.  Upper  Canada  contains  147,832  square  miles  ;  Lower  Ca-  I 
nada,  200,990  scjuare  miles  ;  Nova  8eolia  and  Cape  Breton,  18,746  | 
square  miles;  New  Brunswick,  27,020  square  miles;  Prince  J 
Edward's  Island,  2,173  square  miles;  Newfoundland,  36,000  | 
square  miles;  and  Hudson's  Bay  Territory,  2,436,000  square  | 
miles.  By  how  mueh  does  i\w  aggregate  extent  of  these  British  I 
North  American  Provinces  fall  short  of  the  total  area  of  the  ; 
United  States— the  latter  being  2,930,110  square  miles  ? 

Ans.  57,755  square  miles.  [ 

6.  A  merchant  has  200  casks  of  butter,  weighing  400  cwt.  2  i 
qrs.  14  lb.  ;  and  ships  off  173  casks,  weighing  213  cwt.  2  qrs.  ! 
24  lb.     How  many  casks  has  he  left ;  and  what  is  their  weight?  \ 

Ans.  30  casks,  weighing  186  cwt.  3  qrs.  15  lb. 

7.  If  from  a  piece  of  cloth  containing  496  yards,  3  quarters 
and  3  nails,  I  cut  247  yards,  2  quarters,  2  nails,  what  is  the 
length  of  the  remainder  ?  Ans.  249  yards,  1  quarter,  I  nail. 

8.  A   field  contains  7G9  acres,  3  roods,  and  20  perches,  of 
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which  576  acres,  2  roods,  23  perches  are  tilled  ;  how  much  re- 
mains uutilled  ?  ^ns.  193  acres,  37  perches. 

9.  I  owed  my  friend  a  bill  of  £16  16s.  9id.,  out  of  which  I 
paid  ,£59  ITs.  10;|d.  ;  how  much  remained  due? 

Jlns.  .£10  18s.  lOJd. 

10.  Tlie  population  of  London  is  2,363,141,  and  that  of  Paris 
id  1,053,262.  How  much  does  the  population  of  London  exceed 
that  of  Paris  ?  Jlris.  1,309,879. 

11.  The  population  of  Liverpool  is  384,265,  and  that  of  New 
York  515,547.  How  much  does  the  population  of  New  York 
exceed  that  of  Liverpool  ?  Jlns.  131,282. 

12.  Lake  Huron  contain.^  20,000  square  miles  :  by  hoAV  much 
does  it  exceed  the  area  of  Lakes  Erie  and  Ontario — the  former 
containing  11,000  square  miles,  and  tlie  latter  7,000  sq.  miles? 

./Ins.  2,000  square  miles. 

13.  A  merchant  has  $6947-87  in  bank  ;  $4789-63  in  stock  ; 
$0491-11  in  property;  and  $1416793  on  his  books  against  his 
customers  :  his  debts  amount  to  $1947825.  How  much  is  he 
worth  after  ])aying  what  he  owes? 

14  Wliat  is  tlie  value  of  6— 3+15— 4? 

15.  Of  434-(7— 3— 14)  ? 

16.  Of  47-6 -(2+1— 24+16- 0-34)? 

17.  What  is  the  difference  between  15+13 
13— (6— 81+62)? 

32.  Before  the  pupil  leaves  subtraction  he  should  be  able  to 
take  any  of  the  nine  digits,  continually,  from  a  given  number, 
without  stopping  or  hesitating,  thus,  in  subtracting  7  continually 
from  94,  we  should  say,  94,  87,  80,  73,  64,  57,  &c.  In  the  fol- 
lowing examples,  whicli  are  inserted  for  practice,  he  should  not 
be  allowed  to  spell  the  subtraction,  thus,  6  from  9  and  3  remains, 
4  from  2,  we  can't,  but  4  from  12  and  8  remains,  &c. ;  but  should 
be  required  to  read  as  follows  : — 6,  9.. 3  ;  4,  12.. 8;  8,  13.. 5  ; 
9,  11.. 2;  9,  18.. 9,  &C. 

(18) 
9800046043019181697800041081329 
191347813191681473199<J16199846 


Jns.  $15918-29. 

Jljis.  14. 

jlns.  33. 

Jns.  52  94. 

6—81  and  15+ 

Jns.  100. 


of 


ri9) 

74321013047123098706540456007139 
1842345678912345678912345678912 

RECAPITULATION. 

I.  Subtraction  is  the  process  of  finding  the  clifFerence 
between  two  numbers. 

II.  The  greater  of  the  two  numbers  is  called  the  minu- 
end. 
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III.  The  smaller  of  the  two  numbers  is  called  the  sub- 
trahend. 

IV.  What  is  left  after  making  the  subtraction  is  called 
the  remainder  or  difference. 

V.  Only  quantities  of  the  same  denomination  can  be 
subtracted. 

VI.  Subtraction  is  indicated  by  the  sign  —  Avhich  is  called 
minus,  or  the  negative  sign. 

VII.  When  several  numbers  are  inclosed  in  brackets, 
they  are  to  be  considered  as  constituting  ovily  one  quantity. 

VIII.  When  a  negative  sign  precedes  the  first  bracket 
it  indicates  that  all  the  quantities  within  tlio  brackets  are 
to  have  their  signs  changed  when  the  brackets  are  removed. 

IX.  When  quantities  are  removed  into  brackets,  pre- 
ceded by  the  negative  sign,  all  their  signs  must  be  changed. 

X.  We  begin  subtraction  at  the  lowest  denomination, 
because  it  is  sometimes  necessary  to  borrow  from  the  higher 
denominations  and  reduce. 

XI.  Instead  of  thus  borrowing  an<]  reducing,  we  may 
consider  any  denomination  in  the  minuend  increased  by  as 
many  units  of  that  denomination  as  make  one  of  the  next 
higher,  and  then  add  one  to  the  next  higher  denomination 
in  the  subtrahend.  This  is  merely  adding  the  same  quan- 
tity under  different  forms  to  both  minuend  and  subtrahend, 
and  consequently  cannot  effect  the  value  of  the  remainder. 
(31) 

QUESTIONS  TO  3E  ANSWERED  BY  THE  PUPIL. 

t^OTE.— Numbers  in  Roman  numerals,  thus  (V),  refer  to  the  Recapitu- 
lation; those  in  Arabic  numerals,  thus  (25^,  refer  to  the  articles  of  the 
Section. 

1.  What  is  Subtraction  ?  (I.) 

2.  Wliat  is  the  minuend  y  (II.) 

3.  What  is  the  tlorivatiou  of  tlie  word  minuend  I  (22) 

4.  What  is  the  subtrahend?  (III.) 

5.  What  is  the  derivation  of  the  word  subtrahend  ?  (22^ 

6.  What  is  the  remainder.V  (IV.) 

7.  What  kind  of  quantities  can  bo  subtracted*  (V.) 

8.  How  is  subtraction  indicated  ?  (VI.) 

9.  When  several  numbers  are  inclosed  together  in  brackets,  Ilo^y  are 
they  to  be  taken  ?  (VIII.  and  26.)  • 

10.  What  effect  has  a  negative  sign  preceding  brackets?  (VIII.  and  27.) 

11.  What  quantities  are  removed  into  brackets,  preceded  by  the  sisn  ~ 
what  must  be  done  with  them  ?    (IX.  and  27.) 

12.  What  is  the  rule  for  subtraction  ?  (28) 


R 


i 


15. 
Ifi. 
17. 
18. 
19. 
20. 
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sub- 


is. 
u. 

15. 

Ifi. 

17. 
18. 
19. 
20. 


Why  must  we  put  units  of  the  same  denomination  in  the  same  verti- 
cal column  V  (24) 

When  a  digit  in  the  subtrahend  is  greater  than  the  corresponding 
digit  in  the  minuend,  what  is  done?  (27  Example  3,  or  29) 

What  other  plan  may  be  adopted  y  (30) 

Upon  what  principle  docs  this  plan  proceed  ?  (XI.) 

Why  do  we  bcghi  to  subtract  at  the  right-hand  side  ?  (X.) 

How  do  we  prove  subtraction?  (31) 

Upon  what  principles  are  these  methods  of  proof  founded  V  (31) 

Illustrate  the  ditl'erence  between  spelling  and  reading  in  subtrac- 
tion.   (32) 


f 


^lULTIPLICATION. 

33.  Multiplication  is  a  short  process  oftaking  one  num- 
ber as  many  times  as  there  are  units  in  another.  Hence 
multiplication  is  a  short  method  of  performing  addition. 

34.  The  number  to  be  taken  or  multiplied  is  called  the 
multiplicand,  ard  in  addition  would  be  called  an  addend. 

35.  The  number  denoting  how  iriany  times  the  multi- 
plicand is  to  be  taken,  or,  in  other  words,  that  by  which 
we  multiply  is  called  the  multiplier. 

36.  Tl.o  number  arising  from  taking  the  multiplicand  as 
many  times  as  there  are  units  in  the  multiplier,  is  called 
the  product,  and  corresponds  to  the  sum  of  the  addends  in 
addition. 

The  multiplicand  and  multipher  are  called  the  factors 
of  the  product,  because  they  make  or  produce  it,  (Lat. 
factor,  "  a  maker,  agent,  or  producer.") 

37.  A  prime  number  is  one  which  cannot  be  exactly 
divided  by  any  lohole  number,  except  the  unit  one  and  itself. 

38.  A  composite  number  is  the  product  of  two  or  more 
integral  factors,  neither  of  which  is  unity.  Thus  16  is  a 
composite  number,  and  its  factors  are  8  and  2,  or  4  and  4. 

39.  Since  the  product  is  ibM  result  which  arises  from 
taking  the  multiplicand  as  n:.iny  times  as  there  are  units 
in  the  multiplier,  it  follows, 

1st.  If  the  multiplier  be  equal  to  unity,  the  product  will 
be  equal  to  the  multiplicand. 

2nd.  If  the  multiplier  be  greater  than  unity,  the  product 
will  be  as  many  times  greater  than  the  multiplicand  as  the 
multiplier  is  greater  than  unity. 

3rd.  If  the  multiplier  be  less  than  unity,  that  is,  if  it  be 
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a  proper  fraction,  the  product  will  be  as  many  umcs  less 
than  the  multiplicand  as  the  multiplier  is  Icsr  than  unity. 

40.  Let  it  be  required  to  multiply  any  t,vo  numbers 
together,  say  7  and  C. 


r: 


— s 


If  we  mako  in  a  horizontal  line  as  many  stars  as 
there  are  units  in  the  multiplicand,  and  mako  us 
many  such  lines  of  stars  as  there  are  units  in  the 
multiplier,  it  is  manifest  that  the;  ent'>'e  number  of 
st.i.s  will  represent  the  number  i»f  units  wliich  ,.  I 
result  from  takfiig  the  multipHcjuid  as  many  times  , 
as  there  are  units  in  the  multiplic; ,  i 

But  it  is  evident  that  we  may  oonsiJcr  the  42     L 
stars  in  the  above  fleure,  eithor  as  7  stars  taken  0  times,  or  as  6  stars  taken 
7  times,  that  is,  6X7— 42=7 Xff. 

Hence  either  of  the  factors  may  be  used  as  multiplier 
without  altering  the  product. 

41.  Let  it  be  required  to  multiply  the  number  8  by  the  composite  num- 
ber 6,  of  which  the  factors  are  3  and  2. 

8 


8X2  =  l(i 
1(5X3  =  48 


'''XS  =  24 
;'4X2 


8X(5  =  48. 

/.f  we  write  8  stars  in  -i  horiziintalline  and  make  6  siuih  lines,  we  shall 
evidently  have  in  all  8>  v;  --  48,  :''\q  number  of  units  in  all  the  lines. 

Bui  we  may  consider  Ma  6  lines  as  2  so  of  3  lines  each,  and  in  each  set 
of  3  lines  there  are  8/, 3  —  24  units.  Theroi.>sc  in  the  2  sets  there  are  24X2 
=48  units.  Again  we  nia^  consider  the  (5  lines  as  3  sets  of  2  lini's  each,  and 
in  each  set  of  2  lines  there  are  8X2  ~  16  units.  Therefore  in  3  such  sets 
there  are  16X3  =  48  units. 

Hence8X6  =  43 

8X3  =  24  and  24X2  =  48  =  8X6 
8X2  =  16  and  16X3  =  48  ^  8XG 

And  as  the  same  may  be  shown  for  any  other  composite  number  as  well 
aa  fbr  6,  we  may  conclude  that. 

When  the  multiplier  is  a  composite  number  we  may 
multiply  b}'-  each  of  the  factors  in  succession,  and  the  last 
product  will  be  the  entire  product  sought. 

42.  As  the  multiplication  of  the  higher  numbers  may  be 
resolved  into  the  multiplication  of  one  digit  by  another,  the  pupil 
should  make  himself  perfectly  familiar  with  *\-.  following  table  : 

This  table  is  called  the  Multiplication  Table,  and  was  calculated  by 
Pythagoras,  a  celebrated  Greek  philosopher  who  flourished  about  500  .  'ears 
before  Christ.  It  was  calculated  after  the  following  manner :— 2  and  ij  r. -o  4 
—twioe  2  ar«  4 ;  3  and  3  are  6— twice  3  are  6 ;  4  and  4  ar«  8— twice  4  are  8,  &o. 


_ — ^ 

*  • 

#  • 

s  taken 
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MULTIPLICATION  TABLE. 


SI 


Twice 

3  times 

4  times 

5  times 

6  times 

7  times 

1  arc    2 

I  are    3 

1  are    4 

1  are    5 

1  —    6 

1  are    7 

2  —     4:2—     6 

2—8 

2  —  10 

2  —  12 

2  —  14 

3  —     6 

3—9 

3  —  12 

3  —  15 

3  —  18 

3  —  21 

4—8 

4—12 

4  —   16 

4  —  20 

4  —  24 

4  —  28 

5—10 

5  —   15 

5  —  20 

5  —  25 

5  —  30 

5  —  35 

6  —  12 

6  —  18 

6  —  24 

6  —  30 

6  —  36 

6  —  42 

1  —  14 

1         21 

7          28 

•7-35 

7  —  42 

7  —  49 

8  —  10 

8  —  24 

8  —  32 

8  —  40 

8  —  48 

8  —  56 

9—18 

9  —  21 

9  —  36 

9  —  45 

9  —  54 

9  —  63 

10  —  20 

10  —  30 

10  —  40 

10  —  50 

10  —  60 

10  —  70 

11  —  22 

11  —  33 

11  —  44 

11  —  55 

11  —  66 

11  —  77 

12  —  24 

12  —  30 

12  —  48 

12  —  60 

12  —  12 

12  —  84 

8  times    i 

9  times 

10  times 

11  times 

12  1 

1  are    8  ' 

1  —    9 

1  are 

10 

1 

11 

1  - 

2         16 

2  —  18 

2  — 

20 

0 

22 

2  - 

3  —  24 

3  —  27 

3  — 

30 

3  — 

33 

3  - 

4  —  32 

4  —  36 

4  — 

40 

4  — 

44 

4  - 

5  —  40 

5  —  45 

5  — 

50 

5  — 

55 

5  - 

6  —  48 

6  —  54 

6  — 

60 

6  — 

66 

6  - 

7  —  56 

7  —  63 

7  — 

70 

7  — 

77 

7  - 

8  —  64 

8  —  72 

8  — 

80 

8  — 

88 

8  - 

9  —  72 

9  —  81 

9  — 

90 

9  — 

99 

9  - 

10  —  80 

10  —  90 

10  — 

100 

10  — 

110 

10  - 

11  —  88 

11  —  99 

11  — 

110 

11  — 

121 

11  - 

12  —  96 

12  —108 

12  — 

120 

12  — 

132 

12  - 

12 
24 
36 

48 
60 

72  I 

84  i 

96! 

108  I 

120  i 

]  32 

_144  I 

It  appears  from  this  table,  tliat  the  multiplication  of  tlie  same 
two  numbers,  in  whatever  order  taken,  produces  the  same  product. 

Note. — Though  the  part  of  the  multiplication  table  given  above  is  enough 
for  the  pupil  to  commit  to  memory  at  flrst ;  yet,  after  he  has  made  .some 
nroflcicncy  in  aritVimetic,  he  may  find  it  advantageous  to  conunit  what  I'ol 
lows,  as  it  will  enable  him,  in  many  cases,  to  shorten  his  work  in  a  coufsider- 
able  degree.  The  labour  of  committing  a  still  more  extended  table  would 
be  scarci^ly  compensated  by  the  advantage  resulting. 


;  13  times 

14  times 

15  times 

16  times 

17  times 

18  times 

JO  times 

'  2  are  2(; 

2  arc  28 

2  are  30 

2  —    32 

2  —    34 

2  —    3(i 

2  —    38 

13—39 

;i  —    42 

3  —    45 

3—48 

3—51 

3  —    54 

3  —    57 

i  4  —    52 

4  —    56 

4—60 

4—64 

4—68 

4—72 

4  —    76 

!  5  —    65 

5—70 

5—75 

5—80 

5  —    85 

5—90 

5  —    95 

|6  —    78 

6  —    84 

6  —    90 

6—96 

6  —  102 

6  —  108 

6  —  114 

'7-91 

7—1/8 

7  -    105 

7  —  112 

7  —  119 

7  —  126 

7  —  133 

1  8  —  104 

8   -  112 

8  —  120 

8  —  128 

8  —  136 

8  —  1 14 

8  -•  1(32 

1  J)  --  117 

9  —  126 

0  —  ns 

9  —  144 

9  —  153 

9  —  162 

9  —  171 

43.  Tii«  inultipiiv.aiion  of  one  quantity  by  another  is  ex- 
pre  v^J  by  X  ',  thus  7X9  =  63,  means  that  7  multiplied 
by  0  are  equal  to  63. 
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44.  Quantities  connected  by  the  sign  of  niultipllcalion  arc 
multiplied  by  any  number  if  we  multiply  any  one  of  the  factors 
by  that  number;  thus  (9X10X2)  X27=9X  10X54,  or  9X2*70x2  ; 
that  is,  if  we  multiply  the  factor  2  or  the  factor  10  by  27,  we,  in 
effect,  multiply  the  whole  number  (9X10X2)  by  27. 

45.  When  the  quantity  within  brackets,  consisting  of  scA'eral 
terms  connected  by  the  signs  +  and  — ,  is  to  be  multiplied  by 
any  number,  each  of  its  parts  or  terms  must  be  multiplied.  This 
arises  from  the  fact  that  we  consider  the  several  terms  within 
the  bracket  as  constituting  but  one  quantity,  and  to  multiply  the 
whole,  we  must  multiply  each  of  its  parts.  Thus  (7+8 — 3)  x3 
=  7x3+8x3—3X3  ;  and  (8+7— 5)x  (13—2)  means  that  each 
oLthe  terms  within  the  former  bracket  is  to  be  multiplied  by 
each  of  the  terms  within  the  latter,  or  by  their  difference. 

46.  Let  it  be  required  to  multiply  7(38  by  9. 

Now708X9=(700+60+8)X9=700X9+60xn+8X9(Art.'t4).  Henco.sofaras 
the  result  is  concorned,  it  matters  not  whether  we  commence  multiplying 
at  the  lowest  or  at  the  highest  denomination,  700X9+G0X9+8X9  being 
evidently  eq^ual  to  dX 9+60X9+700X9. 

Comnicncmg  the  multiplication  at  the  left-hand  side,  or  highest  denomi- 
nation, the  work  is  as  follows : 

OPEEATION.  Explanation.— 7  hundreds  multiplied  by  9,  or 

taken  9  times,  are  63  hundreds ;  6  tens  multiplied 
by  9,  are  54  tens  ;  and  8  units,  multiplied  by  9,  are 
72  units.  63  hundreds,  54  tens,  and  72  units,  added 
together,  make  6912.  The  second  operation  shows 
the  only  abbreviation  possible  when  we  commence 
at  the  highest  denomination. 


swn 


708 

which  may 

768 

9 

be  thus  ab- 

9 

breviated. 

C300 

63 

540 

64 

72 

72 

6912 


6912 


Let  us  now  take  the  same  question  and  commence  at  the  right  hand  or 
lowest  denomination. 


I. 

768 
9 

72 

540 

6300 

6912 


OPEEATION. 

which  may     II.    and  thus  still 
■      ■         "        768 
9 


be thus  ab- 
breviated 


farther  abbre- 
viated. 


72 
54 
63 

6912 


III. 

768 
9 

6912 


EXPIiANAlTON.— No.     II. 

differs  from  No.  I.  only  in 
having  the  unnecessary  O's 
omitted.  In  No.  III.  the 
principle  of  carrying  is  taken 
advantage  of,  thus— 8  units, 
multiplied  by  9,  are  72  units, 
equal  to  2  units  and  7  tens,  to 
carry— 6  tens,  multiplied  by 
9,  are  64  tens,  and  7  tens, 
make  61  tens,  equal  to  1  ten, 

and  6  hundreds  to  carry ;  7  hundreds,  multiplied  by  9,  are  63  hundreds,  and 

0  hundreds,  make  69  hundreds,  equal  to  6  thousands  and  9  lii.ndreds. 
Hence,  in  order  that  we  may  )«  enabled  to  take  advantage  of  tlie 

principle  of  carrying,  we  commence  multiplying  at  the  right-hand  or 

lowest  denomination. 

47.  From  the  last  article  (46),  for  multiplying  by  any  integral 
multiplier,  not  exceeding  12,  (or  20  if  the  extended  Multiplication 
Table  be  used)  we  deduce  the  following — 

RULE. 

Multiply   every  order  of  units  in  the  multiplicand  in  succcs- 


prodi 
iiutke 
units 

Ex 

OPER 

?7^ 

S86^ 

4  uni 
to  oa 
equa 
hvmd 
7  tho 
oquii 

Ei 


cwt. 
3 


25 
and 


ft 


m^ 


•r.  ii, 
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in 


sion,  hcgiiminu;  wil/i  the  loudest,  by  the  multiplier^  iiml  divide  cacti 
product^  su  J  )niicd,  by  Itte  iiuinbcr  uf  thai  denomination  wfiicfi 
nialce  one  unit  oftfic  next  fiigher  :  writedown,  cacti  remainder  under 
units  of  its  owr  order,  and  carry  tlie  quotient  to  t/te  next  product. 

l.—iJultiply  $7890-43  by  11. 

Kxpii ANATlON.— 3  hundredths  of  dollars,  or  conts,  multi- 
plied by  \l,inake3;5  luiudredths,  equal  to  3  huudredtlis,  to 
set  down,  t.ud  3  tontlis  to  carry  ;  4  tenths  of  dollars,  or  tens  of 
ecnts,  multiplied  by  11,  make  41  tenths  of  dollars,  and  S 
<i^rsr(»'7'i       tenths  wo  carried,  make  47  tenths,  equal  to  7  tenths  and  4 
*  /->       units  to  cfirry ;  0  units,  multiplied  by  11,  make  60  units,  and 

4  units  we  carried,  make  7tt  units,  ecpial  to  0  units  to  set  down  and  7  tens 
to  carry ;  9  tens,  nniltii)lied  by  11,  make  0!)  tens,  and  7  tens,  make  106  tens, 
equal  to  6  tens  and  10  hundreds;  8  hundreds,  multiplied  by  12,  make  88 
hundreds,  and  10,  makcMJSliundreds,  equal  to  Slnuidreds  and  9  thousands; 
7  thousands,  multiplied  by  11,  make  77  tliousands,  and  1),  make  86  thousands, 
equal  to  t!  thousands  and  s  tens  of  tliousands. 

Example  2. — Multiply  3  cwt.  2  qrs.  11  lbs.  7  oz.  0  drs.  by  7. 


EXAMI'LK 

OPERATION. 

97896-'13 
11 


cwt, 
3 


OPEKATIOX. 

lbs.  oz.  dr 
11     7     6 

7 


qrs. 
2 


25       1       5      3  10 
and  4  cwt.  to  carry ; 


Explanation.— 7  times  6  drams  are  42  drams, 
equal  to  10  drams  to  set  down  and  2  oz.to  carry ;  7 
times  7  oz.  are  49  oz.,  and  2  oz.,  make  51  oz.,  equal  to 
3  oz.  to  set  down  and  3  lbs.  to  carry  ;  7  times  11  lbs. 
are  77  lbs.,  and  3  lbs.,  make  80  lbs.,  equal  to  5  lbs.  to 
set  down  and  3  qrs.  to  carry  ;  7  times  2  qrs.  are  14 
qrs.  and  3  qrs.,  make  17  qrs.,  equal  to  1  or.  to  set  down 
7  times  3  cwt.  are  21  cwt.  and  4  cwt.,  make  25  cwt. 


Multiplv 

By 
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(3) 

48960 


244800 


(5) 
G780P0 
8 


10-5472 


§1535-24 


0) 

(8) 

(0) 

(10) 

Multiply 

5-2736 

8-7563 

0-21375 

0-0067 

By 

2 

4 

6 

8 

(11) 

(12) 

(13) 

(14) 

Multiply 

S767-''  ■ 

S672-56 

$789-76 

$573-46 

By 

2 

2 

6 

5 

i 


(15) 

(16) 

(17) 

(18) 

ultiply 

866342 

738579 

4716375 

8429763 

y 

11 

12 

811 

12 

■:.«i^' 
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19.  Multiply  £32  8s.  6}d.  by  5. 

20.  Multiply  £43  lis.  43d.  by  8. 

21.  Multiply  £125  133.  0;ld.  by  12. 

22.  Multiply  10  cwt.  3  qrs.  5  lbs.  by  3 

23.  Multiply  1yds.  3  qrs.  1  na.  by  7. 

24.  Multiply  11  oz/  10  dwt.  19  grs.  by  12 

^ns.  11  lbs.  6  oz 


^nt.  £162  2s.  8id. 

Jns.  £348  Us.  2d. 

Jns.  £1607  169.  3d. 

^n.s.  32cwt.  Iqr.  15  lbs. 

lins.  54  yds.  2  qrs.  3  na. 


9  dwt.  12  gr. 

48.  When  the  multiplier  is  a  composite  number,  and 
can  Le  resolved  into  two  or  more  factors,  neither  of  which 
is  greater  than  12,  we  deduce  from  (4 J)  the  following — 

RULE. 

Multiply  by  earh  cf  the  factors  in  succession  and  the  last  product 
will  be  the  entire  product  sought. 

ExAhiPi-TC  1. — Multiply  3  brs.  7  min.  14  sec.  by  64. 

Expi.AyATTOx.— Multiplying  3  hrs.  7  min. 
14  sec.  by  8,  we  oVjtain  1  day  0  hrs.  !M  min.O^i 
800.,  which  we  again  multiply  by  s,  and  obtain 
8  days  7  hrs.  42  min.  5flsec.,wliichis  the  pro- 
duct of  3  hrs.  7  min.  14  soc,  by  8  times  8  or  G4. 


OPERATION, 
hra.  min.  scc.X()l  =  8X8 
3        7       14 
8 


1    0 


57 


52 
8 


7        42      56  Ans. 

ExAMPLK  2. — Multiply  796-437  by  132. 

ExPiiANATiON.— We  first  multiply  the 
lavcn  number  by  11,  or,  in  other  words, 
take-  it  11  times,  and  then  take  this 
result  12  times,  which  is  evidently 
equivalent  to  taking  the  given  number 
12  times  11  or  132  tunes. 


OPERATION. 
796-437X132  =  1LX  13 
11- 


8760-807 
12- 


=11  times  multiplicand. 


105129-684  =  12  times  11  times  multiplicand. 

Example  3. — Multiply  16  cwt.  3  qrs.  11  lb.  by  270. 

ExriANATlON.— 270^10  times  27  or  10X3X9. 
If,  therefore,  we  take  the  given  multiplicand 
three  times,  and  then  this  product  9  times,  and 
then  this  second  product  10  times,  it  is  evident 
M(!  shall  have,  in  elfect,  taken  the  given  multi- 
plicand 3X51X10  or  270  times. 


OPERATIOX. 
cwt.  qrs.  lb. 
16      3      11X270 
3 


60 

2 

8 

9 

455 

0 

22 
10 

4552      0      20 

EXERCISES. 

25.  Multiply  $169-78  by  36. 

26.  Multiply  796342-3  by  121. 

27.  Multiply  $33460  by  144. 

28.  Multipfy  735  by  648. 

39.  Multiply  £3  78.  6d.  by  13. 


Jns.  $6112-08. 
Jins.  96357418-3. 

Jns,  $4818240. 

.ins.  476280. 

^7w.  £60  15s.  Od. 
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01 


8id. 

2d. 

3d. 

lbs. 
i  na. 


30.  Multiply  £5  Us.  6jd.  by  22.  Jnt   £12.5  199.  Ud. 

31.  Multiply  £3  43.  7d.  by  810.  .'^        .C2615  12s.  6d. 

32.  Multiply  1 1  cwt.  3  qra.  14  lb.  Y  oz.  by  .,  i. 

Jim.  04'J  cwt.  1  qr.  4  lbs.  10  oz. 

33.  Multiply  2()  bush,  ?.  pks.  I  gal.  1  qt.  1  pt.  by  40. 

Jlns.  1319  bush.  0  pk.s.  I  gal.  I  qt.  1  pt. 

34.  Multiply  2  yds.  2  qrs.  2  ha.  2  iu.  by  (33. 

^l/m.  1(38  yds.  3  qrs.  2  na.  0  in. 

35.  Multiply  T)  days  17  hrs.  33  min.  11  sec.  by  288. 

Jns.  1650  days,  15  hrs.  16  min.  48  sec. 

49,  Whon  tlie  multiplicand  is  a  dononiiuatc  number 
and  the  imiUiplicr  is  greater  than  12,  but  not  a  composite 
number,  we  proceed  aecoriling  to  the  followins; — 

RULE. 

Take  the  ncarent  composite  number  fa  the  given  multiplier, 
multiply  successively  by  its  factors  and  add  to  or  subtract  from, 
the  product  so  many  times  the  multiplicand  as  the  assumed  composite 
nwnber  is  less  or  greater  than  the  given  multiplier. 

Example  36.--Multiply  £62  12g.  6d.  by  76. 

Exi'LANATiON.— Wo  take  76= 
9X8+4  and  thus  wo  get  72  times 
the  multiplicand,  and  to  it  adding 
4  times  the  multiplicand,  obtain 
the  desired  product,  viz.,  76  times 
the  multiplicand. 


OPERATION. 
£  s.    d. 
62  12    6 

8 

501    0 

0 
9 

4509    0 
250  10 

0=^ 

72  times  raultii)licand. 
4  times  multiplicand. 

£4759  10    0  —  76  times  multiplicand. 

Iustea<l  of  multiplying  as  above,  nvo  might  have  multiplied  bj'  7  and  10 
and  increased  the  result  by  (>  times  the  multiplicand,  or  wo  might  have 
multiplied  by  7  and  11,  and  decreased  the  result  by  once  the  multiplicand, 
&c. 

Example  37,-— Multiply  17  lbs.  3  oz.  7  dr.  2  scr.  16  grg.  by  789. 


lb. 
17 

oz. 
3 

dr. 

7 

OPERATION-. 

scr.    grs, 

2        10X9=^9  times  multiplicand. 
10 

173 

3 

7 

1 

OXS— 80  times  multiplicand. 
10 

1733 

3 

1 

1 

0 

7 

12132 

1386 

155 

10 

7 

11 

1 

2 

7 

1 
2 
1 

0=70^  times  multiplicand. 
0_  80  times  multiplicand. 
4=    9  times  mulliplicand. 

lM7fi     S 


4v739  tim«s  multiplicand. 
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ExriiANATiOK.— We  divide  the  given  multiplier  into  700+80+9,  and  ob- 
tain the  3  partial  products,  which  wo  add  toKetlier,  for  the  entire  product. 

Example  38.— Multiply  3  wks.  6  days  11  hrs.  21  min.  12  sec. 
by  4736. 

OPEEATION. 

wks.  ds.  h.  min. 8ec,  wks.  ds.  h.  min. sec.  „.  ,.       , 

3     6  17    21    12X0=      23    5    8     7     12  =  6  times  multiplicand. 
10 


39     4    6    32     0X3=    118     6  16  36       0  =  30  times  multiplicand. 
10 


396    0    7    20     0X7=2772     2    3  20       0  =  700  times  multiplicand. 
10 


3960    3     1    20     0X4=15841     5    5  20       0  =  4000  times  multiplicand. 

■  II     .,  HII..    .-■■  .  ■      ■ « 

Ans.  18756    4    9  23     12  =  4736  times  multipUcand, 

Example  39.— Multiply  £^1  16s.  2d.  by  5783. 
6783=5X1000+7X100+8X10+3 

OPBRATION. 

£    s.     d.  £     8.    d. 

47  16    2X5=      143    8    6  =  product  by  units  of  the  multiplicand. 
10 


478    1    8X8  =    3824  13   4  =  product  by  tens  of  the  multiplicand. 
10 


4780  16    8X7=33465  16    8  =  product  by  hundreds  of  the  multiplicand, 
10 


47808    6    8X5=23904113   4  =  product  by  thousands  of  the  multiplicand. 

Ans.  276475  U  10  =  product  by  entire  multiplier. 

EXERCISES. 

40.  Multiply  £12  2s.  4d.  by  83.  Jns.  £1005  13s.  8d. 

41.  Multiply  £963  Os.  OJd.  by  999.        Jns.  £962040  2s.  5id. 

42.  Multiply  £3  6s.  5id.  by  3178.  Jns.  £10556  18s.  4Jd. 

43.  Multiply  16  bush.  3  pks.  1  gal.  by  678. 

.dns.  11441  bush.  1  pk.  0  gal. 

44.  Multiply  23  m.  6  fur.  33  rds.  4  yds.  by  247. 

jlns.  5892  m.  2  fur.  10  rds.  3J  yds. 

45.  Multiply  3S.  16°  30'  45"  by  721.     .Ans.  2559S.  25°  30'  45". 

60.  It  may  be  proper  here  to  caution  the  pupil  against  the  absurd  attempt 
to  multiply  one  denominate  number  by  another.  Multiplication  is  merely 
aparticularkindof  addition,  and  when  we  are  required  to  multiply  a  quantity 
by  any  number,  we  are  simply  required  to  repeat  it  as  many  times  as  there 
are  units  in  the  multiplier.  It  is  evident,  then,  that  to  talk  of  multiplying 
£19  198.  llfd.  by  £19  19s.  llfd.,  or,  in  other  words,  of  adding  or  repeating 
£19 198.  llld.  £19 19s.  11  Jd.  times  is  simply  rediculous.  Nevertheless,  great 
pains  have  been  taken  to  show  that  2s.  6d.  may  be  multiplied  by  2s.  6d.,  and 
that  the  product  will  be  either  3jd.  or  69. 3d !  I  Undoubtedly  2s.  6d.  can  be 
tak«n  2it  times,  and  the  result  will  be  6s.  3d. ;  or  it  can  bs  taken  one-eighth 
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729 

478 

58:i2 
5103 
291 G 

31,8402 


of  a  time,  and  the  result  will  be  3jd. ;  but  this  is  a  very  different  thing  from 
taking  it  28. 6d.  times.  In  fact  it  is  quitu  as  nonsensical  to  talk  of  taking 
28.  6d.  2s.  6d.  times  as  it  would  be  to  talk  of  takinfi^  6  lbs.  of  beef  6  lbs.  of 
beef  times  ;  or,  7  bars  of  music  7  bars  of  music  times,  &c.  Duodecimal 
multiplication,  wliich  is  sometimes  adduced,  as  a  proof  that  one  denominate 
number  can  be  multiplied  by  another,  att'ords  no  support  whatever  to  the 
theory,  as  will  be  fully  shown  hereafter.  (See  Sect.  III.) 

51.  Let  it  be  required  to  multiply  729  by  478. 

OPERATION.  Expt  ANATiox.— From  the  preceding  examples  it  is  evident 
that  when  units  are  multiplied  into  any  order  whatever,  the 
product  will  always  be  cf  that  order.  Here,  then.we  first  mul- 
tiply by  the  8  units,  as  in  (47).  Next  we  multiply  by  the  7 
tens,  thus : — 9  units,  multiplied  by  7  tens,  give  6.3  tens,  equal 
to  3  tens,  which  we  set  down  in  the  column  of  tens,  and  6 
hundreds  which  we  carry ;  2  tens,  multiplied  by  7  tens,  give 
14  hundreds,  and  6  hundreds  which  we  carried,  make  20  hun- 
dreds, equal  to  0  hundreds  to  set  down  and  2  thousands  to 
carry,  &c.    Next  we  multiply  by  the  4  hundreds  as  follows : — 

9  units,  multiplied  by  4  hundreds,  give  36  hundreds,  equal  to  6  hundreds  to 

set  down  in  the  hundreds'  column,  and  3  thousands  to  carry,  &c.    Lastly, 

wc  add  the  several  partial  products  together. 

Hence,  when  the  multiplicand  is  an  abstract  number,  the 
multiplier  being  greater  than  12  and  not  a  composite 
number,  we  have  the  following — 

RULE. 

Multiply  the  multiplicand  by  each  fissure  of  the  multiplier 
separately,  beginning  with  the  lowest,  ana  write  the  partial  pro- 
ducts in  separate  lines,  placing  the  first  Jigure  of  each  line  directly 
under  the  figure  by  which  you  multiply,  and,  lastly,  add  the  several 
partial  products  together. 

Example  46.— Multiply  7423  by  6709. 

OPERATION.  Explanation.— Here,as  there  are  no  tens  in  the  multiplier, 
we  may  either  proceed  directly  to  the  hundreds  after  multi- 
plying by  the  units,  or  we  may  set  down  a  0  under  the  tens, 
and  then  write  the  product  by  the  hundreds  in  the  same  line, 
always  remembering  to  place  the  first  digit  of  the  partial  pro- 
duct under  the  figure  by  which  we  are  multiplying,  in  order 
that  all  the  digits  of  the  same  order  may  come  in  the  same 
vertical  column. 


7423 
6709 

66807 
519610 
41.538 


49800907 
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Multiply 

By 


(47) 

325 

95 


(48) 

765 
765 


(49) 
732 
456 


(50) 
997 
345 


(51) 
667 
347 


52.  Multiply  70  71  by  556. 

53.  Multiply  15607  by  3094. 

54.  Multiply  39948123  by  6007. 

55.  Multiply  2778588  by  9867. 


Ans.  3931476. 

Ans.  48288058. 

Ans.  239968374861. 

Ans.  27416327796. 
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61-695 


62.  Let  it  be  required  to  multiply  63-6  by  '97.  " 

0PBBA.TI05.  Explanation.— Since  (51)  any  order,  multiplied  by  units, 
will  give  that  order— tenths,  multiplied  by  units,  will  give 
tenths.  Hence  it  is  obvious  that  tenths,  multiplied  by  tenths, 
will  give  the  next  lower  order,  or  hundredths  ^  and  also  that 
tenths,  multiplied  by  hundredths,  will  give  the  next  lower 
order  again,  or  thousandths.  In  the  abovo  example,  therefore, 
we  proceed  thus :— 5  tenths,  multiplied  by  7  hundredths,  give 
85  thousandths,  equal  to  5  thousandths  to  set  down  and  3 
hundredths  to  carry ;  3  units,  multiplied  by  7  hundredths,  ^ive 
21  hundredths,  and  3  hundredths  we  carried,  make  24  hundredths,  equal  14 
hundredths  to  set  down  and  2  tenths  to  carry ;  6  tens,  multiplied  by  7  hun- 
dredths, give  42  tenths,  and  2  tenths  we  carried,  make  4'li  tenths,  equal  to  4 
tenths  and  4  units.  Again,  5  tenths,  multiplied  by  0  tenths,  give  45  hun- 
dredths, equal  to  6  hundredths  to  set  down  and  4  tenths  to  carry,  &c. 

63.  Strictly  speaking,  all  examples  in  multiplication  of 
decimals  should  be  worked  accordino-  to  the  above  method. 
An  attentive  consideration  of  the  reasonings  in  (.52)  will, 
however,  show  that  the  lowest  digit  of  the  product  of  any 
two  numbers  containing  decimals,  must  always  be  a  number 
of  places  to  the  right  of  the  decimal  point,  equal  to  the 
sum  of  the  decimal  places,  in  both  multiplicand  and  mul- 
tiplier. 

Hence,  when  the  multiplicand  or  multiplier,  or  both, 
contain  decimals,  we  deduce  the  following — 

RULE. 

Multiply  as  though  there  were  no  decimals,  and  then  remove  the 
decimal  point  in  the  product  as  many  places  to  the  left  as  there  are 
decimals  in  both  the  multiplicand  and  the  multiplier. 

Example  66.— Multiply  5-63  by  0-00005. 

Explanation.— We  multiply  663  by  5,  and  remove  the 
decimal  point  seven  places  to  the  left,  since  there  are 
^jje  decimal  places  in  the  multiplier  and  two  in  the  mul- 
tiplicand, that  is,  we  have  taken  a  number  a  hundred 
times  too  great  a  hundred  thousand  times  too  often,  and 
the  product  2815  is  therefore  ten  million  times  too  great, 
and  to  make  it  what  it  should  be,  we  divide  it  by  ten 

millions  ;  or,  in  other  words,  remove  the  deeimal  point  seven  places  to  the 

left. 

Example  5t.— Multiply  3-013  by  5-12. 

Explanation.— We  multiply  as  though  both  were  whole 
numbers,  and  cut  off  Jive  decimals,  since  there  are  three  in  the 
multiplicand  and  two  iu  the  multiplier. 


OPEEATION. 

663 
6 

2815 
Ana.  '0002815 


OFESATION. 

2'073 
6*12 


61. 
62, 
63. 


4146 
2073 
10366 


10*61876 
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(68)  (59) 

Multiply     -003296  41-78 

By  '1-782  -0629 


(60) 

36-1234 

2-0006 


Product  -019057472 


2-627962 


^ns.  -0747891. 

Jins.  21760-34. 

jlns.  178340. 

Jns.  34-684608. 

Jns.  19351-2. 


61.  Multiply  3-2517  by  -023. 

62.  Multiply  64001  by  340. 

63.  Multiply  482000-  by  -37. 

64.  Multiply  3782-4  by  -00917. 

65.  Multiply  87-96  by  220. 

PROOF  OF  MULTIPLICATION. 

54.  If  the  multiplier  is  not  greater  than  12,  multiply  the  multi- 
plicand by  the  multiplier,  minus  one,  and  add  the  multiplicand  to 
the  product.     The  sum  should  he  the  same  as  the  product  of  th 
multiplicand  of  the  whole  multiplier. 

If  the  multiplier  be  greater  than  12  and  the  multipli- 
cand an  abstract  number  : — 

First  Method. — Multiply  the  Multiplier  by  the  Multiplicand 
and  if  the  product  thus  obtained  agree  with  the  other  the  work  may 
be  considered  correct. 

This  method  of  proof  depends  upon  the  principle  (40)  that  the  product 
of  two  numbers  is  the  same  whichever  is  taken  as  multiplier. 

Second  Method. — Divide  the  product  by  one  of  the  factors,  and 

if  the  quotient  thus  obtained  is  equal  the  other  factor,  the  work  is 

correct. 

This  is  simply  reversing  the  operation,  1.  e.,  breaking  up  the  product  into 
its  factors. 

Third  Method. — Divide  the  sum  of  the  digits  of  the  multiplicand 

by  9  and  set  down  the  remainder  ,•  divide  also  the  sum  of  the  digits 

of  the  multiplier  by  9  and  set  down  the  remainder  ;  multiply  theae 

two  remainders  together,  divide  the  sum  of  the  digits  in  their 

product  by  9,  and  if  the  remainder  thus  obtained  is  equal  to  the 

remainder  obtained  by  dividing  the  sum  of  the  digits  in  the  product 

of  the  multiplicand,  by  the  multiplier,  the  work  is  generally  correct : 

if 'these  two  last  remainders  are  different,  it  must  be  wrong. 

EzAifPMB  1. — Let  the  quantities  multiplied  be  9426  and  3765. 

Taking  the  nines  from  9426,  we  get  3  as  remainder. 
And  from  3785,  we  get  6. 

47130 

7640S  3  X  6=16,  from  which  9  being  taken,  6  are  left. 
65982 
28278 


Taking  the  nines  flrom  36677410, 0  are  left. 
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The  remainders  being  equal,  wo  are  to  presume  tlio  multinlicatinn  is  cor- 
rect. The  same  resiilt,  however,  wouUl  liavo  been  obtaiticd  even  if  we  had 
displaced  dipits,  added  or  omitted  cyphers,  or  fallen  into  errors  which  had 
counteracted  each  other;  but,  with  ordinary  caro,  none  of  these  is  likely  to 
occur. 

ExAMPLS  2. — Let  the  numbers  be  "76542  and  843G. 

Taking  the  nines  ft*om  76312,  the  remainder  is  0. 
Taking  them  from  8136,  it  is  3. 

431»252 

229626    6X3=18,  the  remainder  tt-om  which  is  0. 
308l()8 
612336 


Taking  the  nines  from  645708312  also,  the  remainder  is  o. 

The  remainders  being  the  same,  the  multiplication  may  bo  considered 
right. 

Note.— This  proof  applies,  whatever  be  the  position  of  the  decimal  point 
in  either  of  the  given  immbers. 

Example  3.— Let  the  numbers  be  4*63  and  5-4. 
From  4.63,  the  remainder  is  4. 
From   5.4,  it  is  0. 

1852  4X0—0,  from  which  the  .'onminder  is  0. 
2315 


From  25'002  the  remainder  is  0. 

55.  The  principal  on  which  this  process  depends  is,  that  if 
any  number  be  divided  by  9,  and  the  sun*  of  its  digits  also  be 
divided  by  9,  the  remainders  are,  in  both  cases,  the  same. 

Thus,  taking  the  number  7825,  we  have 

XA2.i  —  7  n  0  0  +  8  0  n+2  n  +  .5  =  i n_o  o 4. j  o  o _l2  o  4.4. 

=  7XJ-V— +8xJ-^-M-2x-V-+-^ 

=  7x(m+i)-V8x(ii+i)+2x(ixi)xf 

=  777+1+88+f +2+|+f 
=  777+88+2+i+i+l+f 
=  777+88+24-  7  +  8+.aL±5 

Hence  the  remainder  arising  from  the  division  of  7825  by  9  is 
evidently  the  same  as  that  arising  from  dividing  7+84-2+5  or 
22,  which  is  the  sum  of  its  digits,  by  9. 

56.  Casting  the  nines  from  the  factors,  multiplying  the  result- 
ing remainders,  and  casting  the  nines  from  the  product,  will 
leave  the  same  remainder  as  if  the  nines  were  cast  from  this  pro- 
duct of  the  factors— provided  the  multiplication  has  been  cor- 
rectly performed. 

Thus,  let  the  factoi-s  be  573  and  464. 

Casting  the  nines  from  5+7+3  (which  we  have  just  seen  is  the  same  as 
«9stmg  the  nmes  from  673),  we  obtain  6  as  remainder.  Casting  the  nines 
i:^..  T^V'  u®  ^'^  °  ^  remainder.  Multiplying  6  and  5  we  obtain  30  as 
proauct,  Which,  when  the  nines  are  taken  away,  will  give  3  as  a  remainder. 
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We  can  show  that  S  will  be  the  remainder,  also,  if  we  cast  the  nine*  from 
the  product  of  the  ftustors ;— which  is  effcicted  by  Hettin^  down  this  product, 
aad  taking,  in  succession,  quantities  that  are  equal  to  it— as  follows  : 
573X464=(tho  product  of  the  factors). 

= (6  X 100+7  X 10+3)  X  (4+100+6X 10+4) 

=  {  5X  (P9+l)+7(9+l)+3}x{4X(99+l)+CX(9+l)+4] 

--^(5X99+5+7X9+7+3)  X  (4X99+4+6X9+6+1.) 

BX99  expresses  a  nimiber  of  nines :  it  will  continue  to  do  so  when  multi* 
plied  by  all  the  quantities  within  the  second  bmckets,  and  is,  therefore,  to 
becastout;  and,  for  similar  reason,  7X9.  Again  4X90expre8se8anumbe'rof 
nines;  it  will  continue  to  do  so  when  multiplied  by  the  quantities  within 
the  first  brackets,  and  is  therefore  to  be  cast  out;  and  for  a  simiiar 
reason,  6X9.  There  will  then  be  left  only  (5+7+2)  X  (4+0+4),— from  which 
the  nines  are  still  to  be  cast  out,  the  remainders  to  be  multiplied  tofrcther, 
and  the  nines  to  be  cast  from  their  product ;— but  we  have  done  all  this 
already,  and  obtained  3  as  the  remainder. 

CONTRACTIONS  IN  MULTIPLICATION. 

57.  To  rnultiply  by  5  : 

Affix  aO  to  the  multiplicand  and  divide  the  result  by  2. 
Reason  5=-y-. 

II.  To  multiply  by  15: 

Jiffix  a  0  to  the  multiplicand  and  to  the  result  add  half  of  itself. 
Reason  15=10-f-V-. 

III.  To  "lultiply  by  25  : 

jiffix  two  Os  to  the  multipUerad  and  divide  the  result  by  4, 
Reason  25=J|-2-. 

IV.  To  multiply  by  125  : 

A^ffix  three  Os  to  the  multiplicand  and  divide  the  result  by  8. 
Reason  125==-L!Uui. 

v..  To  multiply  by  75  : 

Ajfflx  two  Os  to  the  multiplicand  and.  from  the  result  take  one- 
fourth  of  itself. 

Reason  75=!lOO— J-£"-. 

VI.  To  multiply  by  175: 

Affix  two  Os — multiply  the  result  by  7  and  divide  by  4. 
Reason  175=^^^^-. 

VII.  To  multiply  by  275  :' 

Affix  txvo  Os — multiply  the  result  by  \\  and  divide  by  4. 
Reasou  275='-V-^. 

VIII.  To  multiply  by  13,  14,  16,  &c.,  or  1  with  either  of 
the  other  digits  affi,xed  to  it. 
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EzAMPLi.  Multiply  by  the  unit^  figure  of  the  multiplier, 

2325x13  and  write  each  figure  of  the  partial  product  one 

6975  place  to  the  right  of  that  from  which  it  arises  ; 

finally,  add  the  partial  product  to  the  multiplicand, 

jins.  30225  and  the  result  will  be  the  answer  required. 

Reason.— This  is  the  same  in  effect  as  if  we  actually  multiplied  by  the 
common  method.  We  merely  make  the  multiplicand  serve  for  the  second 
partial  product. 

IX.  To  multiply  by  21,  31,  41,  &c.,  or  1  with  either  of 
the  other  significant  figures  prefixed  to  it. 


Example. 
365X21 
730 

Jns.  7665 


Multiply  by  the  ten^  figure  of  the  multiplier, 
and  write  the  first  figure  of  the  partial  product  in 
the  tens'  place ;  finally,  add  this  partial  product  to 
the  multiplicand,  and  the  result  will  be  the  answer 
required. 

Reason.— The  reason  of  this  method  of  contraction  is  substantially  the 
same  as  that  of  the  preceding. 

X.  To  multiply  by  101,  102,  103,  104,  &c.,  or  10  with 
either  of  the  digits  affixed  to  it. 

Multiply  by  the  units'  figure  of  the  multiplier  and  write  the 
partial  product,  thus  obtained,  two  places  to  the  right  of  the  multi- 
plicand—finally, add  the  partial  product  to  the  multiplicand. 

Reason.— Substantially  the  same  as  No.  8. 

XI.  To  multiply  by  any  number  of  nines. 

Remove  the  decimal  point  of  the  multiplicand  so  many  places  to 
i,\e  iij;ht  (by  affixing  O's  if  necessary)  as  there  are  nines  in  the 
mtii'iiplier;  and  subtract  the  multiplicand  from  the  result. 

Example.— Multiply  7347  by  999. 

7447X099=»7347000-7347==7339653. 
AVo,  ill  such  a  case,  merely  multiply  by  the  next  higher  convenient  com-  ^ 
posite  number,  and  subtract  the  multiplicand  as  many  times  as  we  have 
inkou  it  too  often ;  thus,  in  the  example  just  given— 

7347  X999=7347  X  (1000— l)=734.700O— 7347=7339653. 

Example  2.— Multiply  678943  by  999999. 

678943X1000000=678943000000 
678943X1=  678943 

678943X999999=678942321057 

Example  3.— Multiply  78-9645  by  99993. 

78-9645X100000=7896450 
78-9645  X  7=        652-7515 


78'9645X99993=7895897'2485 

XII.  When  it  is  not  necessary  to  have  as  many  decimal 
places  in  the  product;  as  are  in  both  multiplicand  and 
multiplier— 
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Reverse  the  multiplier,  putting  itt  unit$'  place  under  the  place 
of  that  denomination  in  the  multiplicand,  which  is  the  lowest  of  the 
required  product. 

Multiply  by  each  digit  of  the  multiplier,  beginning  with  the  de- 
nomination over  it  in  the  multiplicand ;  but  adding  what  would 
have  been  obtained,  on  multiplying  the  preceding  digit  of  the  mul- 
tiplicand— unity,  if  the  number  obtained  would  be  between  5  and 
15;  1,  if  between  15  and  25  ;  2,  if  between  25  and  35  ;  ifc. 

Let  the  lowest  denominations  of  the  products,  arising  from  the 
different  digits  of  the  multiplicand,  stand  in  the  same  vertical 
column. 

Add  up  all  the  products  for  the  total  product ;  from  which  cut 
off  the  required  number  of  decimal  places. 

Example  1.— Multiply  5-6784  by  9-7324,  so  as  to  have  four 
decimals  in  the  product. 


Short  method. 
56784 
42379 


511056 

89749 

1703 

113 

22 

55-2643 


Ordinary  Method. 
5-6784 
9-7324 


22  7136 
113568 
1703  62 
39748  8 
611056 


55*26446016 


9  in  the  mvltiplier  expresses  units ;  it  is  therefore  put  under  the  fourth 
decimal  place  of  the  multiplicand— that  being  the  place  of  the  lowest  deci* 
mal  required  in  the  product. 

In  multiplying  by  each  succeeding  digit  of  the  multiplier,  we  neglect  an 
additional  digit  of  the  multiplicand;  because,  as  the  multiplier  decreases, 
the  number  multiplied  must  increase— to  keep  the  lowest  denomination  of 
the  different  products,  the  same  as  the  lowest  denomination  required  in  the 
total  product.  In  the  example  given,  7  (the  second  digit  of  the  multiplier) 
multipliedby  8  (the  second  digit  of  the  multiplicand),  will  evidently  produce 
the  same  denomination  as  9  (one  denomination  higher  than  the  7),  multi- 
plied by  4  (one  denomination  lower  than  the  8).  Were  we  to  multiply  the 
lowest  denomination  of  the  multiplicand  by  7,  we  should  get  (53)  a  result  in 
%\ie  fifth  place  to  the  right  of  the  decimal  point ;  which  is  a  aenomination  sup- 
posed to  be,  in  the  present  instance,  too  inconsiderable  for  notice — since  we 
are  to  have  qnly/oMr  decimals  in  the  product.  But  we  add  unity  foreveiy 
ten  that  would  arise,  from  the  multiplication  of  an  additional  digit  of  the 
multiplicand;  since  every  such  <<wt  constitutes  one  in  the  lowest  denomi- 
nation of  the  required  product.  "When  the  multiplication  of  an  additional 
digit  of  the  multiplicand  would  give  more  than  5,  and  less  than  16,  it  is 
nearer  to  the  truth  to  suppose  we  nave  ten  than  either  0  or  20 ;  and  there- 
fore it  is  more  correct  to  add  1  than  eithert)  or  2.  "When  it  would  give  more 
than  15,  and  less  than  25,  it  is  nearer  to  the  truth  to  suppose  we  have  20, 
than  either  10  or  30 ;  and  therefore  it  is  more  coirect  to  add  2  than  1  or  3 ; 
&c.    We  may  consider  5  either  as  0  or  10 ;  15  either  as  10  or  20 ;  &c. 
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ExAMPLi  3. — Multii»ly  8-76632  by  O-B'764,  eo  as  to  havo  three 
decimal  places. 

«705:t2 
44175 

(113 
8 

n-051 

There  are  no  units  in  tl»o  niuUlpltor ;  but,  as  the  rule  directs,  we  put  its 
units'  place  under  tl»o  tliird  (U-oinial  place  of  the  multiplicand.  In  nmlti- 
plyiuK  by  4,  nince  there  i.s  no  diti;it  over  it  \u  the  multiplicand,  we  merely 
set  down  wliat  would  have  roHulted  from  the  multiplying  the  preceding 
denomination  of  the  multiplicand. 

Example  3.—- Multiply  0'2325'7  by  0*243,  so  as  to  have  four 

decimal  places. 

232.57 
Mi 

40S 
03 

7 

(r05tt5 

We  are  obliged  to  place  a  cypher  in  the  product  to  make  up  the  required 
numlier  of  decimals. 

EXERCISES. 

66.  The  canala  in  Canada  amount  to  216  miles  in  length,  and 
their  average  cost  was  $83,469  per  mile.  What  was  the  total 
cost  of  the  canals  of  Canada? 

67.  The  Great  Western  Railroad  is  229  miles  in  length,  and 
its  cost  was  about  $61,135-37  per  mile.  What  was  the  total 
cost  of  this  road  ? 

68.  The  Austrian  empire  contains  255,226  square  miles,  and 
the  population  averages  143  per  square  mile.  What  is  the  entire 
population  of  the  Austrian  empire  ? 

69.  France  contains  203,736  square  miles,  and  the  population 
averages  176  per  square  mile.  What  is  the  entire  population  of 
France  ? 

70.  Great  Britain  contains  116,700  square  miles,  and  the  po- 
pulation averages  235  per  square  mile.  What  is  the  entire  po- 
pulation of  Great  Britain  ? 

71.  The  total  number  of  Common  Schools  in  operation  in 
Canada  West,  during  the  year  1857,  was  3721;  allowing  an 
average  of  73  pupils  to  each,  how  many  children  were  in  at- 
tendance at  the  Common  Schools? 

72.  32,000  seeds  have  been  counted  in  a  single  poppy  ;  how 
many  would  be  found  in  297  of  these? 

73.  9,344,000  eggs  have  been  found  in  a  single  cod  fish ;  how 
many  would  there  be  in  35  such  ? 
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74.  Multiply  123  lbs.  4  oz.  7  drs.  2  scr.  17  gr.  by  749. 

75.  Multiply  1698732  by  999998. 

76.  Multiply  123  bush.  1  pk.  1  gal.  1  qt.  1  pt.  by  640. 

77.  What  will  be  the  cost  of  a  chest  of  tea  containing  89  lbs. 
at  73  cents  per  lb  ? 

78.  How  much  cloth  will  it  take  to  make  the  clothes  for  a 
regiment  of  soldiers  containing  1143  men,  if  each  suit  requires 
7  yds.  3  qrs.  2  na.  1  in  ? 

79.  Multiply  1634-5789  by  635000. 

80.  A  person  dying  bequeathed  the  whole  of  his  property  to 
his  three  sons.  To  the  youngest  he  gave  $96849 ;  to  the  second, 
3*4  times  as  much  as  the  youngest ;  and  to  the  eldest  37  times 
as  much  as  to  the  second.     Required  the  value  of  his  property. 

QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

Note.— 77k'  numbei's  after  the  questions  refit'  to  the  articles  (f  the 
section. 

1.  What  is  multiplication  ?  (3H) 
a.  What  is  the  multiplicand  V  (34) 

3.  Wliat  is  tho  multiplier  V  (33) 

4.  What  is  the  product  V  (30) 

5.  Why  arc  tlio  multiplier  and  multiplicand  called  the  factors  of  the  pro- 

duct?(:}7) 

6.  What  is  a  iirime  number  ?  (38) 

7.  What  is  a  composite  number  V  (39) 

8.  If  the  multiplier  be  fjreater  than  uuity,  how  will  the  product  compare 

with  the  multiplicand  ?  (39) 

9.  If  the  multiplier  be  equal  to  unity,  how  ^vill  tho  product  compare  ^vith 

the  multiplicand?  (39) 

10.  If  the  multiplier  be  less  tlian  uuity,  how  will  the  product  compare  with 

the  multiplicand  P  (39) 

11.  Show  that  cither  of  the  factors  maybe  used  as  multiplier  without  alter- 

ing the  value  of  tho  product.  (40) 

12.  Show  that  when  the  multiplier  is  a  composite  number  we  may  obtain 

the  entire  product  by  multiplying  by  each  of  of  the  factors  in  succes- 
sion. (41) 

13.  By  whom  was  the  multiplication  table  calculated  ?  (42) 

14.  How  was  it  calculated  ?  (42) 

15.  What  is  the  sign  of  multiplication  ?  (43) 

16.  How  do  we  multiply  a  quantity  consisting  of  several  factors  connected 

by  the  sign  of  multiplication  ?  (44) 

17.  How  do  we  multiply  a  quantity  consisting  of  several  terms,  connected 

by  the  signs  -f-  and  —  inclosed  within  a  bracket?  (43) 

18.  What  is  meant  by  (7+;5—2-]-5)X  (9+3-7)  P  (45) 

19.  WMiy  do  we  begin  multiplying  a  number  at  the  right-hand  side  P  (46) 

20.  What  is  the  rule  for  multiplication  when  the  multiplier  is  not  greater 

than  12?  (47) 

21.  What  is  tho  rule  when  the  multiplier  is  a  composite  number?  (48) 

22.  What  IS  the  rule  when  the  multiplicand  is  a  denominate  number  and 

the  multiplier  greater  than  12,  but  not  a  composite  number?  (49) 

23.  Show  the  absurdity  of  attempting  to  multiply  one  denominate  number 

by  another.  (CO) 

24.  MTien  the  multiplicand  is  an  abstract  number  and  the  multiplier  greater 

than  12,  but  not  a  composite  number,  what  is  the  rule  P  (51) 

25.  When  the  multiplicand  or  multiplier,  or  both,  contt^  deo^nals,  wha( 

iith«rul9F(63) 
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M.  Give  the  reanon  of  this  rule.  (52  and  B8) 

27.  How  do  wo  prove  multinllcation  when  tho  multiplier  Ih  less  than  12  P  (64) 

28.  How  do  wo  provo  multiplication  when  tho  multiplicand  is  an  abstract 

number  and  the  nmltiplicr  is  creator  than  12  V  (54) 
20.  Upon  what  do<;s  tho  proof  by  caatlnK  out  the  nines  depend?  (55) 
ao.  Prove  this  principle.  (.16) 

31.  I'rovo  thatcastinntho  nines  from  t  lie  factors.  multiplyiuK  tho  resulting 

remainders,  and  casting  the  nines  from  tho  product,  will  leave  tho 
same  remainder  as  if  tho  nines  were  cast  from  the  product  of  the 
factors.  (5«) 

32.  What  short  methods  have  we  for  multiplying  by  5.  2.'i  and  125  ?  (57) 

33.  What  short  methods  of  multiplying  by  16  and  7.')V  (57) 

34.  How  may  we  multiply  by  175?    How  by  275  V  (57) 

35.  How  may  wo  multiply  bv  13, 11, 15,  &c  V    How  by  101, 102, 103,  Ac?  (67) 

36.  How  may  we  multiply  by  21,  31,  41,  &c  V  (57) 

87.  How  may  we  multiply  by  any  number  of  nines?  (67) 
38.  How  may  we  contract  tho  work  when  we  require  only  a  limited  number 
of  decimals?  (57) 


DIVISION. 

68.  Division  is  the  process  of  finding  how  many  times 
one  number  is  contained  in  another. 

69.  The  nimiber  by  which  we  divide  is  called  the  divisor. 

60.  The  number  to  be  divided  is  called  the  dividend. 

61.  The  number  obtained  by  division,  that  is,  the  num- 
ber which  shows  how  many  times  the  divisor  is  contained 
in  the  dividend,  is  called  the  quotient  (Lat.  quotieSj  "how 
many  times.") 

62.  If  the  divisor  be  less  than  the  dividend,  the  quotient 
■will  be  greater  than  unity. 

If  the  divisor  be  equal  to  the  dividend,  the  quotient  will 
be  equal  to  unity. 

If  the  divisor  be  greater  than  the  dividend,  the  quotient 
will  be  less  than  unity. 

63.  It  is  sometimes  found  that  the  dividend  does  not 
contain  the  divisor  an  exact  numhev  of  times  ;  in  such  cases 
the  quantity  left  after  the  division  is  called  the  remainder. 

The  remainder,  being  a  part  of  the  dividend,  is,  of  course, 
of  the  same  denomination. 

The  remainder  must  be  less  than  the  divisor — otherwise 
the  divisor  would  be  contained  once  more  in  the  dividend. 

64.  Division  is  merely  a  short  method  of  performing  a 
particular  kind  of  subtraction  (Art.  6,  Sec.  II.) — The  divi- 
dend corresponds  to  the   minuend,   the  divisor   to  the 
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subtrahend,  and  the  remainder  to  the  difference.     The 

quotient  has  no  corresponding  quantity  in  subtraction — 

since  it  simply  tells  how  raany  times  the  divisor  can  i»e 

subtracted  from  the  dividend. 

It  will  holp  UH  to  understand  how  ^uatly  division  abbrovlat«»«  subtractlnn, 
if  wo  couNider  how  long  a  procesH  would  bo  required  to  dlMCover— by  actually 
Hubtracting  it— how  otton  7  is  contained  in  856349672'^  while,  an  wc  Hliad 
And,  the  dame  thing  can  be  effected  by  divtaion  in  less  than  a  minute. 

65.  Since  the  quotient  shows  how  many  times  the  divi- 
dend contains  the  divisor,  it  follows  that  the  divisor  and 

Quotient  are  the/actors  of  the  dividend.  Hence,  it  the 
ivisor  and  quotient  be  multiplied  together,  and  the  re- 
mainder, if  any,  added  to  the  product,  the  result  will  bo 
equal  to  the  dividend. 

66.  We  have  three  ways  of  expressing  the  division  of 
one  quantity  by  another : — 

1st.  By  the  sign  -}-,  written  betw^een  them  ;  thus,  15-+- 
3=6. 

2nd.  By  the  sign  :  written  between  them;  thus,  15 : 3—5. 

3rd.  By  writing  the  dividend  above  and  the  divisor 

below  a  horizontal  line  ;  thus,  J/=5, 

Two  quantities  written  thus  A  constitute  what  is  called  a  fraction  and 
the  expression  is  read  aix-eleventh». 

It  is  usual  and  proper  to  write  the  remainder  obtained  in  division,  in  the 
form  '  /i  fkuction ;  tnus  17-r-3  gives  6  as  a  quotient  and  2  as  a  remainder. 
Now  t/ad  remainder.  2,  is  writt«n  above  the  line,  and  divisor,  3,  below  the 
line;  the  whole  quotient  being  exi^ressed  thus  6i  (read  five  and  two-thirds). 
The  meaning  of  which  is,  that  3  is  contained  in  17. 6  times  and  f  of  a  time. 

67.  "When  a  quantity  consisting  of  several  terms  con- 
nected by  the  sign  of  multiplication  is  to  be  divided,  divid- 
ing any  one  of  the  factors  will  be  the  same  as  dividing  the 
product ;  thus  6  X  10  X  25-T-5  =  f  X  10  X  25  for  each  is 
equal  to  250. 

68.  When  a  quantity  consisting  of  several  terms,  con- 
nected by  the  signs  -f-  and  — ,  contained  within  brackets, 
is  to  be  divided,  it  is  necessary,  on  removing  the  bracikets, 
to  put  the  divisor  under  each  of  the  terms  of  the  quantity  ; 
thus  (6+3-7+9)^3.  „,6+3-7+9_6_^_3_7_^9  .    ^^^, 

we  do  not  divide  the  whole  unless  we  divide  all  its  parts. 
68.  It  will  be  seen  from  (68)  that  the  horizontal  line 
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which  separates  the  dividend  from  the  divisor  assumes  the 

plane  of  a  pair  of  brackets  when  the  dividend  consists  of 

several  terms ;  and,  therefore,  when  the  quantity  to  be 

divided  is'subtractive,  it  will  sometimes  be  necessary  to 

chancre  tiie  signs,  as  already  directed  (26) ;  thus  : 

6      13—3     6-f  13— 3    ,       2^     15—6+9     27— 15-J-6— 9 
-+_^ -_  ;  but -^p-= 3 

70.  Let  it  be  required  to  divide  798  by  3. 


OPERATION. 

3)793 


Explanation.— Place  the  divisor  a  little  to  the  left  of  the 
dividend  and  separate  them  by  a  short  curve  line.  Also  draw 
a  straight  line  beneath'the  dividend. 


266 


Now 


79a_ 

3" 


700+90+8    600+190+8 


.«00±J10+I8^^0_^lf>+1«     200+60 

U  <J  o 


O  Q 

+6=266  (See  68  and  69). 

Instead  of  KoinR  through  this  long  operation,  it  is  evident  that  we  may 

firoceed  as  follows :  3  units  into  7  hundreds  will  go  3  (hundreds)  times  and 
cave  a  remainder  1,  which,  being  of  tlie  order  hundreds,  is  equal  to  10  tens; 
10  tens  and  9  tens  make  19  tens,  and  3  into  19  goes  6  (tens)  times  and  leaves 
a  remainder  I,  which,  being  of  the  order  of  tens,  is  equal  to  10  units;  10 
units  and  8  units  make  18  units,  and  3  units  into  18  units  goes  6  (units) 
times. 

2.  Let  it  be  required  to  divide  917  lb.  13  oz.  12  dr.  by  4. 


operation. 

lb.  oz.  dr. 
4)917  13  12 

229     7     7 


Explan  A  tion.— Placing  the  dividend  and  divisor  as  before 
we  i)roceed  thus :  4  in  9,  2  (hundreds)  times  and  1  over;  1 
hundred,  equal  to  10  tens,  and  1  ten  make  11  tens ;  4  in  11, 2 
(tens)  times  and  3  over ;  3  tens,  equal  to  30  units,  and  7  units 
make  37  units ;  4  in  37,  9  times  and  1  over,  which  is  1  lb. 
because  the  917  are  pounds  (63) ;  1  lb.,  equal  to  16  oz.,  and  13 oz. 
make  29  cz, ;  4  in  29,  7  times  and  1  over,  which  is  1  oz.,  since  the  29  are  oz, ; 
1  oz,  is  equal  to  16  drams  and  12  drams  make  28  drams ;  4  in  23,  7  times. 

Observe  that  any  order  divided  by  units  gives  the  same  order  in  the 
quotient. 

3.  Let  it  be  required  to  divide  9789  by  26.  .  " 

Explanation.— Placing  the  dividend  and  divisor 
as  before,  we  say  26  in  9  (thousands)  no  times ;  26  in 
97  (hundreds),  3  (hundreds)  times.  We  place  the  3 
(hundreds)  to  the  right  of  the  dividend  and,  multiply- 
ing the  divisor  26  by  it,  get  78  hundred,  which  ve  sub- 
tract from  the  97  hundred,  and  obtain  a  remainder  19 
hundreds.  19  hundreds  are  equal  to  190  tens  and  8 
tens,  make  198  tens;  26 in  198,  7  (tens)  times.  Multi- 
plying the  26  by  the  7  tens,  we  get  182  tens,  which,  sub- 
tracted from  198  tens,  leaves  a  remainder  of  16  tens. 
16  tens  are  equal  to  160  units  and  9  units  make  169 
units ;  26  in  169,  goes  6  times,  and  leaves  a  remainder 
13.  This  13  should  be  divided  by  26,  but  since  13  does 
not  contain  26.  the  division  cannot  be  elfected,  and  we  can  only  indicate  it, 
which  we  do  by  placing  the  26  under  the  13,  as  is  explained  in  (Art.  66). 

The  complete  quotient  is  therefore  S76H  read  376  and  thirt««u«8izt««nth«i 
or  376  and  13  divided  by  16, 


operation. 

26)9789(376 

78 

198 
182 

169 
156 

13  rem. 
-4ms.  370-J-t 
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71.  From  the  preceding  illustration  and  examples  we 
deduce,  for  the  division  of  numbers,  the  following  general 

RULE. 

Beginning  with  the  highest  order  of  units  in  the.  dividend, 
pass  on  to  the  lower  orders  until  the  fewest  number  of  figures  be 
found  that  will  contain  the  divisor  ;  divide  these  figures,  by  it  for 
the  first  figure  of  the  quotient ;  this  figure  will  be  of  the  same  order 
as  that  of  the  lowest  used  in  the  partial  dividend. 

Multiply  the  divisor  by  the  quotient  figure  so  found,  and  subtract 
the  product  from  the  dividend,  being  careful  to  piece  units  of  the 
same  order  in  the  same  vertical  column.  Reduce  the  remainder  to 
units  of  the  next  lower  order,  and  add  in  the  units  of  that  order 
found  in  the  dividend:  this  willfurniJi  a  new  dividend, 

Proceed  in  a  similar  manner  until  units  of  every  order  shall  have 
been  divided. 

Example  1.— Divide  98t65  by  7. 

Explanation.— Here  we  say  7  in  9,  1  and  2  over ;  in  28 
4  and  0  over ;  in  7, 1  and  0  over ;  in  6,  0  times  and  6  over  in 
65, 9  and  2  over.  Beneath  this  2  we  write  tlio  divisor  7,  to  in- 
dicate its  division.  "We  may,  however,  carry  on  the  division 
by  considering  the  2  units  reduced  to  tentlis,  &c.,  and  the 
quotient  becomes  14109'2857. 

Thus  2  units,  equal  to  20  tenths,  7  in  20, 2  and  6  over ;  6  tenths  are  equal 
to  60  hundredths,  7  in  60,  8  times  and  4  over ;  4  hundredths  are  equal  to  40 
thousandths,  7  in  40,  6  and  5  over ;  5  thousandths  are  equal  to  50  tenths  of 
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7)98765 
14109^ 


thousandths,  &c. 
Example  2.- 
opeeation. 
12)124789 
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T^ 


•Divide  124'789  by  12. 

Explanation.— Here  again  we  may  q^ther  stop  at  the 
units  and  write  the  remainder  1  over  the  divisor  12,  or  v/e 
may  reduce  the  1  unit  to  tenths,  &c.,  as  in  the  second  ope- 
ration. 


or 
12)124789 


10399-083+ 
ExAMPLE  3.— Divide  £1986  14s.  I^d.  by  9. 


operation. 
9)  £1986  14 


7i 


Explanation.— 9  in  19,  2  and  1  over ;  9  in  18, 2  and  0 

over ;  9  in  6,  0  and  6  over ;  £6  are  equal  to  120s.  and 

14s.  make  i;34s.;  9  in  134,  14  and  8  over;  8s.  are  equal 

£220  14  Hi    to  96d.  and  7d.  make  1 03d. ;  9  in  103. 11  times  and  4  over ; 

4d.  are  equal  to  16  farthings  and  2  farthings  make  18  farthings  j  9  in  18, 2, 

i.  e.,  one  ninth  of  18  farthings  are  2  farthings,  written  thus  id. 

72.  In  example  3,  we  are,  in  reality,  required  to  find  one-ninth 
of  the  dividend.  The  obvious  meaning  is,  not  that  9  is  contained 
in  £1986  143.  YJd.  £220  14s.  lljd.  tiines,  which  would  be  non- 
sense, but  that  £220  14s.  lljd.  is  the  ninth  part  of  £1986  14s. 
t^d. :  so  also  in  all  simihir  questions. 

Notwithstanding  this,  all  such  examples  are  reducible  to  a 
species  of  subtraction.    Thus,  in  the  above  example  we  for  the 
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moment,  consider  the  divisor  9  to  be  of  the  same  denomination 
as  the  dividend,  and  ascertain  how  many  times  £9  will  go  into 
(i.  e.,  can  be  subtracted  from)  £1986.  W^  get,  as  a  result,  220 
times,  and  a  remainder  of  £6.  Then  we  argue,  from  the  prin- 
ciples already  established,  that  since  £9  is  contained  in  £1986 
220  times,  with  a  remainder  of  £6  ;  £220  is  contained  in  £1986 
9  times,  with  a  remainder  of  £G  ;  that  is,  that  the  ninth  part  of 
£1986  is  £220,  with  a  remainder  £6.  Next  reducing  this  £6  to 
shillings,  and  adding  in  the  143.,  we  obtain  a  total  of  134s.,  and 
we  find  that  9s.  is  contained  in  1343.  14  times,  with  a  remainder 
of  83.,  whence  we  conclude  that  14s.  is  contained  in  1343.  9  times, 
with  a  remainder  of  Ss.,  that  is,  that  the  ninth  part  of  134s.  is 
14s.,  with  a  remainder  of  Ss.,  or  that  the  ninth  part  of  £1986  148. 
is  £220  143.,  with  8s.  still  undivided,  &c. 

Example  4.— Divide  978964  by  3429. 

Explanation.— 3429  into  9789  (the  smallest  num« 
ber  of  figures  that  will  contain  the  divisor)  goes  2 
times.we thereforeput2 inthequotient.  Multiplyiiigf 
3429  by  2,  we  get  6858,  which  we  subtract  from  9789, 
and  obtain  as  remainder  2931,  which  we  reduce  to 
the  next  lower  order  (tens)  and  add  in  the  6  tens. 
8429  into  29316  goes  8  times.  "We  therefore  place  8 
in  the  quotient.  Multiplying  3429  by  8  we  get  27432, 
which  we  subtract  from  29316,  and  obtain  1884  as  a 
remainder.  Reducing  to  units  and  adding  in  the 
4,  or  what  amounts  to  the  same  thing,  bringing  dov/n 
the  4  and  writing  it  after  the  1884.  we  get  18844 ;  and 

8429  into  18844  goes  5  times,  with  a  remainder  1699,  under  which  we  write 

the  divisor  3429. 

73.  "When  the  dividend  is  an  abstract  number,  it  is  evident  that 
bringing  down  the  next  figure  and  writing  it  to  the  right  of  the 
remainder,  is  the  same  in  effect  as  reducing  the  remainder  to  the 
next  lower  denomination  and  adding  in  the  units  of  that  order 
founii  in  the  dividend.  Thus,  in  the  last  example,  bringing  down 
the  6  and  writing  it  directly  to  the  right  of  the  first  remainder 
2931,  makes  the  next  partial  dividend  29316,  which  is  the  same 
as  reducing  the  2931  to  the  next  lower  order  and  adding  to  the 
result  the  6  of  that  order  found  in  the  dividend. 

Divide  6421284  by  642. 

ExPLANAnoN.— 642  goes  once  into  642,  and  leaves  no 
remainder.  Brinpng  down  the  next  digit  of  the  divi- 
dend gives  no  digit  in  the  quotient,  in  which,  therefore, 
we  put  a  cypher  after  the  1.  The  next  digit  of  the  divi- 
dend, in  the  same  way,  gives  no  digit  in  the  quotient,  in 
which,  consequently,  we  jtut  another  cypher ,  and,  for 
similar  reasons,  another  in  bringing  down  the  next ;  but 
the  next  digit  makes  the  quantity  brought  down  1284.  which  contains  the 
divisor  twice,  and  gives  no  remainder :— wo  put  2  in  the  quotient. 

Note. — After  the  first  quotient  figure  is  obtained,  for  each 
figure  of  the  dividend  which  is  brought  down,  either  a  sigrificant 
figure,  or  a  cipher,  mutt  be  put  in  the  quotient. 
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8429)978964(285iMf 
6868 

29316 
27432 

18844 
17143 

1699 


Example  5.- 
operation. 

642)6421284(10002 
642 


1284 

1284 


de 
fin 
ne 

pr 
be 

di 

mi 

gr 
th 
th 
qn 
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74.  When  thore  is  a  remainder,  we  may  continue  the  division,  adding 
decimal  places  to  the  quotient,  as  follows— 

Example  6. — Divide  796347  by  847,  and  the  result  by  7234. 

OPERATION. 

847)796347 (940'1»7166,  Ac. 
7623 

340& 
3388 


1670 

847 


8230 
7623 

6070 
6929 

1410 

847 

6630 
5082 

6480 
6082 

398  &c. 
7234)940-197166(0-129969,  &C. 
723-4 


21679 
14468 

72-117 
65-106 


70111 
6-6106 

•60056 
•43404 

66526 
65106 


1420,  &C. 
75.  When  the  divisor  is  large,  the  pupil  will  find  assistance  in 
determining  the  quotient  figure,  by  finding  how  many  times  the 
first  figure  of  the  divisor  is  contained  in  the  first  figure,  or,  if 
necessary,  the  first  two  figures  of  the  dividend.  This  will  give 
pretty  nearly  the  right  figure.  Some  allowance,  must,  however, 
be  made  for  carrying  from  the  product  of  the  other  figures  of  the 
divisor,  to  the  product  of  the  first  into  the  quotient  figure.  After 
multiplying  the  divisor  by  the  quotient  figure,  if  the  product  is 
greater  than  the  corresponding  partial  dividend,  this  shows  that 
the  quotient  was  taken  too  great,  and  must  be  diminished.  If 
the  remainder,  after  subtraction,  is  greater  than  the  divisor,  th» 
(Quotient  was  taken  too  small,  and  must  b«  incr»as«d, 
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ExAKPLB  1. — Divide  279  cwt.  6  qrs.  14  lb.  9  oz.  by  129. 


lb.  oz.  dr. 
16    16    9^^^ 


Explanation.— 129  in  279, 
i.  e.,  the  129th  part  of  279  cwt., 
is  2  cwt.,  with  a  remainder  of 
21  cwt.  Tliis  21  cwt.  we  reduce 
to  quarters  by  multiplying  by 
4  and  adding  in  the  3  qrs.  The 
129th  part  of  87  qrs.  is  equal  to 
0  qr.,  and  we  therefore  place  a 
0  in  the  quarters'  place  of  the 
quotient.  We  next  reduce  qrs. 
to  lbs.  by  multiplyinn  by  25 
and  adding  in  the  \4i  lbs.  of  th« 
dividend.  We  thus  obtain  2189 
lbs.,  otwhichtho  129th  partis 
1(5  lb.,  with  an  undivided  re- 
mainder of  125  lbs.  Reducing 
125  lbs.  to  oz.,  and  adding  in 
the  9  oz.,  we  obtain  2009  oz.,  of 
which  the  129th  part  is  15  oz., 
with  an  undivided  remainder 
of  74  oz.  Reducing  the  74  oz. 
to  dram  s,  we  obtai  n  1184  drams, 
of  which  the  129th  part  is  9 
drams,  with  an  undivided  re- 
mainder of  23  drams,  under 
which  we  place  the  divisor  129 
to  indicate  its  division.  Thus 
we  And  the  total  quotient  to 
be  2  cwt.  0  qr.  16  lb.  16  oz.  9  ^ 
drs. 


OPEEATION. 

cwt.  qrs.  lb.  oz.  cwt.  qr. 
129)279      3     14    9(    2       0 
258 

21 

4=qrs.  in  cwt. 

87=qr8. 
26=1D3.  in  qr. 

449 
174 

2189=lbs. 
129 

899 

774 

126 
16=oz.  in  lb. 

759 
125 

2009=oz. 
129 

719 
645 

74 

16=drams  in  oz. 

74 

1184=drams 
1161 

23  remainder. 

76.  The  general  principles  on  which  the  operations  in 
division  depends  are : — 

1st.  The  quotient  arising  from  the  division  of  the  whole 
dividend  by  the  divisor,  is  equal  to  the  sum  of  the  quotients 
arising  from  the  division  of  the  several  parts  of  the  divi- 
dend by  the  divisor.  (68) 

2nd.  The  divisor  and  quotient  are  the  factors  of  the  di- 
vidend. (65) 

3rd.  The  product  of  the  divisor,  by  the  entire  quotient, 
is  equal  to  the  product  of  the  divisor  by  the  several  parts  of 
the  quotient.  (45) 
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We  ask  how  many  times  the  divisor  is  contained  in  a  part  of  the  divi- 
dend, and  thus  a  part  of  the  quotient  is  found ;  the  product  of  the  divisor 
by  this  part  is  taken  from  the  dividend,  sliowing  Iiow  much  of  the  latter 
remains  undivided ;  then  a  part  of  the  remaining  dividend  is  taken  and 
another  part  of  tlic  quotient  is  found,  and  the  product  of  the  divisor,  by 
it,  is  taken  away  from  what  before  remained :  and  thus  the  operation  pro- 
ceeds till  the  whole  of  the  dividend  is  divided,  or  till  the  remaindei'  is  less 
than  the  divisor. 

77.  "We  begin  at  the  left-hand  side,  because  what  re- 
mains of  the  higlier  denomination  may  still  give  a  quotient 
in  a  lower ;  and  the  question  is,  koto  often  the  divisor  will 
go  into  the  dividend — its  different  denominations  being 
taken  in  ani/  convenient  way.  We  cannot  know  how  many 
of  the  higher  we  shall  have  to  add  to  the  lower  denomi- 
nations, unless  we  begin  with  the  higher. 

PROOF  OF  DIVISION. 

78.  First  Method. — Multiply  the  quotient  by  the  divisor,  and  to 
the  product  add  the  remainder,  if  any  ;  the  result  should  he  equal 
to  the  dividend.  (65) 

Example  8.— Divide  £5681  133.  4d.  by  700, 


£    s. 
700)5681  13 
5600 

81 
20 

1633 
1400 

233 
12 

2800 
2800 


d.  B 

4(8 


d. 

4 


PROor. 
£  s.  (I. 

8    2    4 
10 


81    3 

4 

10 

81113 

4 
7 

5681 13  4=£8;2s.  4d.  X  700=dividend. 


Second  Method. — Subtract  the  remainder,  if  any,  froan  the  di- 
vidend, divide  the  dividend,  thus  diminished,  by  the  quotient ;  and 
if  the  result  is  equal  to  the  given  divisor,  the  work  is  rights 
This  is  merely  doing  the  same  work  by  a  different  method. 

Third  Method. — Cast  the  nines  out  of  the  divisor  and  quotient 
and  multiply  the  remainders  together;  add  to  their  product  the 
remainder,  if  any,  after  division,  and  cast  the  nines  out  of  this  sum  ,* 
the  remainder  thus  obtained  should  be  equal  to  the  remainder  ob- 
tained by  casting  the  nines  out  of  the  dividend. 

Since  the  divisor  and  quotient  answer  to  the  multiplier  and  multiplicandi 
and  the  dividend  to  the  product,  it  is  evident  that  the  principle  of  casting 
out  the  9s  will  apply  to  the  proof  of  division  as  well  as  to  that  of  multiplica- 
tion. 

Fourth  Method. — Jldd  the  remainder  and  the  respective  productt 
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of  the  divisor  into  each  quotient  figure  together  ;  and  if  the  $um,  is 
equal  to  the  dividend^  the  work  is  right. 

This  mode  of  proof  depends  upon  the  principle  that  the  whole  qfa  quan- 
tity is  equal  to  the  sum  of  all  its  parts. 

Example  9.— Divide  147856  by  97. 


97)147886(1524 
97* 

608 
486* 

286 
194* 

410 

388* 

28* 

147856 

NoTE.--The  acterisks  show  the  lines  to  be  added. 

JIXERCISES. 

(10)                    (11)                 (12) 
12)876967           7)891023         9)763457 

(13) 
8)65432-978 

73080T7y 


127289 


84828^ 


8179-12225 


tha 
thri 


(14) 

(15) 

(16) 

(17) 

£    s.  d. 

wks.  ds.  hrs.  min. 

9)$6789-60 

11)4298-76 

4)19    6    4 

9)69      4    19     30 

$754-40 


$390-79^T 


4  16    7 


4     50 


18.  Divide  798965  by  6423. 

19.  Divide^l76  14s.  6d.  by  12. 

20.  Divide  66789  by  741. 

21.  Divide  6785158  by  7894. 

22.  Divide  ^4728  16s.  2d.  by  3l7. 

23.  Divide  $97896-64  by  429. 

24.  Divide  970763  by  6. 

25.  Divide  71234  by  9. 

26.  Divide  977076  by  47600. 

27.,  Divide  7289  lbs.  6  oz.  4  drs.  2  scr. 


Ans.  124ff^f. 

Ans.  £14  14s.  6|d. 

Am.  1m\. 

Ans.  859^^1. 

Ans.  £14  18s.  4.^'^(}i. 

Ans.  $228-19||f. 

Ans.  161793-8333H-. 

Ans.  7914§. 

Ans.  2^m^. 

13  grs.  by  498. 


Ans.  14  lbs.  7  oz.  5  dr.  0  oz.  12|^, 

28.  Divide  £157  16s.  7d.  by  487.  Ans.  6s.  H^.-^. 

29.  Divide  7867674  by  9712.  Ans.  810  ^W 

30.  Divide  422  m.  3  fur.  38  rds.  by  37.    Ans.  11  m.  3  fur.  14rd3. 


., 
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GENERAL  PRINCIPLES. 

79.  If  a  given  divisor  ia  contained  in  a  given  dividend  a  certain 
number  of  times,  the  same  divisor  will  be  contained  in  double 
that  dividend  twice  as  many  times ;  in  three  times  that  dividend, 
thriqe  as  Aany  times,  &c.     Hence, 

"When  the  divisor  remains  the  same,  multiplying  the 
dividend  by  any  number  has  the  eflfect  of  multiplying  the 
quotient  by  the  same  number. 

Thus  9-7-3=3;  9X2  or  18-^3=6=3X2.    9X5  or  45-^3=15=3X5,  &c. 

80.  If  a  given  divisor  is  contained  in  a  given  dividend  a  certain 
number  of  times,  the  same  divisor  will  be  contained  in  half  that 
dividend  half  as  many  times  ;  in  one-third  of  that  dividend  one' 
third  as  many  times,  &c.     Hence, 

When  the  divisor  remains  the  same,  dividing  the  dividend 
by  any  number,  it  has  the  eflfect  of  dividing  the  quotient  by 
the  same  number. 


Thu8  48-rS=16; 


*8 


^    .-3  or  24,-f-3=8=-y  -  ~-r-i  or  6-f-3=2=J/,  &c. 

81.  If  a  given  divisor  is  contained  in  a  given  dividend  a  certain 
number  of  times,  half  that  divisor  will  be  contained  in  the  same 
dividend  twice  as  many  times,  one-third  of  that  divisor  thrice 
as  many  times,  &c.    Hence, 

When  the  dividend  remains  the  same,  dividing  the  divi- 
sor by  any  number  has  the  effect  of  multiplying  the 
quotient  by  that  number. 

Thus  48-^6=8;  48-fS  or  48-^3=16=8X2;  48-f-f  or  48-f  2=24=8X3,  &c. 

82.  If  a  given  divisor  is  contained  in  a  given  dividend  a  certain 
number  of  times,  twice  that  divisor  will  be  contained  in  the  same 
dividend  only  half  as  many  times,  three  times  that  divisor  only 
one-third  as  many  times,  &c.     Hence, 

When  the  dividend  remains  the  same,  multiplying  the 
divisor  by  any  number  has  the  effect  of  dividing  the  quotient 
by  the  same  number. 

Thus  48-^2=24 ;  48-f-  twice  2  or  48-r4=12=half  of  24. 

48-f^ight  times  2  or  48-^16=3=one-eigbth  of  24,  &c. 

83.  If  a  given  divisor  is  contained  in  a  given  dividend  a  certain 
number  of  times,  twice  that  divisor  is  contained  in  twice  that 
dividend  the  same  number  of  times ;  thrice  that  divisor  in  thrice 
that  dividend  the  same  number  of  times,  &c.    Hence, 

When  the  divisor  and  dividend  are  both  multiplied  by 

the  same  number,  the  quotient  will  remain  unchanged. 

Thus  12-f-4=3;  24  or  twice  12r-8  or  twice  4=3;  72  or  thrice  24-r24i  or 
thrice  8=>=3,  &o. 
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84.  If  a  given  diviBor  is  contained  in  a  given  dividend  a  certain 
number  of  times,  half  tiiat  divisor  is  contained  in  half  that 
dividend  the  same  number  of  times  ;  one-third  that  divisor  in  one- 
third  that  dividend  the  same  number  of  times,  kc.    Hence, 

When  the  divisor  and  dividend  are  both  divided  by  the 
same  number,  the  quotient  will  remain  unchanged. 

Thus  48-^24=2 ;  24  or  half  of  48-4-12  or  half  of  24=2,  &c. 

TO  DIVIDE  BY  A  COMPOSITE  NUMBER. 

RULE. 

85. — Divide  the  dividend  by  one  of  the  factora  of  the  divisor; 
then  the  resulting  quotient  by  another  factor  ;  and  so  on  till  all 
the  factors  are  used.  '  The  last  quotient  loill  be  the  answer. 

Muliply  each  remainder  by  all  the  preceding  divisors  and  add 
their  products  to  the  first  remainder,  if  any,  for  the  true  remainder. 

When  the  divisor  is  separated  into  only  two  factors,  the 
rule  for  finding  the  true  remainder  may  be  thus  expressed : — 

Multiply  the  last  femainder  by  the  first  divisor,  and  to  their 
product  add  the  first  remainder,  if  any ;  the  result  will  be  the  true 
remainder. 

Example  31.--Divide  718  lbs.  by  72. 

OPERATIO'. 

8)718  1st  remainder  =    1  lb. 

4)239—1     2ndremainder=3X3     =    91b. 

6)59—3     8rd  remainder  =5X4X3=  60  lb. 

9—5     tnie  remainder  701b.       Ans.9^q, 

That  dividing  by  the  fiictors  of  a  number  will  give  the  same  quotient  as 
dividing  by  the  number  itself,  follow^  directly  from  (Art.  84). 

In  the  last  example,  dividing  by  3  distributes  the  718  lbs.  into  239  parcels 
of  3  lbs.  each,  and  leaves  a  remainder  of  1  lb. ;  dividing  next  by  4  distributes 
the  239  parcels  into  59  still  larger  parcels,  each  containing  4  of  the  smaller 
or  3  lb.  parcels,  aud  leaves  a  remainder  3,  which  is  not  3  lbs.  but  3  parcels, 
each  of  3  lb. ;  lastly,  dividing  the  59  by  6  distributes  it  into  9  large  parcels 
of  72  lbs.  each,  and  leaves  a  remainder  5,  which  is,  of  course,  6  of  the  12  lb. 
parcels.    Hence  the  reason  of  the  rule  for  fmding  the  true  remanider. 

EXERCISES. 

32.  Divide  3766  by  25. 

33.  Divide  26406  by  42. 

34.  Divide  25431  by  96. 

35.  Divide  £24  178.  6d.  by  24. 

36.  Divide  £740  13s.  4d.  by  49. 

37.  Divide  JE547  123.  4d.  by  56. 

38.  Divide  6789436  by  35. 

39.  Divide  753293  by  147  (=7x7x3) 

40.  Divide  1798  lbs.  6  oz.  11  dwt.  9  grs.  by 

Jins.  22  lbs. 


^ns.  150fe-. 

Jins.  628|§. 

^ns.  264||. 

Jins.  £1  Os.  8£d. 

*^ns.  £15  28.  3Sd.:^i 

Ans.  £9  15s.  6i{d.||. 

Jns.  193983^  J. 

Jns.  5124,^. 

81. 

2  oz.  9  dwt.  Off  grs. 
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83.  WheDb>ththo  !i\ i^or and  tlie dividend  aro denomi- 
nate uuiiiht'ia —  *    . 

Rdlb. — Reduce  both  the  dioisor  and  the  dividend  to  the  lowent 
denomination  contained  in  cither,  and  then  proceed  as  in  Art.  tl. 

Example  41.--Divide  £21  53.  9id,  by  33.  6jd. 


8.   d. 
3    Qh 
VZ 

170  fartliiuga. 


»7 
20 

745 
12 

89  i9 

4 


8.    (I. 
5    9jt 


170)35797  (210iVo  tlmca, 

179 

170 

97 
87.  In  the  above  and  all  similar  questions  we  are  required  to 
find  what  fraction  tiie  divisor  is  of  the  dividend ;  or,  in  other 
wordd,  how  often  the  divisor  is  contained  in,  or  can  be  subtracted 
from,  the  dividend,  and  the  quotient  must  necessarily  bo  an  ah- 
struct  number. 

BxAMPLH  42. — Divide  729  cwt.  3  qrs.  16  lb.  by  3  qrs.  9  lb.  7  oz. 


qrs, 

3 

25 

lbs, 
9 

oz. 

7) 

t'wt.  qi8.  lbs, 
7-29     a     16 
4 

84 
10 

2919 
26 

511 

84 

14611 

5iJ-.8 

1361  oz.  72i)9l 

IG 

4!i79M 

72911 1 

1351)  1 1 67856  OZ.  (864T'^3Vr  times. 
l(i80S 

8705 
8106 

5996 
5404 
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43.  Divide  £8908  138.  7id  by  £491  12a.  Oid.        Jlns.  18i|iJ||. 

44.  Divide  1027  m.  1  fur.  0  ids.  by  17  m.  6 fur.  27rds.    Jns.  68. 

45.  Divide  £171  la.  10 Jd.  by  £57  0.9.  Tid-  '  •^«*-  3. 
40,  Divide  9  lb.  9  oz.  3  dwt.  12  grs.  by  0  dwts.  9  grs.  Jna.  436. 
47.  Divide  2300  acrea  3  roods  30  rd9.by91  acres  0  rds.  w^ns.  26. 

88.  When  tl>o  tlivideiwl  .'iluiic  containa  decimal  places, 
the  preecclin^ij  iuIch  arc  siitliciont ;  l»nt  when  the  divisor 
contains  decimals,  it  heconies  nc('(  ssary  to  prepare  the 
quantities  for  division  accordino-  to  tho  following— 

RULE. 

Remove  the  decimal  point  as  many  places  to  the  right,  in 
both  the  dividend  and  the  divisor,  as  there  are  decimals  in  the  rfivi- 
.lor,  and  then  proceed  as  in  Art.  71. 

This  is  simply  multiplying  both  dividend  and  divisor  by  the 
same  number,  and  therefore  (Art.  83)  does  not  affect  the  quotient. 
Thus  removing  the  decimal  point  one  place  to  the  right,  in  both 
dividend  and  divisor,  is  equivalent  to  multiplying  each  by  10  ; 
two  places,  the  same  aa  multiplying  each  by  100  ;  three  places, 
by  lOnO,  &c. 

Example  48.— Divide  87-C  by  '0009. 

MuUiplyinir  each  by  lOOOi),  or,  in  other  words,  removinR  the  decimal 
point  loiu*  places  to  tlio  riglit,  iit  cacli,  (since  there  are/o«r  decimalH  in  the 
divisor,  gives  us  HTflOOU-:- A>,  and  litis  (Art.  b3)  must  give  the  same  quotient  as 
87'6->-0ti00,  tiiercforo 

S7.C— 00(»9=8700(»()-f9=073:w;W,  &o. 

BxAMPLK  49. — Divide  -06  by  8'934. 

0'6-7-8-934=:60-r8934. 

893l)C0'000(0-0067,&o. 
53-6<)'l 

0*8900 

1422 
llemoviriK  the  decimal  point  three  places  to  the  right,  in  each,  we  get 
C0-rS»3*, and  we  tlien  proceed  tinis:  8934 into  m  (units), 0  (units)  times; 
8<!t  dowu  0  with  tho  decimal  point  after  it ;  8934  into  6o0  (tenths),  0  times; 
intoCOOd  (liundredths),0  times;  into  00000  (tliou8andths),6  (thousandths) 
times,  &c. 

Example  40.— Prepare  93'004-i-'0000069  for  division. 

.^ns.  93•004-^•00000G9=930040000-^69. 

EXERCISiiS. 
60.  43~-OOOG947==430000000-i-6947. 

51.  9378'92-r-9-7891=93789200^97891. 

52.  4  9G723-T-23-934=4967-23-f-23934. 
63.  •  793-r •49.^  79-34-49. 
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54.  •001-f-674-937=l~6?4937. 

55.  Divide  47.655  by  45. 

56.  Divide  766-98  br  76.73612. 
r.7.  Divide  47-5782975  by  26-175. 

58.  Divide  1  by  7-6345. 

59.  Divide  75-347  by  0-3820. 

60.  Divide  -0002  by  -OOOOOOOOH. 

CONT I? ACTIONS  IN    DIVISION 


Jln$.  10-59. 

Jlns.  9-864+. 

Jlns.  1-8177. 

Jns.  O-1309-f . 

Ans.  196-77984-. 

.^Tis.  25000. 


89.  To  ])ivklc  by  10,  100,  1000,  iW. 

Remove  the  decimal  point  as  many  places  to  the  left  in  the  tlivi- 
ihnd  as  there  arc  Os  in  the  divisor, 

90.  To  divide  by  25. 
Multiply  by  4  and  divide  hy  100. 
Hoason  25"  ^  P-. 

91.  To  divide  by  15,  35,  45,  or  55. 

Double  the  dividend,  and  divide  the  product  by  30,  70,  90,  or  110, 
((« the  case  may  be. 

llKAsoN.— This  method  is  simpl.v  doubling  both  the  divisor  and  dividend. 
Wo  must  therefore  divide  the  remaindcir,  If  any,  by  2,  for  the  true  rt- 
mainder. 

92.  To  divide  by  125. 

Multiply  the  dividend  by  4,  and  divide  the  product  by  1000. 

Reasoit.— This  contraction  is  midtlplyiuff  both  the  dividend  and  divisor 
by.8.  For  tlio  (ri(fi  rcinaiiidor,  therefore,  wo  must  divide  the  remainder,  if 
any,  by  8. 

93.  To  divide  by  75,  175,  225,  or  275. 

Multiply  the  dividend  by  4,  and  divide  the  product  by  300,  700, 
900,  or  1100,  as  the  case  may  be. 

Reason.— 75=5 y"-,  i73=lniL  &c.  For  the  /rwe  remainder,  divide  the 
remainder,  if  any  thus  found,  by. 4. 

94.  When  there  are  many  decimals  in  the  dividend  and 
but  few  are  required  in  the  quotient,  we  may  abbreviate 
the  division  by  the  following — 

RULE. 

Proceed  as  in  Art.  71  till  the  decimal  point  is  placed  in  the 
quotient^  and  then  cut  off  a  digit  to  the  right  hand  of  the  divisor,  at 
each  new  digit  of  the  quotient ;  remembering  to  carry  what  would 
have  been  obtained  hy  the  multiplication  of  the  digit  neglected — 
xinity  if  this  multiplication  woti'.d  have  produced  more  than  5,  and 
less  than  15  ;  2  if  more  than  15,  and  less  than  25,  Sec  • 
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ExAMPli.— Divide  754-337389  by  61'347. 

OiUiiiar.v  Motlnicl  CtMitrnrti-d  Mi'thod. 
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SO 


7* 
V 

sJ-756 


14tiH«7' 
12  dur 
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1HI73' 
liiJUU* 

88.i* 

8ti8* 


1  4-«730  15* 

According  as  the  deuoinliiations  of  the  quotient  hwotno  small,  thoir  pro- 
diiuCti  by  tlio  lowor  duniduination  of  tlKMliviNoi-  bocono  incoiihidorablti,  and 
may  bu  uuKli^'tud  and,  UMnHcqiiuiitly,  thu  ix)rtioitH  of  the  dixiileiid  liom 
whiith  they  would  have  been  .subtrarted.  What  should  have  been  carried 
from  the  iuulti|)hcatiou  of  thi;  <ii>(it  iieKlOi;t<^d  -sinuu  it  bt-lougs  tu  a  higbor 
doiiomiuatiuu  tlian  what  in  iicKli-t^tcHl— uiubt  still  bo  retained. 

EXERCISES. 

61.  The  Ontario,  Simcoe,  and  Huron  Railway  ia  95  miles  in 
length,  and  cost  $3,300,001).     What  wag  tlie  coat  per  mile? 

ei.TheRideauCanalis  120  raik-s  in  length,  and  cost  $3,800,000. 
What  was  the  average  cost  per  mile  ? 

63.  The  distance  of  the  earth  from  the  sun  is  95,270,400  miles  ; 
how  long  would  it  take  a  cannon  ball,  going  at  the  rate  of 
28,800  miles  per  day,  to  reach  the  sun  ? 

64.  The  national  debt  of  France  is  1,145,012,000  dollars,  and 
the  number  of  inhubitants  is  35,781,028  ;  what  is  the  amount  of 
indebtedness  of  each  individual? 

65.  The  national  debt  of  Great  Britain  is  3,704,112,127  dollars, 
and  the  number  of  inhabitants  is  27,475,271 ;  what  'i  the  amount 
of  indebtedness  of  each  individual  ? 

66.  What  is  the  ninth  part  of  $972  ? 

67.  What  is  each  man's  part,  if  $972  be  divided  equally  among 
108  men? 

68.  Divide  a  legacy  of  $8526  equally  between  294  persons. 

69.  Divide  340480  ounces  of  bread  equally  between  792  per- 
sons. 

70.  A  cubic  foot  of  distilled  water  weighs  1000  ounces  ;  what 
will  be  the  weight  of  one  cubic  inch  V 

71.  How  many  Sabbath  days' journeys  (each  1155  yards)  in 
the  Jewish  day's  journey,  which  was  equal  to  33  miles  and  2 
furlongs  English? 

72.  How  many  pounds  of  butter,  19  cents  per  lb.,  would  pur- 
chase a  cow,  the  price  of  which  ia  $47.50  ? 

73.  Divide  978-634  by  96.34762. 


2 
2 
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74.  Dlrltle  72^  hnsb.  1  pk.  1  pnl.  1  qt.  I  pt.  by  297. 

75.  Divide  179  cwt.  3  qr.  4  lb.  16  oz.  by  9  lb.  7  or,.  8  dra. 

7tj.  The  rircumlrn'tice  of  the  onrth  U  about  2r)Ono  miles;  if  a 
vessel  iiiiils  93  m.  4  fur.  7  rd.^.  a  day,  how  long  will  it  require  to ' 
sail  round  ilic  earth? 

QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

NoTB.—  The  numbert  a/icr  the  qncstiona  refer  to  the  articles  of  the 
section, 
1.  VVJiatlH(UvlNlon?(s«) 
Whiitis  tluMlivinor?  m) 
What  is  the  dividend  ?  MIO) 
W  hut  is*  t  h«>  (\\\)  .ti«'n»  ?  Wliat  is  thp  dori  vaticii  of  the  wor<l '  quotient'  (61 )  ? 


2. 
3. 

4. 


pur- 


Kxi)iaiii  when  th(>  quotient  will  l>e  equal  to  luiity,  aud  when  greater  or 
hss  than  unity  V  (t2) 

6.  ITndcr  what  eircunistnures  does  a  reinaiiidor  arise  in  division?  (03) 

7.  V\  hat  is  tht*  d*  nomination  ortlic  romaincier?  («.1) 

8.  Why  can  it  nev»T  Vh'  as  ^rcat  mh  tin-  divinoi  ?  ifi'i) 

».  Wliat  i>  th»*  «'orrespoudPiice  lietween  the  minuend  and  the  subtrahend 
ill  sulitraetion  and  the  divisor  and  the  dividend  in  divlHion?  (64) 

10.  Wlmt  may  we  eoiisider  a»  the  factor. s  of  the  dividend?  («6) 

11.  How  many  way   ha>e  we  of  expressing  tlio  dlviHion  of  one  quantity  by 

another  ?    What  are  tlie.v  V  m) 

12.  When  a  quantity  eoitsi>tiiig  of  severalternm.  connected  by  the  sign  X, 

is  to  bi  divided  h.v  any  number,  how  may  the  work  be  porformert  r  (67) 

13.  When  a  quantity  eMlsi^ting  of  several  terms,  eonnected  by  the  signs  -j- 

or— ,  contained  within  biiicltets,  istobo  divided,  what  must  be  done 
upon  removinp  the  bracl>e1fl?  (6h) 

14.  Give  the  general  rule  for  division.  (71) 

15.  In  the  quolion  "  Divide  11  ni.7  fur.  2P  per.  3  yds.  by  279."  eiplain  what 

is  really  required.  (77)    Sliow  tliai  all  such  question»  are  reducible  to  a 
specie-s  ol  subtraction.  (72) 
IC.  In  dividing  ab  tract  numhers.  explain  what  bringing  down  the  next 
llgu'o  of  the  dividend  is  equivalent  to.  (73) 

17.  When  there  is  a  n'niainder,  iinw  in  it  to  be  written  P  (71 .  Example  1) 

18.  What  are  the  three  general  principles  upon  which  the  operations  of 

division  depend?  (7«) 

19.  Why  do  we  heiiii  dividing  at  the  lefi-hand  side?  (77) 

20.  How  may  divisi<  n  Iw*  piovcd?  i7«) 

21.  The  diviNor  remaining  unclianged,  what  effect  has  multiplying  the 

dividend  by  any  number?  (7i»  ' 

22.  The  divi.-or  n  iiia  ning  unchanged,  what  effect  has  dividing  the  dividend 

by  any  number?  (so) 

23.  The  dividend  remaining  unchanged,  what  effect  has  dividing  the  divisor 

by  any  number?  (8i) 
2t.  The  dividend  vemaining  unchanged,  what  effect  has  multiplying  the 

divisor  by  any  number?  (S2) 
25.  What  is  the  etlect  upon  the  quotient  when  the  divisor  and  the  dividend 

are  both  multiplied  by  the  same  number?  (83) 
2C.  What  is  the  effect  upon  the  quotient  when  the  divisor  and  the  dividend 

are  both  divided  by  the  same  number?  (84) 
27.  How  do  we  divide  by  a  eompOHite  number?  (85) 
2S.  When  we  divide  by  the  divisors  of  a  comjio.slte  divisor,  how  do  we  obtain 

the  correct  rem.aindtr?  (s5) 

29.  When  the  divisor  is  separated  into  only  two  factors,  how  may  the  rule 

for  obtaining  the  correct  remainder  he  woided  ?  (85) 

30.  When  the  divisor  and  the  dividend  are  both  denominate  numbers,  what 

is  the  rule?  (h6) 
81.  "Ulien  one  denominate  number  Is  divided  by  another,  what  kind  of  a 
number  must  the  quotient  always  be?  (87) 
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i'i.  Ill  the  QUfc!>iiou  "Divido  37  H).  2  oz.  15  dr.  by  1  lb.  9  oz.  11  dr.,"  what  ai-o 

we  in  reality  required  to  do?  (87) 
33.  Whon  the  divisor  contains  decimals,  how  do  wo  proceed?  (88)    Upon 

what  princiiphi  do  wo  do  this  ?  (88) 
3i.  How  do  we  divide  by  1,  followed  by  any  number  of  Os  ?  (89) 
35.  How  do  we  contract  the  work  when  dividing  by  25  ?    How  by  15, 35.  lo, 

or  53?  (90,91) 
31.  How  do  we  divido  V.y  125  ?    How  l)y  75, 175.  225,  or  275  V  (92,  93) 
:\7.  How  do  wo  abl)rcviate  the  work  wlion  there  are  many  dcciui;th  in  the 

dividfnd  and  but  few  aro  required  in  the  quotient  'r  (90 

MISCELLANEOUS  EXERCISES. 
(Oil  Preceding  Rules.) 

i.  Multiply  789043  by  999998. 

2.  Read  the  following  numbers:  G7813420-02103004G, 

72000000-000000072, 
1001000100-0010000010000001 . 

3.  Express  709,  4370,  9999,  86004,  and  3947596  in  Roman 
numerals. 

4.  Multiply  749  lb.  10  oz.  avoirdupois  by  72. 

5.  What  is  the  price  of  17  pairs  of  gloves  at  4s.  VJd.  per  pair? 

6.  The  planet  Neptune  is  2850  millions  of  miles  from  the  sun  ; 
how  long  would  it  take  a  locomotive  to  travel  from  the  sun  to 
Neptune,  at  the  rate  of  30  miles  an  hour? 

7.  Reduce  £729  Ks.  6id,to  dollars  and  cents. 

8.  From  $10000  subtract  .$9876-23. 

9.  Write  down  five  hundrdd  and  twenty  billion,  six  million,  two 
thousandand  forty-three, and  five  thousand  and  sixteen  trilliouths. 

10.  Reduce  7964327  inches  to  acres,  roods,  &c. 

11.  Add  together  the  following  quantities:  $729-43,  $16-70, 
$976-81,  $9987-17,  $429-00,  $129-19. 

12.  Multiply  0  weeks  4  days  3  hours  1*7  minutes  by  429. 

13.  Take  the  number  741,  and,  by  removing  the  decimal  point : 
(I)  multiply  it  by  1,000,000  ;  (2)  divide  it  by  100,000  ;  (3)  make 
it  millions  ;  (4)  make  it  billionths  ;  (5)  make  it  trillionths  ; 
(6)  make  it  hundredths  of  thousandths  :  (7)  make  it  tenths. 

14.  Multiply  78-96  by  -00042. 

15.  How  many  hogsheads  of  sugar,  each  containing  13  cwt. 
2  qrs.  14  lbs.,  may  be  put  on  board  a  ship  of  324  tons  burden? 

16.  A  farmer's  yearly  income  was  9237  dollars.  He  paid  for 
repairing-  his  house  136  dollars,  for  hired  help  on  his  farm  4 
times  as  much  lacking  95  dollars,  and  for  other  expenses  1902 
dollars ;  how  much  does  he  save  yearly  ? 

17.  How  many  suits  of  clothes  can  be  made  from  a  piece  of 
cloth  containing  39  yds.  2  qrs.  3  nls. ;  each  suit  requiring  3  yds.  1 
qr.  2  nls  ? 

18.  There  is  a  farm  consisting  of  '732  acres  ;  26  acres  of  which 
ia  planted  with  corn  and  potatoes ;  197  acres  sown  with  rye  ; 
156  with  oats;  97  with  wheat;  199  is  pastured;  and  the  re- 
mainder is  meadow.    How  many  acres  of  meadow  ? 
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19.  Bought  96  acres  3  roods  It  perches  of  land,  for  which  I 
pay  $7764  ;  what  did  I  pay  for  it  per  perch  ? 

20.  A  lady,  having  312  dollars,  paid  for  a  bonnet  20  dolhirs, 
for  a  shawl  75  dollars,  for  a  silk  dress  97  dollars,  and  for  sonic 
delaines  83  dollars  ;  how  much  had  she  remaining? 

21.  A  silversmith  received  36  lb.  Soz.  14  dwt.  IG  grs.  of  silver 
to  make  12  tankards  ;  what  w^ould  the  weight  of  each  tankard  be? 

22.  I  bought  four  fields  ;  in  the  first  there  were  G  acres  3  rds. 
12  perches  ;  in  the  second,  7  acres  2  roods  ;  in  the  third,  9  acres 
and  13  perches;  in  the  fourth,  5  acres  2  roods  36  perches.  How 
much  in  all? 

23.  A  merchant  expended  294  dollars  for  broadcloth,  consist- 
ing of  three  different  kinds  ;  the  first  at  5  dollars  a  yard  ;  the 
second  at  7  dollars ;  and  the  third  at  9  dollars  a  yard.  lie  had 
as  many  yards  of  one  kind  as  of  anothex' — how  many  yards  of 
each  kind  did  he  buy  ? 

24.  A  silversmith  made  three  dozen  spoons,  weighing  5  lb. 
9  oz.  8  dwt. ;  a  tea-pot,  weighing  3  lb.  2  oz.  16  dwt.  16  grs.  ; 
two  pair  of  silver  candlesticks,  weighing  4  lb.  6  oz.  17  dwt. ;  a 
dozen  silver  forks,  weighing  1  lb.  8  oz.  19- dwt.  22  grs. :  what 
was  the  weight  of  all  th3  articles  ? 

25.  Reduce  £972  lis.  11  id.  to  dollars  and  cents. 

26.  Reduce  179  lbs.  3  oz.  3  dr.  1  scr.  14  grs.  to  grains. 

27.  There  is  a  house  56  feet  long,  and  each  of  the  two  sides  of 
the  roof  is  25  feet  wide  ;  how  many  shingles  will  it  take  to  cover 
it,  if  it  require  6  shingles  to  cover  a  square  foot? 

28.  A  merchant  bought  4  bales  of  cotton  ;  the  first  contained 
6  cwt.  2  qr.  11  lb. ;  the  second,  5  cwt.  3  qr.  16  lb.;  the  tliii'l, 
8  cwt.  0  qr.  7  lb  ;  the  fourth,  3  cwt.  1  qr.  17  lb.  He  sold  the 
whole  at  15  cents  a  pound  ;  what  did  it  amount  to  ? 

29.  A  merchant  has  29  bales  of  cotton  cloth,  each  bale  con- 
taining 57  yards  ;  what  is  the  value  of  the  whole  at  15  cents  a 
yard  ? 

30.  A  man  M'illed  an  estate  of  $370129  to  his  two  children 
and  wife,  as  follows:  to  his  son,  $139468;  to  his  daughter, 
$98579  ;  and  to  his  wife  the  remainder.     How  much  did  he  will ' 
to  his  wife  ? 

31.  Divide  £1694  16s.  O^d.  by  £9  19s.  lUM. 

32.  Reduce  £19  193.  lUd.  to  dollars  and  cents. 

33.  A  merchant  having  purchased  12  cwt.  of  sugar,  sold  at 
one  time  3  cwt.  2  qrs.  11  lb.,  and  at  another  time  he  sold  4  cwt. 

1  qr.  15  lb. ;  what  is  the  remainder  worth,  at  15  cents  per  pound? 

34.  Bought  4  chests  of  hyson  tea ;  the  weight  of  the  first  was 

2  cwt.  0  qr.  17  lb.  ;  the  second,  3  cwt.  2  qrs.  l.*>  lb. ;  the  third, 
2  cwt.  1  qr.  201b.  ;  the  fourth,  5  cwt.  3  qrs.  17  lb. ;  what  is  the 
value  of  the  whole  at  37j  cents  a  pound  ? 

35.  Express  10020C300709  in  Roman  Numerals. 
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36.  Divide  43-2  by  7(3-8437. 

37.  Divide  123-4  by -OOOOOiOeG. 

38.  From  $2789-27  tiikc  17  limes  S63-29. 

39.  Add  tojjr.nIier  .$278-43,  S417  l(j,  Si  1-27,  $2110-40,  $723'15, 
and  Jt'29  6s.  1  l^d.  an    divide  the  sum  by  173. 

40.  In  1857  the  totjil  number  of  volumes  in  the  Common  School 
and  other  Public  Libraries  of  Canada  West  was  estimated  at 
491544  and  the  number  of  libraries  at  2076.  How  many  volumes 
were  there  upon  an  average  to  each  library  ? 


SECTION  III. 

Properties  of  Numbrks,  Primk  Numbers,  Mkasures, 
(Jreatest  Common  Measurk,  Least  Commo?? 
Multiple,  Scal  :s  of  Notahon,  and  Application 
OF  I  HE  Fundamental  Rules  to  DiFFiiRENT  Scales. 

DUODKCIMALS. 

1.  A  d  V  s  )r,  or  niea««nre  of  a  number,  \a  a  nuiiibcr 
will  -li  wil  divide  it  »xrti-tly  ;  thfit  is,  l«  avijig  no  rem  linder, 

2.  A  iniiitijile  ol"  m  number  is  a  number  of  which  the 
given  niimbiM-  is  a  diNi-'or. 

3.  An  integer,  or  inteiiral  number,  is  a  wliule  number. 

4.  In  egtMS  are  eithfr  prime  <>r  romposife^  old  or  even. 

5.  All  Even  N  iml»er  is  tluit  of  wiiich  2  is  a  <livi'H>r. 

6.  All  Odd  NumI c  is  tli;it  .'f  whii-h  2  is  not  a  divisor. 

7.  A  PiiuK'  Number  is  one  wh  oh  ha^  n<>  int  *gr.d  divi-or 
exr.pt  u  dty  an  I  itself,  thus  2,  3,  5,  7,  11,  13,  i7,  19,  23, 
2<^,  cfec.  a  »•  |»rimes. 

8.  A  vjoiiiMosite  Number  isanumber  wliichis  not  prime; 
or  is  a  nimber  whicli  has  other  t//Y'v/m/ diviso  h  besides 
unity  aii«l  it^df,  ilius  4   0,  9,  10,  12,  14,  15,    1(3,  21,  &e., 

jiie  roinp'tsitft  iiumber!*. 

9.  The  Fac-tois  of  a  number  ar*  those  i.umbeis  winch, 
wlieti  miilti|died  togedier.  produce  or  fnake^i, 

10.  Faetoi s aie 8uuieiirae> caded me;isui'es, submultipUs, 
or  a'iqmt  parts. 

11.  A  Common  Measure  of  two  or  more  numbers,  is  a 
num  ler  which  w  II  divide  eu-h  of  them  without  m  remain- 
der;   has  7  1.S  a  common  measure  of  14,  35,  and  63. 

12.  Two  or  more  nuraliers  are  prime  to  one  another 
wlien  t  ey  have  no  common  divi  or  except  unity ;  thus,  9 
aua  14  aro  *'  piimtt  to  each  othtr." 
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Henpo  all  prirae  numbers  are  primp  to  mcTi  other;  but  oomposltc  iiura- 
bera  may  or  may  not  b«!  prime  to  one  auotlier. 

13.  Ooiinn  n-nraMe   NiimlR-rs   are  tlmse  which   havo 
n<<mi'  j'O^Hii.on  <liv :s«»r. 

Thus  55  and  ;}3  are  coinmensurahle.  the  common  divisor  being  U. 

14.  Ificominmisiirahle  NuinUrs  are  those  wiiieli  are 
prime  to  oil''  aiioth-  r. 

Thus  55  an  i  M  are  incora mensurable, 

15.  A  SijUiirc  Number  is  one  whicli  Ih  composed  of  two 
equal  fa  fof^. 

Tlv'i  2.':=">X5  is  a  square  numl)er :  so  also  0-1=  'X8,  &c. 

16.  A  Cube  Nuuiber  is  one  which  is  composed  of  three 
equal  f iclors. 

I  iTInis  34l'=7X7X7  is  a  cube  number:  so  also  27=3X5X3,  &o. 

17.  A  l*<rf<'i"t  Numhiris  one  vvhieii  is  exactly  equal  to 
tlie  sum  o*'  i\\\  its  divi<(»rs. 

Thus.  rz='+24-3  is  a  perfect  number;  so  also  2'='+2+4-l-7+14  is  a 
perfi'Ct  number. 

.Ml  the  numbers  known  to  which  this  property  really  belonsra,  are  the 
eijrht  following:  6;  28;  4%;  812«;  33550330 ;  858«8ti«05(5 ;  137438691328; 
and  i  {(»58i3()08 130H52 1 28. 

Note.— All  perfect  numbers  terminate  with  6,  or  28. 

18.  Amicable  Numbers  are  sinh  pairs  of  iu^'ireri  that 

ea -li  of  tiu'm  is  exactly  equal  to  the  ^um  of  all  ihi  divisors 

of  tin*  other. 

Thus,  22'>  and  2H  are  amieahl'* :  fov.  22=  -t-24-  '4-7'+''4\  which  are  all 
thtf  (livi-ors  of  2-<4  and  28i=  H-i+.>-}-ii-}-.-!-iU-i-.i+^i +44-|-iiO,  which 
are  all  divisors  of  2i0. 

Other  amicable  numbers  are  I729fi  and  TS41fi;  also(»3fi3583  and  94W05t}. 

19.  liy  th '  tt'rni  pmpertiea  nf  nnntbers,  is  iiioaiit  il.ose 
qualiiie^  <»r  elements  whirlj  fir-  ill^e|»^l^alll•*  from  tlu'Ui. 
S  m  •  of  t'le  most  important  pio^ierries  of  ni!raber>  are  the 

fol!ow'n«r: 

I.  The  sum  of  two  or  more  even  numbers  is  an  even 


num 


br 


II.  The  d'tTerenoe  of  two  even  numbers  is  an  even  num- 


bet 


IIT.  The  sum  or  diflerence  of  two  old  niimbeis  is  an 


even 


nuinl 


H'Y, 


IV    The  sum  of  three,  five,  seven,  &c.,odd  numbers,  is 
fiQ  c>dd  uuuil?9r> 
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V.  The  sum  of  two,  four,  six,  eight,  &e^  odd  number,  is 
an  even  number. 

VI.  The  sum  or  diftercnce  of  :\n  even  and  an  o^  number, 
is  an  odd  number. 

Vir.  The  product  of  two  even  numbers,  or  of  an  even  and 
an  odd  number,  is  an  even  number. 

VIII.  If  an  even  number  be  divisible  by  an  odd  number, 
the  quotient  will  be  an  even  number. 

IX.  The  product  of  any  number  of  factors  will  be  even 
if  one  of  the  factors  be  even. 

X.  An  odd  number  is  not  divisible  by  any  even  numb<!r. 

XI.  The  product  of  any  numbei'  of  factors  is  odd  if  they 
arc  all  odd. 

XII.  If  an  odd  number  divide  an  even  number,  it  will 
also  divide  half  of  it. 

Xni.  Any  number  that  measures  two  others  must  like- 
wise measure  their  iw?>i,  their  di^h'ence,  and  than'  product. 

Thus,  if  <>  Koes  into  24  four  times,  ami  into  18  throe  times,  it  will  ro  into 
24-1-18  or  48,  thre«  plus  four,  or  seven  times. 

Also,  if  ({goes  into  24  four  times,  and  into  42  seven  times,  it  will  go  into 
42—24  or  18,  seven  minus  four,  or  three  times. 

Lastly,  if  d  rocs  into  24  four  times,  and  into  12  twice,  it  will  evidently  go 
into  12  times  24,  twelve  times  4  times,  or  48  times. 

XIV.  If  one  number  measure  another,  it  must  likewise 
measure  any  multiple  of  that  otiier. 

Thus,  if  7  measures  21,  it  must  evidently  measure  6  times  21,  or  11  times  21, 
or  17  times  21,  &e. 

XV.  Any  number,  expressed  by  the  decimal  notation, 
diviuod  by  9,  will  leave  the  same  remainder  as  the  sum  of 
its  digits  divided  by  9.     (See  Art.  55,  Sec.  II.) 

This  property  of  tlie  number  9  affords  an  insonious  method  of  proving 
each  of  the  fundamental  rules.  The  same  property  belongs  to  the  number 
3;  for  3  is  amt^asure  of  9,  and  will  therefore  bo  cotitairtod  an  exact  number 
of  times  in  any  number  of  9s.    But  it  belonirs  to  no  other  digit. 

The  preceding  is  not  a  necessary  but  an  irtcwfen^ai  property  of  the  num- 
ber 9.  It  arises  from  the  Uiw  of  increase  in  the  decimal  notation.  If  the 
raduv  of  the  system  were  8,  it  would  belong  to  7 ;  if  the  radix  were  12,  it 
won  d  belong  to  11 ;  and,  univorsally,  it  btUonga  to  the  number  that  is  ono 
less  than  the  radix  of  the  system  of  notation. 

XVI.  If  the  number  9  be  multiplied  by  any  single  digit, 
the  sum  of  the  fijajures  composing  the  product  will  make  9. 

Thus.  0X4«36,  and  3+6<b3  ;  so  also  8X9»72  and  7X2»0. 

XVII.  If  we  take  any  two  numbers  whatever;  th^n  oWd 
of  them,  or  their  su?n,  or  their  diference^  is  divisible  by  3. 


I  the 

Mt 


9. 


3. 
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ThuH.  take  11  and  17  <  thovigh  neither  the  numbers  themselves,  nor  their 
sum,  is  divisible  by  8,  yet  their  difference  is,  for  it  is  6. 

XVIII.  Any  number  divided  by  11,  will  leave  the  same 
remainder  as  the  sum  of  its  alternate  digits  in  the  even 
places,  reckoning  from  tlie  right,  taken  from  the  sum  of  its 
alternate  digits  in  the  odd  places,  increased  by  11,  if  neces- 
sary. 

•     ■     •    • 

Tako  any  uunibor.  as  38105603,  and  mark  the  alternate  flijureB.  Now  tlm 
sura  of  those  marked,  viz :  8+0+6+3=17.  The  sum  of  others,  viz :  8+4+ 
.-,+0.^12.  And  17—12=5,  the  remainder  sought.  That  is,  88406603  divided 
by  11,  will  ieavo  5  remainder. 

Again,  take  5847362,  the  sum  of  the  marked  figures  is  14;  the  sum  of  those 
not  marked  is  21.  Now  21  taken  from  25,  {i.e.  14 increased  by  11,)  leaves 4, 
th(;  remainder  sought=remainder  obtained  by  dividing  6847362  by  11. 

X[X.  Any  number  ending  in  0,  or  an  even  number,  is 
divisible  by  2. 

XX.  Any  number  ending  in  5  or  0  is  divisible  by  6. 

XXI.  x\ny  number  ending  in  0  is  divisible  by  10. 

XXII.  When  tlie  two  right-hand  figures  are  divisible 
bv  4,  the  whole  is  divisible  bv  4. 

XXIII.  When  the  thtee  right-hand  figures  are  divisible 
by  8.  the  whole  number  is  divisible  by  8. 

XXrV.  When  the  sum  of  the  digits  of  a  number  is 
divisible  by  9,  the  number  itself  is  divisible  by  9. 

XXV.  When  the  sum  of  the  digits  of  a  -number  is 
divisiMf  by  3,  the  number  itself  is  divisible  by  3. 

XXVI.  When  the  sum  of  the  digits,  standing  in  the 

cy^M  place,  is  equal  to  the  sum  of  the  digits  standing  in  the 

odd  places,  the  number  is  divisible  by  11. 

Thus,  to  illustrate  the  last  5  properties. 

The  number  7410  is  divisible  by  4,  because  16,  the  last  two  digits,  are 
divisible  by  4. 

is  divisible  by  8,  because  416,  its  last  three  digits,  are 

divisible  by  8. 

is  divisible  by  9.  because  the  sum  of  it8digits,7+4+l+6= 

18,  is  divisible  by  9. 

is  divisible  by  3,  because  the  sum  of  its  digits, 

7+1+1+6^18.  is  divisible  by  8. 
So  also  the  number  4567321  is  diviKiblo  by  11,  since  the  sum  of  the  digits 
in  the  odd  places,  1+3+15+1=14=2-1-7+5,  the  sum  of  the  digits  in  the  even 
places. 

XXVIT.  Every  composite  number  may  be  resolved  into 

prime  factors. 

For,  since  a  composite  number  is  produced  by  muKiplylnpr  two  or  wore 
factors  together,  it  may  evidently  be  resolved  into  those  ftiotors  \  and  if 
these  factors  themselves  are  composite,  they  also  may  be  reeolvedinto 
other  factors,  and  thus  the  analysis  may  bo  continued  until  aJl  the  racton 
are  'prime  munbers, 
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XXVIII.  The  least  div'sor  of  any  number  is  a  piime 
nniiilxM-. 

Por  evory  whole  number  is  oUhe'*  prime  or  composite  (Art.  4) ;  but  a 
compoitte  nu  nbi'i- ca  i  be  n-solveil  liiin  fiictonj  (XWII):  consequontly, 
the  least  ilivisior  of  any  luunbtsr  luust  be  a  prime  uumbor. 

XXIX.  Kveiy  piiiii;^  mimb  r,  ex  ept  2,  if  incref'se  1  or 
diniiiiislietl  by  I,  is  'livisiblo  by  4.  ^Seo  table  of  [trime 
nurnb  r-*  on  next  p  lir-). 

XXX.  Every  j)iimH  numbpr,  except  2,  is  oM;  and 
tht^refo  e  ttrminatcs  in  an  odd    ii>il. 

No  TE.— It  must  not  be  inferred  from  this  tliat  all  odd  numbers  are  prime. 

XXXI.  All  prime  numbois, except  2  ni.d  5,  must  teimi- 

na'e  wiih  1    3,  7,  or  9.     Every  number  that  en  sin  any 

otiier  di^ii  than  1.  3,  V,  or  9  ift  a  composiie  numbi-r. 

For  all  prime  num'uirs,  excep*^  i,  must  end  in  au  odd  digit  (XXIX),  and 
all  numlM'rs  endir  ^  n  i  are  divisibli;  by  5. 

XXXII.  Every  prime  nnnd>er,  except  2  and  5,  if  in- 
creased or  dimini>hed  by  1,  is  divisible  by  6. 

20.  To  find  the  prime  numbers  beuveen  any  given 
limits — 

RULE. 

Write  down  all  th"  odd  numbers,  1,  3,  5,  7,  9,  ^c.  Over  every 
Ihirl.froin  3  write  3  •  over  every  fifth  from  5  write  5  ,•  over  every 
seventh  from  7  write  1 ;  over  every  eleventh  from  II  write  11;  and 
so  on. 

Then  al  the  num,bers  wh'ch  are  thus  marked  are  composite ;  and 
the  others,  toni'ilitr  tvith  2,  are  fjrime. 

.^ho  the  figures  thus  placed  oveij  are  factors  of  the  numbers  over 
which  they  stand. 

EXAMPLE. 

Find  all  the  prime  .lumbers  less  than  100. 


I 

3 

5 

7 

8 

9 

11 

13 

3.5 
15 

17 

19 

!\.7 
21 

23 

5 

25 

3 
27 

29 

31 

3.11 
33 

5.7 
35 

37 

3';j 
39 

41 

43 

3.5 
45 

47 

7 
49 

3-17 
51 

53 

5.11 
55 

3.19 

57 

59 

Gl 

3.7 
63 

5.13 
65 

67 

3.23 
69 

VI 

73 

.1.5 
75 

7.11 

77 

79 

3 
81 

83 

5.17 
85 

3.'2!1 

87 

89 

H  i 


7.13        3.81 


91 


93 


6.19 
95 


8.U 
97         99 


1 


and 
over 


i 


1 
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Honc9,  rejecting  all  the  numbers  which  hare  mp^riors,  tho 
primes  less  iimn  luo  jirc  1,  /<,  5,  7,  11,  Irf,  19,  23,  2!»,  31,  37,  41, 
43,  47,  53,  5y,  tU,  07,  71,  73,  7;),  «3,  8i),  U7,  U.giJtl)Oi'  wuli  ibo 
niiiiibcr  2. 

This  procoss  may  bo  extended  iiiliHitoly.  and  is  tho  unnliod  V)y  which 
piiiiii'>  iire.  found  even  i>y  niodoiii  i-un  i)Utal(»r.s.  li  wa-*  irivcntcil  l)y 
Eratosthi'iH's,  a  ic-atiu'ii  lilinnian  ;tt  Akxandria  ^b()nl  B.  C.  27r>)..  llciii- 
Kcribcd  the  seiii's  ol'odd  iiuiidwrs  Ujion  (iiirc  uiiciit,  then  *  iitliiiK  out  .sutli 
numbers  as  he  found  at  he  cunipOMtc,  li  s  liiieliment  with  ith  hoU's  NOine- 
what  JL'seuiblod  a  siece :  htueo,  this  mutliud  is  c;ill<jd  'ErutastltcHe^'  tiitve.' 


TABLE  OF  PRIME  NUMBliRS  FROM 

I  TO  b4i7. 

1 

73  40t) 

659   9  H 

1J23 

1511 

1811  2129 

■*245r274l 

30791 

2 

179  419 

G(il 

9t7 

12^9  \  1.023 

lf>^3  2i3l 

:;437  2749 

30S3' 

« 

ISI  421 

.>73 

953 

r.3l  1531 

1631  2137 

24  H  2753 

3oh9 

5 

191  431 

(i77 

9ti7 

li'37  !  15'*3 

1M7  2141 

24i7  27  7  ."109 

7 

193  433 

6«3 

971 

1249  I  1549 

ISiil  1  214-3 

24.':9  2777  |  3ll9i 

11 

197  439 

691 

977 

1259  1553 

1867  1  2153 

24t,7  27>9 

312.1 

13 

199  413 

-til 

9.S3 

1277  1559 

IH"!  !  21til 

2.73  2791 

3137 
3163 

17 

211  419 

709 

991 

12:9  15(i7 

1^73  12179 

2477  279; 

1!) 

223  457 

719 

997 

!2,-«3  1571 

1.^77  2203 

2f-03  2801 

3167 

2;j 

ill    4(51 

727 

]tHi9 

12^9  :  1579 

1-79  2207 

i52l  2S0.> 

3169 

z^ 

2:;9  4ti3 

733 

ltil3 

1291  I  1583 

l^s^9  2213 

2531  2SI9 

3181 

:ii 

2:)3  4(17 

739 

1019 

1297  ;  1597 

1901  2221 

25;i9  283* 

31^7 

a? 

239  479 

743 

1021 

1301  !  1601 

1:07 

22:17 

2543  2837 

3191 

11 

t-n   487 

751 

1031 

1303  !  16t'7 

•913 

21.39 

2549  2^43 

32' 3 

415 

251  491 

767 

1033 

1307  ;  1609 

1931 

2213 

2551  ■  285 1 

2o9 

47 

257  499 

761 

104) 

1319  1613 

1933 

22.1 

2557  2857 

3217 

53 

2()3  503 

769 

11149 

1321  '  1619 

1949 

2267 

2.579  2S61 

.3221 

o» 

2G9  .  509 

773 

1051 

1327  j  1621 

1951 

2269 

2.591  i-^n 

3229 

«l  271  521 

787 

1061 

1361  1  1627 

1973 

2273 

2.->93  2^87 

3251 

67 

277  523 

797 

1063 

13(57  '  16.37 

1979 

2281 

2609  2897 

3253 

71 

281  541 

^(^9 

1069 

1373  1657 

1987 

22^7 

20 17  2903 

32.7 

73 

283  ,  547 

811 

10^7 

13SI  i  1663 

1993 

2293 

2621  ,  291 '9 

3259 

79 

293  557 

*'l\ 

1091 

1399  11.67 

1997 

22j7 

26.33  2917 

.3271 

83 

307  503 

823 

1093 

1409  .  1669 

1999 

2.309 

2647  ,  2!)27 

3299 

89 

.Sll  5t9 

827 

1097 

1423  ,  ]69i 

2003 

2311 

2657  2939 

,301 

97 

313  571 

829 

1103 

1427  i  169" 

201 1 

2333 

2659  2953 

3:^07 

101 

317  577 

839 

1109 

1429  1699 

2017 

2339 

2663  ,  29.57 

4313 

103 

331  587 

853 

1117 

1433  l7o9 

2027 

2341 

2671  2'J!;3 

3319 

1(17 

337  593 

857 

1123 

1439  1721 

2029 

2347 

2677  29''9 

3223 

109 

347  !  599 

'8-)9 

1129 

1447 

1723 

2o;;9 

2351 

2«W3  2971 

3329 

113 

319  fitil 

863 

llol 

1451 

1733 

2053 

2357 

2687  ]  2999 

3.<3I 

127 

363  6<t7 

877 

1153 

1453 

1741 

206.3 

2371 

26S9  1  3u{(i 

J34:J 

131 

359  «13 

881 

1163 

1459 

1747 

20119 

2.377 

21,93  13011 

3347 

137 

367  617 

883 

1171 

1471 

1753 

2081 

2381 

26<.'9  1  3019 

3359 

139 

373  619 

8S7 

1181 

1481  17.59 

2083 

23S3 

2707  302H 

3361 

149 

379  631 

907 

11K7 

1+S3  1777 

20H7 

23t>9 

2711 

3037 

3.171 

151 

;«3  '  641 

911 

1193 

14x7  17.>^3 

2089 

2393 

2713 

.3041 

3373 

157 

<H9  613 

919 

1201 

148'.»  17f7 

2099 

2399 

2719  ,  3040 

:13S9 

lfl3 

:97  647 

929 

li!13 

1493  17!"  9 

2111 

241 1 

2729 

3061  :«91 

167 

4(11  653 

9  7 

1217 

1499  1801 

2113 

2H7 

2731 

3067  ;J407 

When  it  is  <  eqnired  to  determine  whether  a  friven  number  is  a  primp,  we 
first  notice  the  teruiinatinu  tt'-iure;  if  it  is  dilfertnt  from  1,3,7.  or  9,  tlifl 
nmnbor  i-.  eomp'.sito  ;  hut  if  it  terminate  with  one  ol  tin*  an  "ve  digits,  wo 
must  eiide.ivour  to  divide  it  with  some  om>  of  tho  primes,  ati  found  in  the 
table,  commenciiw  with  3.  There  U  no  n  oessity  for  trying  2.  f.r  2  will 
divide  only  theeven  numbers.  If  wt*  proixjedto  try  all  tbesuaiessive  itrinies 
of  the  table  imtU  we  reach  ft  prime  wiilcb  is  not  less  than  the  tq|uar«*it>ot 


« 
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of  tlio  number,  without  fluding  a  divisor,  we  may  conclude  with  certainty 
that  the  number  is  sl  prime. 

The  reason  why  we  need  HOt  try  any  primes  fcreater  tlian  the  square- root 
of  the  number,  is  drawn  ft*om  the  following  fonsideration :  If  a  composite 
number  is  resolved  into  two  factors,  one  or  wliich  is  less  than  the  square- 
root  of  the  number,  the  other  must  bo  greater  than  the  square-root. 

The  square  of  the  last  prime  given  in  our  table  is  ll«07C49;  hence, 
this  table  is  sufficiently  extended  to  enable  us  to  determine  whether  any 
number  iu)t  exceeding  1 1  fi(>7649  is  a  prime.  It  is  obvious  that  numliers  mny 
be  proposed  which  would  require  ny  this  method  very  great  labor  to  do- 
termine  whether  they  are  primes,  still  this  is  the  only  sure  and  general 
method  as  yet  discovered. 

21.    To  RBSOLVK  A  COMPOSITE  NuMBEll  INTO  ITS  PllIME  FACTORS. 

RULE. 

Divide  the  givennumber  by  the  smallest  number  which  will  divide 
it  without  a  remainder ;  then  divide  the  quotient  in  the  same  way, 
and  thus  continue  the  operation  till  a  quotiint  is  obtained  which 
can  be  divided  by  no  number  greater  than  1.  The  several  divisors 
with  the  last  quotient,  will  he  the  vrimc  factors  required.  (10- 
XXVII.) 

Reason.— Everj*  division  of  a  number,  ii  is  plain,  resolves  it  into 
ttco  factors,  viz.  the  divisor  and  the  dividend.  But  according  to  the  ruh;, 
the  divisors,  in  everj'  case,  arc  the  smallest  numbers  that  will  divide  the 
given  number  or  the  succesHive  quotients  without  a  remainder,  conse- 
quently they  are  all prme  numbers.  (19-XXVIII.)  And  since  the  division  is 
continued  till  aquoticut  is  obtained,  which  cannot  be  divided  by  any  num- 
ber greater  than  1,  it  follows  that  the  Inst  quotient  must  also  be  a  prime 
number;  for,  a  prime  number  is  one  which  cannot  be  exactly  divided  by 
any  whole  immber  except  unity  and  itself.  (Art.  7.) 

>foTE. — Since  the  least  divisor  of  every  number  is  a  prime  number,  it  is 
evident  that  a  composite  number  may  be  resolved  into  its  prime  factors  by 
dividing  it  continually  by  any  jtrimc  number  that  will  dividt^  the  given 
number  and  the  successive  quotients  without  a  remainder.    Hence, 

A  composite  number  can  be  divided  by  any  of  its  prime  factors  without 
a  remainder,  and  by  the  product  of  any  two  or  moi'c  of  them,  but  by  no  other 
number. 

Thus,  the  prime  factors  of  42  arc  2, 3,  and  7.  Xow  42  can  be  divided  by 
2,  3,  and  7;  also  2X3,  2X7, 3X7,  and  2X3X7  ;  but  it  can  be  divided  by  no 
other  number. 

Example  1. — Resolve  2lO'into  its  prime  factors. 
OPBEATioif.       We  first  divide  t!ie  given  luimber  by  2,  which  is  the 
2)210  least  number  that  will  divide  it  without  a  remainder, 

and  which  is  also  a  piime  number.    We  next  divide  by 

3,  then  by  5.    The  several  divisors  and  the  last  quotient 
are  the  prime  factors  required. 


3)105 
6)35 


7  /l«s.  2,3,  5,and7. 

Proof.— 2x3X5x7—210. 

Example  2.— Resolve  T28  into  its  prime  factors. 

OPERATION. 
2)728 


2)364 
2)182 
7)  91 


Therefoi'e,  2X2x2x7X13  or 
2*x7X13,  arc  the  prime  factors 
of  728. 


18 


or 
tors 


Aet 

e.  21-22.] 

3. 

Resolve  1 

4. 

What  arc 

5. 

What  are 

6. 

What  arc 

7. 

What  are 

8. 

What  are 

9. 

What  are 

10. 

What  are 

laiME    FACTOKB,    KTC. 


13G8  into  i 
the  prime 
the  prime 
the  prime 
the  prime 
the  prime 
tlie  prime 
the  prime 


EXERCISES. 

ts  prime  factors, 
factors  of  2934  ? 
factors  of  1011  ? 
factors  of  1000  ? 
factors  of  1024  ? 
factors  of  .12.120  ? 
factors  of  707? 
factors  of  1118? 

DIVISORS. 
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.^ns.*  2^x72x29. 

.^ns.  2X3^X163. 

Arts.  3x337. 

Jlns.  2ax5«. 

Mf.  2'". 

./7/is.  2'''X 5X101. 

Jnx.  7x101. 

Jn$.  2X13X43. 


22.  From  Art.  21,  Nolo,  for  finding  all  the  divisors  of 
any  number,  -wo  deduce  the  following — 

RULE. 

Resolve  the  number  into  its  prime  factors ;  form  as  many  series 
of  terms  as  there  arc  prime  factors^  by  making  1  the  first  term  of 
each  series,  the  first  pouter  of  one  of  the  prime  factors  for 
the  second  term,  the  second  power  of  this  factor  for  the  third  term, 
and  so  on,  tmtil  we  reach  the  highest  that  occurred  in  the  decom- 
position. Then  multiply  these  series  together,  and,  the  partial 
products  thus  obtained  will  be  the  divisors  sought. 

Example  1. — What  are  the  divisors  of  48? 

Here  we  find  48=2*  X  3.  Thoroforeour  scries  of  terms  will  be  1  -i  •••I-  8  -lO 
and  1--S;  mill  tip]  j'ing  these  toKothor 
1. •2- 4  "8 -10 
1-3 


l"2"4-8"16"3"6-12"2t-48 
Therefore  the  divisors  of  48  are  1,  2,  3,  4,  6  8. 12, 1(5,  24,  and  48. 
We  bejrin  each  series  with  1,  becanse,  wcvfi  we  not  to  do  so,  the  different 

powers  of  the  prime  factors  would  not  themselves  appear  among  the  partial 

products. 

Example  2. — What  are  the  divisors  of  360  ? 

The  prime  factor  of  ;?60  are  23X32X5  and  therefore  tlio  series  are  1  -2  •• 
4"  8;  I-3-9andl"5. 


1"2::4"8 
1-3    9 


OPEHATIOX. 


1  -i'  4,"  8"  3"  6  ••12"  24  -9  -IS"  3G"  72=^productof  1st  and  2nd  series 
1-6 


1"  2  ••  4"  8-3  "6  -  12-  24-  9  -  18  -  30  -72-  5  -10-  20  -40-  15  "30-  60  - 
120  "45 -90- 180  ".SOO. 
Therefore  the  divisors  of  3«0  are  1,  2.  3,  4,  5.  6.  8,  9, 10, 12, 15,18,  20,24,  30, 
36,  40.  45,  60. 72,  90,  120, 180,  360. 


•  The  small  figures  written  to  the  right  of  tlio  factors  and  above  the  line 
are  called  exponents,  and  show  how  often  the  digit  Is  taken  as  factor. 
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EXERCISES. 

3.  What  are  the  dlvlrtm-B  of  lOn? 

Jn>.  1,  2,  4,  5,  10,  20,  25,  60,  100. 

4.  What  lire  Iho  divis(M-3  of  HIO? 

4„,    S  I.  iy  '^t  >'^.  ^h  i>»  10,  I5»  l»,  ^7,  .SO,  45,  54,  81,  90,  135,  162, 
*^"  •  J      271,  ■»"'».  «l'>- 

5.  What  arc  llic  divi.soiM  of  n'2()? 

Jlni.  I,  J,  4,  5,  8,  U),  2i>,  ill,  4(»,  40,  02,  115,  184,  230,  460,  920. 
«;.  Whal  ait)  llu!  divi.sor.s  of 'jnooo  ? 

1,  2,  4,  f),  H,  10,   20,  2r>,    10,   50,    100,    125,  200,  250,  500, 
025,  1000,  1250,  2500,  3125,  5000,  G250,   12500,  25000, 


Jns. 


NUMHKIi  OF  DIVISORS. 

23.  Sine'  the  soiii^s  of  terms  whi-li  we  multiplied 
toirc  her,  by  t'lo  ia'-t  lulo.  lo  olttaiii  iho  divisors  .»f  any 
mnubi^r  coiinnoniM!!!  wiih  I,  it,  follows  that  the  niinihcr  of 
tonus  ill  oacli  sor'o^  will  he  ouu  more  tlia.i  the  uiuis  in  ihe 
exp  'ii'Mit  of  llu*  fji  t'-r  used. 

llci'ce,  to  Hod  t  e  nainber  <<f  divisoiN  <  f  any  nnmb'T, 
wituOiUartuallyseliiiig  iIkmi  (1ovvu,wc  Iiavc  ihef 'llowinjr — 

RULK. 

Resolve  the  nuinbtr  into  its  p>  iine  factors  and  express  them  «,s  in 
example  3,  4,  and  6  in  ./Irl.  21  Increase  Cich  exponent  by  unity 
and  inuUiply  the  resutiini;  numhcrs  together.  The  product  loill 
be  the  number  of  divisors. 

ExAMi'LK  1. — How  many  divisors  has  4320  ? 

4Si!0— ^i^Xl'X  "i.  lloro  tlm  cxiwiuMits  uro  5,  a.  and  i  ;  oacli  of  whlcb  he'ni? 
Inortasocl  l.,v  ono,  wo  oblnio  (I,  4,  iiiiil  2,  th<'  coutimioU  produr/l  of  whicli  la 
0X4X2~4S~tlio  lumilK'r  of  diviMors  HoiiKlit. 

EXERCISES. 

2.  How  niimy  divisors  ha.s  88200  ? 

3.  How  many  dividors  lias  3500? 

4.  How  many  divisiots  has  U33(>? 

5.  IIow  many  divisors  has  824? 
(i.  How  many  divisor.^  ha^  4!>000  ? 

7.  II  »w  many  divisors  has  njOOO? 

8.  How  many  divijiora  has  75ij00? 

9.  IIow  many  divisors  has  25i>00? 


JJns.  108. 

j^ns   24. 

Jns.  42. 
Jns.  8. 

Jns.  48. 

j2ns.  80. 
Jlnf.  120, 

.^ns.  33, 


ORKATEST  COMMON  MEASURE. 
24.  The  g  ea'o-t  c<>ininoii  infMRiirc, or  gioato-tcommou 
divisor  oi  iWi)  or  more  numbers,  is  ilie  gre}^te^t  uuiubor 
that  will  divide  each  of  them  without  a  remainder. 


ABTB.  23-24).  J 
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IS.  108. 
[ins   24. 

bin.  'li. 

Jns.  8. 

his.  48, 
IS.  80. 
hf.  120. 
Kits.  33. 


minmu 
laiubor 


I 


■l 
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25.  To  fiiul  a  coiiiinoii  divisor  or  common  moasuro  of 
two  or  nioro  niunbers — 

RULE. 

Resolce  the  given  nuiaho's  into  their  prime  factors,  then,  if  any 
factor  be  common  to  all,  it  will  be  a  common  measure. 

If  the  given  numbers  huvo  not  a  common  factor,  they  cannot 
have  a  common  measure  greater  than  unity,  and  consequently 
arc  cither  prime  numbers  or  are  prime  to  each  other.  (Arts.  7 
and  12.) 

E.XAMPLK  1. — Find  a  common  divisor  of  14,  35,  and  C3. 

\i^-ix1-.  35  .'jX?,  ivud  68— 3X3X7.  TI»«  faotor  7  is  commoti  to  all  the 
Kiven  numbcrH,  and  is  therelon'  a  I'Oiimiou  measnre  of  thein. 

EXERCISES. 

2.  Find  a  common  divisor  of  21,  18,  21,  and  36.  Jns.  3. 

3.  Find  a  common  divisor  of  21,  77,  42,  and  35.  Jns.  7. 

4.  Find  a  common  divisor  of  2G,  52,  91,  and  143.  Jlns.  13. 

5.  Find  a  common  divisor  of  82,  118,  and  146.  Jns.  2. 

26.  To  find  \.hi'  greatest  corimioii  me;iHiiro  of  two  qunnti 
ties — 

RULE. 

Divide  the  larger  by  the  smaller ;  then  the  divisor  by  the  re- 
mainder;  next  the  preceding  divisor  by  the  new  remainder: — 
continue  this  process  until  nothing  remairis,  and  the  last  divisor 
will  be  the  greatest  common  measure.  If  this  be  unity,  the  given 
numbers  are  prune  to  each  other. 

Example)  1. — Find  the  greatest  common  measure  of  3252  and 
4248. 

3252)4248(1 
S262 

996)3352(3 
2988 

2&l)99fi(S 
79a 

24M)a<J4(l 
204 

flO)2(VI,(3 
180 

24)60(2 
48 

12)24(2 
24 
096,  the  first  remainder,  becomes  the  second  divisor;  264,  the  second  tp- 
maindor,  becomes  the  third  divisor,  &o.    12,  the  last  divisor,  is  the  required 
greateiit  common  meaaurc. 


i 
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Proof.— In  order  to  establish  the  tn\th  of  this  rule,  it  in  ueceanary  to 
remombor  (10-XIII.and  XIV.)  tlmtif  one  number  nieaHure  another  it  will 
likewise  iiieasiire  nuy  ititeKnii  uuiltiplo  of  that  other ;  and  If  one  number 
measure  two  oliuirs,  it  will  also  measure  tlieir  H>m\  or  tlieir  difference. 

First,  tlicn,  15»  is  a  eoiniuon  measure  of  .S'irjS  and  45548.  Bi-KinniiiK  at  tlu* 
end  of  the  process  :  iK-'cause  12  measures  12,  it  alio  measures  24,  a  multiple 
of  12 ;  because  12  measures  H,  it  measun-s  48,  a  multiple  of  24;  because  12 
measures  12  and  also  iH,  it  meas>u'<'s  «0,  which  is  their  sum;  beeaus*  12 
measurtjs  «(),  it  measures  IbO,  a  multiple  of  «R) ;  because  12  measures  180,  and 
also  24,  it  measures  their  sum,  which  is  204;  i)eeausc  12  meiuiures  204,  arid 
likewise  HO,  it  measures  their  sum,  2(11 ;  because  12  measures  2«4,  it  measun  h 
71t2,  a  multiple  of  264 ;  and  l)ccausc  12  measures  1\)2,  and  also  204,  it  nu^asures 
their  sum,  which  is  'M\ ;  bccausi'  12  mensures  9'.»tJ,  it  measures  2'.)88,  a  mul- 
tii)le  of  (ti)(5;  and  l)ecause  12  measures  2ltf<s,  mid  nlso  201,  it  nieasures  their 
sum,:{252;  and  because  12  measures  .H252,  and  also  wa,  it  measures  their 
sum,  whicli  is  4248.  12,  t  herefore,  measures  eaeli  of  tlu!  given  ninubers,  and 
is  a  common  measure ;  next  it  is  their  greatest  connnun  meastire. 

For,  if  not,  let  some  other,  as  la.  be  greater.  Then,  (l)eginning  now  at 
tlie  tot)  of  tim  process)  because  13  mea-siires  .'$252,  and  also  4248,  it  raeasvires 
their  aid'erence,  which  is  mttJ ;  iMJcanso  13  measures  s)»tt,  it  measurcB  25>88,  a 
multiple  of  WM,  and  because  13  measures  3252,  and  also  2»88,  it  also  measures 
their  difference,  which  is  201;  because  13  measures  2«W,  it  also  measures  702. 
a  multiple  of  2tt4 ;  and  because  18  measures  7fl2,  and  also  ofttt,  it  measur«'s 
their  diifcrenco,  which  is  204;  because  W  measures  2M,  and  also  204,  it 
measures  their  difference,  which  is  flO;  because  13  measures  (10,  it  measures 
180,  a  multiple  of  60 ;  and  because  13  mo{.  s  ires  180,  and  also  204.  it  measures 
their  dilfer(;nce,  which  is  24 ;  becaus(;  13  measures  24,  it  measurea  <18,  ii. 
uuiltiplo  of  24 ;  and  because  13  measures  GO,  and  also  48,  it  measures  their 
difference,  which  is  12.  That  is,  13  measures  or  divides  12— a  greater  num« 
bor  measures  a  less,  which  is  impossible. 

Therefore  13  is  not  a  common  measure  of  32.'i2  and  4248 ;  and  in  a  similar 
manner  it  may  be  shown  that  no  number  g]-eater  than  12  is  a  (rounnun 
mcasfiro.    Therefore  12  is  the  greatest  common  measure. 

As  the  rule  might  be  proved  for  any  other  example  equally  well,  it  is  true 
in  all  cases. 

EXERCISES. 

2.  What  is  the  greatest  common  measure  of '2yt;  and  407  ? 

Ans.  :i7. 

3.  What  is  the  greatest  common  rneasuie  of  506  and  308  ? 

jins.  22. 

4.  What  is  the  greatest  common  measure  of  74  and  84  ?  Ans.  2. 

5.  What  is  the  greatest  common  measure  of  1825  and  2555? 

Jn.'<.  305. 

6.  What  is  the  greatest  common  measure  of  550  and  G72? 

jUns.  4. 

27.  To  find  the  greatest  common  tneaauro  of  more  than 
two  numbers — 

RULE. 

Find  the  greatest  conwwii  measure  of  two  of  them;  then,  of  this 
common  measure  and  a  third ;  next,  of  this  last  common  measure 
and  a  fourth,  8fc.  The  last  common  measure  found  will  be  the 
greatest  common  measure  of  all  the  given  numbers. 

Example  7. — Find  the  greatest  common  measure  of  679,  5901, 
and  6734. 


P 
c 

a 


fa 


'».  '> 


'» 


tns. 
9 

Ins.  -i. 
than 


p/  this 
easure 

5901, 


i 
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By  the  last  rule  we  find  that  7  is  the  Kvr»atcst  common  measure  of  679 
and  6001 ;  and  by  the  same  rul«.  that  it  is  tlio  jjrroatcst  coniDion  moa^sure  of  7 
and  6734  (the  remaininK  number),  for  078l-r7— tft52,  with  no  remaindor. 
Therefore  7  in  tiit>  reiinircd  numbor. 

ExAMi'i.E  8. — Kind  tho  greatosl  common  measure  of  930,  73G, 

and  142. 

TliepTt'iitest  coiniiioii  nicasun'  ol'Mt!  ami  T.M  in  S,  and  the  KH-atcst  com- 
111011  uifamiro  of  sand  Hi  Is  2  ,  thorrion'  a  is  tlic  urrcatcNt  coiiunon  mi'a»un' 
of  the  ^ivfu  muubcrs, 

Tliix  rule  may  be  sliown  to  lie  eorroet  in  tlic  nnme  way  as  tl  o  last;  ex- 
cept that  in  lirovinK  tlio  number  found  to  bo  a  tunumtm  measure,  we 
are  to  be>?iii  at  llie  end  of  oU  tiie  processes,  jmd  jco  tlin)Uf,cli  all  of  them  in 
auccesHion;  and  in  provinif  tliiit  it  is  the  </iv('/.W  eoUiinon  nie;i.sni«',  we 
are  to  begin  at  theeoihniencioment  «»f  the  lirHt  proeesH,  or  that  used  to  lln<! 
the  common  mensun-  of  ibf  two  lirst  nuMibers,  jind  proefcd  Miceesuively 
through  nil. 

KXERCKSES. 

9.  What  is  tUegroatcsjt  common  meastiie  of  llo,  140,  and  GSO  ? 

Jias.  10. 

10.  What  is  the  greatest  common  measure  of  1 320, 3094,  and  4420  ? 

J  as.  442. 

1 1.  What  is  tho  greatest  common  measure  ot'liJR,  922,  and  375? 

.'//is.  Tlicy  have  none. 

12.  What  is  tiie  greatest   common  measure  of  204,  1190,   1445, 
and  2000?  .Ins.  IT. 

SEC^OxXD  METHOD. 

28.  It  is  iijjinit'(!St  tliat  the  gro.'itost  coimuoii  uiea^iiio 
or  greatest  common  divisor  of  two  or  more  numbers,  must 
be  tlieir  greatest  common  factor,  and  thattliis  greatest  coiu- 
rnon  factor  must  be  the  product  of  all  the  prime  factors 
that  are  common  to  all  the  given  numbers. 

Hence,  to  find  the  greatest  common  measure  of  iwo  ur 
more  numbers,  we  have  the  followinor — 

RULE. 

Resolve  each  of  the  given  mimbers  into  its  prime  factors  ;  and  the 
product  of  those  factors,  tohich  are  common  to  all,  will  be  the  greatest 
common  measure. 

ExAMi'LE  13. — What  16  the  greatest  common  measure  ol'  1305 
and  1995. 

3)1995 


3)13t).5 

5)465 

7)91 

13 

Hence  3,  5,  7,  and  13  are  thcprirac 
factors. 


5)665 

7)133 

19 
Hence,  3,?},  7,  and  19  arc  the  prime 
factors. 


1 
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And  the  factors  that  are  common  to  both  are 3.  5,  7.    Jlnncc  3X5X7-- 10.> 
-greatest  common  measure. 

Example  14. — What  i=i  the  greatest  common  measure  of  108, 

12G,  and  G2  ? 

108-"'2»x;iM2ti    •J:-;:l2>',7.  Jiiul  UVi    'lyVvK 

Hunce,  the-  factors  that  arc  f(mnuon  are  2  and  .V,  ami  the  grfatost  coni- 
iiion  mciwnrc-  -2Xo*---lS. 

EXERCISES. 
Wark  by  this  method  all  the  preceding  examples. 
15.  What  is  the  greatest  common  measure  of  56,  84j  140,  168  ? 

Jns.  28. 

IG.  What  is  the  greatest  common  measure  of  241020,  380100, 

69120,  103680  ?  Jns.  34560. 

IT.  What  is  the  greatest  common  measure  of  10800,  28080,  and 

21G0  ?  .Ind.  40. 

LEAST  COMMON  MULTIPLE. 

29.  One  niunbei*  is  a  coinmou  multiple  ot"  two  or  inoiv 
<)ther8  when  it  can  be  divide']  bv  each  of  thorn  without  :i 
romaind(3r. 

30.  One  miiab^uis  the  least  eonunon  innltiple  (1.  c.  m.) 
oftvvo  or  more  others  when  it  is  the  leant  number  that 
ean  be  divided  by  eaeh  of  them  without  a  remainder. 

31.  It  is  evident  that  a  dividend  will  contain  a  divisor 
an  exact  nunib((r  of  times,  when  it  contains,  as  factors, 
every  factor  of  that  divisor;  and  hence,  the  question  of 
finding  the  least  common  multiple  of  several  numbers  is 
reduced  to  finding  a  number  which  shall  contain  all  the 
prime  factors  of  each  number  and  none  others.  If  the 
numbers  have  no  common  prime  factor,  their  product  Avill 
bo  their  least  common  multiple. 

SupiK)sr  wc  wish  to  see  Mliat  is  the  least  ronnno)!  nniltiplc  of '■»,  I'i,  Hi,  'Ji»' 
and  35.  Resolving  those  into  their  prime  factors,  we  obtain  9 --3^  12— 2''X3. 
l(J=-^2-«,  20— 2»X5,  an("  •$5—7X5.  Now  it  is  plain  that  2*  must  enter  into  tlu', 
lt»st  common  measnre  as  a  factor,  and,  since  2^  is  a  multiple  of  2»,  we  do  not 
consider  a*  also  a  factor  of  the  least  common  multiple.  So  also  3a  nmst  bo  a 
factor  of  the  least  oomraon  mnltiple ;  and  sinc<^  it  contains  8,  we  do  not  a^ain 
nmltiply  by  3.    Lastly,  5  and  7  nnist  enter  into  the  least  common  mnltiple. 

The  factors  of  the  least  common  nndtiplo  are  then  2\  3*,  5,  and  7  ;  and 
these,  multiplied  togetln^r,  give  2^X32X5X7— 5010 -least  conunon  multiple. 

Hence,  to  find  the  least  common  multijle  of  two  or 
more  numbers,  we  have  ths  following — 

RULE. 

Resolve  the  numbers  into  their  prime/actors  (  Art.2 1),  select  all  the 
different  factors  which  occur,  observing  when  the  same  factor  has 
different  powers,  to  take  the  highest  power.  The  continued  pro- 
duct of  the  factors  thus  selected  xcill  be  the  least  common  multiple. 
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EXERCISES. 

1 .  What  is  the  least  common  multiple  of  8,  9, 10, 12,  25,  32,  75,  and 

80? 
Here  8=  2\ 9==  3-',  10=2X5,  12=2«X3,  25=5»,  32=2",  T5=5«X3, 
80=:2*x5.    Therefore  the  least  common  multiple— 2'X3'X  ■'■>'' 
=  7200 
•J.  What  is  tlic  least  common  multiple  of  6,  7,  42,  9, 10,  and  630? 

Jus.  2X3'X5X7=C30. 
;{.  What  is  the  least  common  multiple  of  the  nine  digits? 

Jm.  2'X3*X 5x7=  2520. 

4.  What  is  the  lea=!t common  multiple  ofG, 9, 12,  15, 18,  21,and30? 

Jus.  1260. 

5.  What  is  the  least  common  multiple  of  670,  100,  335,  and  25  ? 

./Ins.  6700. 

6.  What  is  the  least  common  multiple  of  8,  10,   18,  27,  36,  44, 

and  396?  Jns.  11880. 

SECOND  METHOD. 

32.  Wo  may  also  find  the  least  common  niultiplo  of 
two  or  more  nvmibers  by  the  following — 

RULE. 

Write  the  given  members  in  a  line,  with  two  points  bet  ween  iliem. 
Divide  by  the  least  number  which  will  divide  any  ttvo  or  more 
of  them  without  a  remainder ,  and  set  the  quotients  and  the  undivided 
numbers  in  a  line  below. 

Divide  this  line  and  set  down  the  results  as  before ;  thus  continue 
the  operation  till  there  are  no  two  numbers  which  can  be  divided  by 
any  number  greater  than  1. 

The  continued  product  of  the  divisors  andthenumbers  in  the  last 
line  will  be  the  least  common  multiple  sought. 

Example  7. — What  is  the  least  common  multiple  of  10,  48, 
and  108  ? 

•2)I6"48-.10S 


2)8  "24. 
2)4..  12. 

■   27 

2)2"   6- 

.   27 

;})i..  3- 

•   27 

l--    1-.    9 
Aiui.  2X2X2X2X3x9=4S2=loast  common  multiple. 

The  least  common  multiple  of  1,  1,  and  9  is  9,  and  tho  least  commou 
multiple  of  1,  l.and  9  x  by  S.will  be  the  least  common  multiple  of  1,8, and  27, 
the  numbers  of  the  fifth  line ;  the  lL>ast  common  multiple  of  1,  S,  and  27,  X  2, 
will  be  the  least  common  multiple  of  2, 6,  and  27,  the  numbers  of  the  fourth 
line ;  the  least  common  multiple  of  2,  6,  and  27,  x2,  will  be  the  least  com. 
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inou  multiple  of  4, 12,  and  27,  the  numbers  in  the  third  lino ;  the  least 
common  multipk  of  4, 12,  and  27,  X2,  will  bo  the  least  common  multiple  of 
8,  24,  and  64,  the  numbers  in  the  second  lino ;  and  the  loaat  common  mul- 
tiple of  8,24,  and  54X2  Mill  bo  Iho  least  common  itiultiplo  of  16,  48,  and  103, 
the  given  numbers. 

The  reasion  of  the  preceding  rule  depends  upon  the  principle 
that  the  least  common  multiple  of  two  or  more  numbers,  is 
composed  of  all  the  primr  factors  of  the  given  numbers,  each 
taken  the  greatest  numhrr  of  timos  it  is  found  in  either  of  the 
given  numbers. 

Note.— In  finding  the  loast  conniion  niultiplo  l>.v  lhi.s  method,  it  is  nr- 
cessavy  to  divide  by  tho  smallest  nunibor,  which  will  divide  two  or  more  of 
thejp  without  a  remainder,  because  the  divisor  may  otherwise  be  a  composite 
number  (Art.  21),  and  have  a  factor  cmnmou  to  it,  and  one  of  the  ([uotients 
is  the  laat  line.  Consequently,  the  continu(;d  pro(U»ct  of  the  divisors,  and 
those  quotients  or  undivided  numbers  ii!  the  last  liiK>,  would  be  too  grcnt 
for  the  least  common  multiple. 

Thus,  in  tho  third  of  tlie  following  operations  tlie  divisor  9  is  a  compo- 
site number,  containing  the  factor  3,  coraraon  to  it  and  the  3  in  the  quotient ; 
consequently  the  product  is  three  times  too  large.  In  tlie  second  operation 
the  divisor  12  is  a  composite  number,  and  contains  the  factor  6,  common  to 
it  and  the  C  in  the  quotient :  therefore  the  product  is  six  times  too  large. 

The  object  of  arranging  the  given  numbers  in  a  line,  is  that  all  of  them 
may  be  resolved  into  their  pnmo  factors  at  the  same  time  ;  and  also  to 
present  at  a  n;lnn(>.'  the  factors  that  eomitose  the  least  eommnvi  multiple 
r'jquirod. 

ExAMPi.K  8. —  WIiMt  !■>  tlic  least  coninion  multiple  of  r_',  IH,  :ifj  ? 


I. 

•J)12-is..;(ii 

II. 

l'-'U.2--18--.3ii 

111. 

2)12  •-  IN  .- ::.; 

•ly.:,--  1)  •■  is 

:ni  ••  IS--  ;; 

1  .-  «••   1 
Ii  >•;;>■■  !i-^2ifi 

KXERCISES. 

2)t;.-  '.'-•  1^ 

.'>M  ••    1?  ••   :; 

r.  •■  1  -■   1 

2  -'2y!>,-  ;i-^io^ 

!••    1  ••    I 

2x2x;j>;;5^::3.)   l^•a^l 

eonimoii  uiulliitii'. 

9.  Find  the  least  common  multiple  of  12,  2o,  and  24.     Jns.  120. 

10.  Find  tlie  least  common  multiple  of  I !,  21.  ?.,  2,  :nid  GM. 

Ans.  12G. 

11.  Find  the  least  common  multiple  of  18,  12.  :\'.\  210,  and  231. 

./?/i.s.  2808. 

12.  Find  tlie  least  common  multiple  of  8,  18,  15,  20,  and  tO. 

.ins.  2520. 

13.  Find  the  least  common  multiple  of  24,  1(3,  18,  and  20. 

.dns.  720. 

14.  Find  the  least  common  multiple  of  60,  50,  144,  35,  and  18. 

Ans.  25200. 

15.  Find  the  least  common  multiple  of  27,  54,  81,  14,  and  63. 

Ans.  1134. 
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THIRD  METHOD. 

33.  The  least  common  multiple  of  several  numbers  is 
most  expeditiously  found  by  the  following — 

RULE. 

Write  the  given  numbers  in  a  line.  Take  any  one  of  them  as  divisor, 
and  strike  out  of  each  of  the  given  numbers  all  the  factors  that  are 
common  to  it  and  the  assumed  number. 

Arrange  the  uncancelled  factors  of  the  given  numbers,  and  the 
uncancelled  numbers  in  a  line,  take  any  other  number  which  exactly 
contains  one  or  more  of  them,  and  'strike  out  all  the  factors  of  the 
numbers  ifL  the  second  line  which  are  common  to  any  of  them  and  the 
second  assumed  number. 

Proceed  thus  until  the  assumed  numbers  cancel  all  the  factors 
of  the  given  numbers. 

Multiply  all  the  assumed  numbers  together  for  the  least  common 
multiple  of  the  given  numbers. 

Example  16. — What  is  the  leaat  common  multiple  of  16,  27,  4r) 
60,  88,  96,  100. 


Assurao  100 
Assuuie  2i 
Assume  9l» 


4' 


45' 
S 


96 
d4 


leo 


27 

100X24X99=2.37600==loast  couimon  multiple. 

ExPLAJTATioN.— t,  a  factor  of  100,  reduces  16  to  4,  88  to  22,  and  06  to  24 ; 
5,  another  factor  of  100,  reduces  45  to  9 ;  and  20,  another  factor  of  100,  re- 
duces 60  to  3. .  The  numbers  in  the  second  line  tlien  are  4, 27, 9,  3,  22,  and  24. 
We  assume  24,  of  which  a  factor,  4,  cancels  4;  another  factor,  2,  reuuces  22 
to  11 ;  and  anotlior  factor,  3,  reduces  27  to  9  and  9  to  3.  The  nuiribers  in 
the  third  line  tlien  are  9,  8,  and  11.  For  this  line  we  assumed  99,  of  whicli 
a  factor,3,  caucols3  ;  another  factor,  9,  cancels  9;  and  a  third,  11,  cancels  U. 

Now  since  the  least  common  multiple  of  a  series  of  numbers  is  a  number 
which  still  contains  all  the  prime  factors  of  each  number  and  none  others, 
it  is  manifest  that  the  least  common  multiple  of  the  given  nuntbers  will  be 
the  same  as  the  least  common  multiple  of  100,  and  4,  27,  9, 3,  22,  and  at, 
because  only  those  factors  which  wei-e  common  to  the  ftiwn  nvunbers  and 
100  were  struck  out. 

Similarly,  the  least  common  multiple  of  100,  24,  and  9,  3  and  11,  will  be 
the  same  as  the  least  common  multiple  of  100,  and  tlie  numbers  in  the 
second  lino,  since  only  those  factors  which  were  common  to  24  and  the  num- 
bers of  the  second  line  are  sti-uck  out. 

Finally  the  least  common  multiple  of  100,  24,  and  99,  is  equal  to  tlie 
least  common  multiple  of  the  given  numbers. 

ExAMi'LE  It. — What  is  the  least  common  multiple  of  120,  40, 
39,  65,  88,  and  16? 

f8fl  ..  W  ..  36  ..  05  ..  8Q  ..  Ki  First  line. 
KJ-  N-11"   2 
11..   S 
130X13X22=34320=least  common  multiple. 

EXPLANATION.— We  first  assume  120.  Now  this  cancels  120  and  40.  Also, 
8,  a  factor  of  120.  reduces  39  to  13,  and  5,  another  factor,  reduces  6S  to  18. 
A.1S0  8,  another  factor,  reducea  88  to  11  and  16  to  2.  Next  assume  IS,  this 
cancels  13  and  13.  Next  aisume  tl,  of  which  11 ,  one  factor,  cancel*  the  li,  and 
another  factor  2,  cancels  2. 


Assume  120 
Assume  13 
Assume  22 
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Example  18. — Find  the  least  common  multiple  of  12.  16,  20, 
24,  30,  48,  56,  and  64. 


.\ssurae  96 
Assume  70 


0GX70=0720=loast  oominori  raultiplf. 


EXERCISES. 

19.  What  is  the  least  common  multiple  of  OOO,  200,  150,  50.  GO, 

75,  and  125  ?  Ms.  3000. 

20.  Wliat  is  the  leant  common  uniltiplo  of  20,  00,  15,  165,  210. 
63,  and  27?  ./?ns.  41580. 

21.  What  i3  the  least    .ommon  multiple  of  12,  1:J2,  144,  60,  90, 
and  1728?  ^ns.  95040. 

Work  also  by  this  mothod  all  the  ])reccdinfj questions  in  least 
common  multiple. 


DIFFERENT  SCALES  OF  NOTATION. 

34.  The  radix  or  base  of  a  scale  of  notation  is  its  com- 
mon ratio.  Thus,  in  our  system  tlie  radix  is  10  ;  in  the 
duodecimal  system  the  radix  is  12,  &c. 

35.  If  the  expression  12345  represent  a  number  in  tiie 
common  or  decimal  scale  of  notation,  we  read  it  twelve 
thousand  three  hundred  and  forty-five;  but  if  it  expre>8 
a  number  in  any  other  scale,  we  cannot  so  read  it,  because 
the  names  thousands,  hundreds,  <fec.,  belong;  only  to  the 
decimal  scal<.\  In  order  to  read  it  properly  in  any  other 
scale  we  should  have  to  invent  names  for  the  different  orders. 
In  plai-e, however,  of  doi!:g  thi.«,  we  simply  read  over  the 
digits  tmd  indicate  the  scale.  For  example,  if  the  expres- 
sion 24078  he  a  number  in  the  nonary  scale,  we  rejid  it 
thus— /wo,  four,  six,  seven,  eight,  in  the  nonary  scale. 

36.  We  may  express  tiie  number  4678  (decimal  scale) 
by  willing  the  order  of  each  digit  beneath  it,  thus, 

4  6  7  8 

10  10  10. 
3     2 

and  then  read  it  8  units,  7  of  the  order  of  tens,  5  of  the 
order  of  hundreds  or  tens  squared,  or  second  order  of  tens, 
4  of  the  third  order  of  tens,  &c.  Similarly  if  4678  express 
a  nujtuber  in  the  nonary  scale,  we  may  write  it 

4  6  7  8 

9   9  9 
3     2 


i 
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and  read  it  b  units,  7  nines,  6   of  the  second  order  of 
nineSt  4  of  tlie  third  order  of  nines,  <fec. 

37.  Tlio  expression  10  always  represents  the  radix  of 
tlie  scale.  In  the  decimal  scale  10  is  equal  ten;  in  the 
binary  scale  10  is  equal  two;  in  the  luidenary  scale  10  is 
equal  eleven,  &c. 

38.  It  is  obvious  that,  in  any  scale,  llie  hiiiiiest  digit 
used  must  beo^c  less  than  the  radix.  Thus,  in  the  decimal 
scale,  the  highest  digit  is  9 ;  in  the  ternary,  2  ;  in  the 
octenary,  7,  &c.  In  writing  nunibers  in  the  duodenary 
scale  "vve  use  the  let       /  to  rei)resent  ten,  and  e,  eleven. 

39.  Let  it  be  required  to  reduce  337  from  the  decimal  to  the 
octenary  scale. 

OPERATION.       Explanation.— If  wc  divide  337  by  8,  we  distribute  it  into 
8)337  ^■^  groups  of  8  t'ach,  and  have  a  remainder  of  I  unit.    If  now 

wc  divide  those  groups  of  8  by  8,  we  obtain  5  groups  of  a  still 

g)42 1     higher  order,  each  containing  8  of  the  former  groups. 

__  337,  in  tiie  decimal  scale,  is  therefore  cr^ual  to  501  in  the 

5_0  octenary  scale;  i.  e.,  the  successive  remauider  written  in 
order  constitute  the  equivalent  expression  in  the  required 
scale.  — 

Hence,  to  reduce  a  number  for  one  scmIh  to  another,  we 
have  the  followinjx — 

RULE. 

Divide  the  number  continually  by  the  radix  of  the  proposed  scale, 
till  tfie  quotient  is  less  than  the  radix. 

Write  alt  the  remainders,  thus  obtained,  in  regtdar  order  from 
left  to  right,  beginning  with  the  last,  and  placing  Os  where  there 
are  no  remainders.     The  result  will  be  the  reqjuired  number. 

Example  I. — Reduce  7342  from  the  common  to  the  quinary 
scale. 

OPEKATION. 
5)7312 

5)1468—3 

"  ■_.         Therefore  7312  {leiwry—2\r>5&'i  quinary. 
5)58—3 

5)11—3 

2—1 
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ExAMj'LK  2. — Express  nine  million,  three  hundred  and  forty- 
two  thousand  and  twenty-seven,  in  the  duodenary  scale. 


OPERATIOV. 
12)9342027 


12)778502-  ;« 


12)6-t875--2 
12)5406—8    'I'licrcforf  !t;$'12027  ({ciifi)'ii--'iHi\j'M'i  dimknury. 

32)450-H> 

12)37-0 

3-1 

EXERCISE.^. 

3.  Change  59283')  from  the  decimal  to  the  duodenary  scale. 

Ans.  24T0te. 

4.  Express  the  common  number  3700  in  the  quinary  scale. 

Ms.  104300. 

5.  Express  10000  in  the  tmdenary  scale.  Ans.  TStl. 

6.  Express  a  million  in  the  senary  scale.  .'ins.  33233344. 

7.  Express  10000  in  the  nctenary  scale.  Ans.  23420. 

8.  Transform  12345654321  into  the  duodenary  scale. 

Ans.  248064et69. 

l>.  Express  10000  in  the  ;)0'ian/ scale.  ,4n.?.  14G41. 

10.  Trnnsfomn  300  from  the  common  to  the  binnrij  scale. 

Ans.  100101100. 

Example  11. — Trnn.?form  2313042  from   the  quinary  to   the 
odcnary  scale. 


OPEBATIO\. 
V. 

8)2313042 


8)131810—7 


8)10100—5 


8)311-2 

8)20-1 

1—2 


Explanation.— Wo  divide  here  as  before, 
bearing  la  mind,  however,  that  the  ratio  is  no 
longer  ton,  hwtjlve.  Wo  ][)rocoed  thus. — 8  in  2, 
no  times ;  twice  5  (the  radix)  is  ten,  and  3  make 
thirteen ;  8  in  18, 1  and  5  over ;  6  times  fl  aro 
25,  and  1  raak  ^0:8  in  26,  8  times  and  2  over ; 
twice  5  are  10,.ui.a  3  make  13,  8  in  13,  once  and 
5  ovor,  &c. 


Therefore 2313042 '/«///(/}•//  --  121257  ocfenarp, 


NoTB.^The  Roman  Numeral  written  over  the  number  indi- 
catei  the  radix  of  the  scale. 


I 
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Example  12.— Traublbrm  288113  Iruui  the  uiiUcnnry   to  Ujc 
duodenary  scale. 


Ol'EnATIOX. 

XI. 

12)37Sti;5 


Observe,  the  first  two  fipvircH  hero  are  not  thirl  v- 
soven,  but  3xll+7^'lO.  We  say  12  into  4(»,  .1  tiniJ-s 
and  i  o\f!V :  next,  12  into  t /li-i-s  or  rt2Af. 


.'IT-'tl.'i  ii,i(J(  iif()'(i        (hiO(lr}ir'ri/.->\W-i^.  Alls. 


12)2!»i-  ;• 
12)2(;— ',» 

2  -^ 

Example   i:!. — Tr,'in?fonu   14  2.^t  from    tlio   duodvnnry    to  Ihr 
noiKtnj  scale. 

orKRATioN.  01i)sorvo  licro  we  sav  9  into  t,  ten,  1  and  I  over;  9  into  1(5, 

Xll.  (I>a2+'l)  1  and  7  over:  9  into  SO.  (7X12+2)  9  and  5  ovor ;  9 

9)t42;U  into  C:i.  (r>xl2-|-3)  7 ;  9  into  t,  1  and  1  over. 

And  wc  jn'oewd  in  the  othor  linos  in  tlio  same  manner. 

9)11971—1 


9)1049— t 

9)200—3      ^1231  ,!,!0(!rnrir>/-^^r>(]:]\\  uoufn-'i. 
9)28-  (5 

EXERCISES. 

11.  Trausforni  37704  from  the  iionary  to  the  oclciiunj  scale. 

Jus.  GUlo. 

if).  Transform  144  and  4321  from  the  qtiinary  to  the  septenary 

scale.  Alls.  235  and  1465, 

1(5.  Transform  1212201  from  ih^  quale  mo  ry  to  the  nonary  scale. 

Ans.  10000. 

40.  A  number  niuy  be  traiisfoinied  from  any  scale  to 
tlie  decimal  by  the  preceding'  rule,  but  tlie  foUowing  is 
more  convenient. 

Multiply  the  left  hand  figure  by  the  given  radix,  and  to  the  pro- 
duct add  the  next  figure. 

Then  multiply  this  sum  by  the  radix  and  add  the  next  figure. 
Continue  this  process  until  all  the  figures  have  been  used.  Then 
the  l(ust  product  will  be  the  number  in  the  decimal  scale. 

Note. — Both  this  and  tho  preceding  rule  are  the  same  in  prin- 
ciple as  reducinpT  denominate  numbers  from  one  denomination 
to  another, 
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Example  17.— Reduce  Y6345  from  the  octenary  scale  to  the 
decimal  scale. 

OPEBATION. 
VIII. 

A 

«;'i  of  tlie  I'ourtli  or(i(M'. 
8 

499  of  tlu;  third  order. 
8 

89D6  of  llio  .second  ordor. 

8 

319'/3  units  -rcqiiirod  imnibcr  in  decimal  swile. 

ExAMPiiE  18. — Transform  cltetc  from   the  duodenary  to  the 
common  or  decimal  scale. 

OVKRATION. 

XII. 

ettete 
12 

142— number  of  fifth  ordor, 
12 

1714=numbor  of  fourth  order, 
12 

20579-— number  of  third  order. 
12 


246948^numbor  of  second  ordor. 
12 


2963387---uiiit3— required  number  in  decimal  scale. 
EXERCISES. 

19.  Chftngc  20212331  from  the  quatcnutry  into  the  decimal  scale. 

.4ns.  35261. 

20.  Change  101202220  from  the  ternary  into  the  decimal  scale. 

Ms.  7854. 

21.  Transform  1522365  from  the  nonary  into  the  decimal  scale. 

.dns.  841568. 

22.  Transform  3o233344  from  tJie  scnarif  into  the  decimal  scale. 

.4ns.  1000000. 

Example  23. — Transform  2734,  octenary  scale,  into  the  mide- 
nary,  septenary,  and  quinary  scales,  and  prove  the  results  by 
reducing^  all  four  numbers  to  the  decimal  scale. 


J 


cr.  m, 
to  the 


:o  the 


cale. 
i26I. 

cale. 
854. 

calo. 
08. 

ale. 
000. 

ndc- 
bv 


KT8.  10-41.]            TftAXbl'0K.MAT10N 

VIII. 

11)27;5-1. 

VIII. 

7)273t 

11)210—1 

7)32*-2 

l\)U—i 

7)3tJ— 1 

1-1 

't-2 

riicrul'iiv  27ji  O'Aliki, 

s 

•//■ 

11  U  iiiiildii.irj 
11 

2:'> 

S 

11 

187 

S 

r.\r, 
n 
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VIII. 

r.)2734. 

6)454-0 

5)71-0 

:))U--o 

2-2 


7 
21+ 

i 


12 

.1 

5 


\}jWi  ft  una  i'u.        loWdeiutr.i).     IMO  deiutvjf.        1500  denary 

Since  the  results  all  ai^roe  when  reduced  to  the  denary  scale,  we  conclude 
tlio  work  is  correct. 

24.  Transform  132713  nonary,  into  the  ternary,  duodenary, 
and  octenary  scales,  and  prove  the  results  by  reducing  all  four 
numbers  to  the  denary  scale. 

25.  Transform  t2t290  duodenary,  into  the  nonary,  senary, 
(juaternary,  and  binary  scales,  and  prove  the  result  by  reducing 
all  five  numbers  to  the  decimal  scale. 

FUNDAMENTAL  RULES. 
41.  The  t'liiularnental  rules  of  arithmetic  are  carried  on 
in  the  (iiftcient  scnles  as  with  numbers  in  the  ordinary  or 
<lf;ciraal  scale;  observing  that,  when  we  wish  to  find  what 
to  carrt/  in  addition,  sublraction,  multiplication,  &c.,  we 
divide,  not  by  ten,  but  by  the  radix  of  the  particular  wale 
iisi'd, 

ExAMi'LK  20.— Add  together  34120,  3121,  13102,31410,  12314, 
112243  and  444444  in  the  senary  scale. 

OPEKATION.       Observe,  the  sum  of  the  first  liuo  is  14,  which,  divided  by  6, 
VI.  the  radix  of  the  scale,  ^ives  us  2  to  set  down  and  2  to  carry ; 

34120         the  sum  of  the  second  line  is  16,  which,  divided  by  the  radix, 
3121         f,  gives  us  4  to  set  down  and  2  to  carry,  &c. 
13102 
;]1410 
12311' 
112243 
144414 

1344042  Ans. 

Example  2'?.— From  53tt6  take  9t09,  in  the  undenary  scale. 
OPEBATION.       Observe,  here  we  say  9  from  6,  we  cannot,  but  0  Trom  17  (1 


XI. 

43t7G 
9t09 


borrowed=ll  and  6)  and  8  remains,  &c. 


fi5068 
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ExAMPLK  28. — Multiply  342G  by  567,  in  the  octcnary  Kcale. 
>irER_A_TI0\.  ObHorvc,  no  w\y  7  times  (J  arc  12.  8  (the  r.idix)  into 


VII  i. 

MM 
fi07 


ObHorvc,  no  sny  7  times  (J  arc  12,  8  (the  r.idix)  into  42, 
B  to  carry  and  2  to  sot  down ;  7  tiineH  2  are  14  and  5  inak«< 
IP.  (MiUttl  to  'i  to  HCt  down  and  2  to  carry,  &c'. 


2'M5«'172  Alts. 
EXAMI'LK  2;).- 

orEUATJUN. 

IX.    IX. 

7876)«7i:W4(7.-'vV.' 


-Divide  (h138'1  by  7870,  in  llio  nunanj  scale. 


.■S212I. 

l.'582;J 

7501 


I  7   ■•  "   I         I 


Here  787ii  will  t^o  into  (ITloS  7  timow,  (obtiei'vo, 
it  woulil  go  S  '"iiics  in  tin;  (IcciDidl  stale) ;  and 
7S7tt  mnltiplied  by  7 ;  >iivos  <'.l7^:t;,  this  being  sub- 
tracted, gives  a  remnindcr,  ■'■i::i.2.  to  whieli  wo 
bring  down  tl  c  next  digit,  t,  ;uid  proceed  as  in 
common  division. 


Note. — After  the  units'  iv^nva  is  Iji-ouylit  down,  we  may  either 
write  the  remainder  in  tlie  form  of  a  fraction,  us  in  example  29,  or 
we  may  place  a  point,  and,  nnnexino-  Os,  continue  the  divisor,  as 
in  the  following  example. 

Observe,  this  point  irf  ciille<l  tlie  (Icciiiial  uv  ihnary  point  only 
in  the  decimal  system.  In  every  otlier  scuk!  td'  notation  it  takes 
its  name  from  the  system — lluii^,  in  the  duo<len;M_v  or  dnodeci- 
raal  system  it  is  called  the  liuodi'iianj  or  ihu'dccinml  point,  in 
the  senary  system,  the  senary  point,  &c. 

E.XAMPLE  30. — Divide  tl345G7  bye-n3,  in  the  duodenary  scale. 

OI'EBATIO.N. 

0.17;J)tl!M.-)67(t7t,e&<:. 
J»5t()(5 


753eO 
rt782» 

S)7897 
'.mM 

nmo 

»M.7.H 

n45.(K) 
t52.79 

KXERCISES. 

31.  Multiply  252  by  2.')2,  in  the  senary  scuie.  .im.  122024. 

32.  Divide  32e75721  by  G2te,  in  the  duodenary  scale.     Jns.  62tc. 

33.  From  201210  take  102221,  in  the  ternary  scale.  Jns.  21212. 

34.  Multiply  57264  by  675,  in  the  octenary  scale,  vifns.  51117344. 

35.  Add  together  101,  lOOl,  1111,  1011,  1000,  llil,  and  10101. 
in  the  binary  scale,  Anf;.  lOlOlOo". 


^1 
ti:l 


2024. 

62tc. 

!1212. 

,7344. 

010], 

OlOO. 


,\RlS.4,l'U.j  UUOUECIMAI,    Ml  Llll'LlCATlOX. 
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36.  Divide  142613  by  2143,  in  the  ecptennry  scale. 

Jlns.  50-5254+. 

:n.  Alia  togetiier  g:)432,  43210,  1444,  65001,  and  54321,  in  the 

septenary  sculo.  .'fns.  32G041. 

:{8.  From  7t348  take  .'3e»)i4,  ia  tin-  duoden.iry  scale,     .ins.  11864. 

39.  Multiply  34t7  by  (5060,  in  the  duodenary  sciile. 

.'Jus.  lt3Gc29G. 

40.  Divide  1010100001  bv  10010],  in  the  binary  scale. 

_    .'Ins.  10010 j^VArr- 

42.  All  tlio  motJitxls  ut'pioof  o-ivon  in  Sec.  IF.,  for  the 
fundamental  rulo^  in  ilie  (oi)iinoii  Hcalo,  npply  to  the 
vjiriou.s  other  scah^;  but  it  jnti.st  bo  reinenibered  that,  in 
u.sing  the  principle  of  the  proof  by  nineft  for  multiplicii- 
tlon   and  divi.sion,  we  use,  not  nhu'ft,  l>nt  a  munber  one 

less  than  the  radix  of  the  scale. 

TliUH,  in  applying  this  principle  to  tin-  proof  of  Exainiilo  34,  sevcna  cast 
out  nf572(U,  gives  a  remainder  a ;  sevens  cast  out  of  675,  gives  a  remainder 
4, 4X.3,  and  secens  east  out,  gives  a  remainder  ."> ;  sovens  cast  out  of  Jflll7344, 
gives  a  i-emainder  5. 

If  the  radix  be  13,  we  east  out  the  lis  -,  if  the  radix  b,  rt,  we  east  out  thf 
.■)s,  &e. 

43.  Numbers  contalniug  digits  to  the  right  of  the 
separatiijg  point,  ate  dealt  with  according  to  the  rules  given 
in  Arts.  53  and  88,  Sec.  II. 

Example  41. — Multiply  37'14t3by  6-letin  the  duodenary  scale. 
OPBBAT"  '''^.      We  place  the  separating  point  in  the  product  so  as  to  have 
37  U..    seven  digits  to  the  right  of  it,  because  there  are  four  to  the 
6'let     right  of  the  point  in  tlie  multiplicand  and  three  in  the  mul- 
tiplier, and  4+3=7.  (Art.  58,  Sec.  II.) 


2oe2066 
3S68549 
3714t3 
1068516 

Itl-t08e830 


DUODECIMAL  MULl  IPLICATION. 

44.  The  term  duodecimal  is  commonly  applied  to  a 
set.  of  denominate  fractions  having  1  foot  (linear^  square^ 
or  cuhic  measure)  for  their  nnit. 

The  foot  is  supposed  to  be  divided  into  12  equal  parts, 
c2Me^  primes;  each  of  which  is  divided  into  12  equal  parts, 
called  seconds^  <fec. 

TABLE. 

12  fourths""  make  1  third,  marked  "' 
12  thirds  "     1  second,    "       " 

12  seconds        "     1  prime,      "      ' 
12  primes         "    1  foot,         "       ft. 


2 
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I* 

';/ 
U  k  em  C 


—\—\P 
r\  x\ 

-— (« 
z\  n, 


46.  The  term  *'inch,"  somctimos  iipcd  in  this  table, 
is  object ioiiabic,  eonospon'ling  to  "prime"  only  when 
the  unit  is  a  linejir  foot.  When  the  unit  is  a  square  foot, 
the  prime  is  ,'j  uf  a  s(]ujire  foot,  or  is  a  surf'icf  12  inches 
long  an<l  1  inch  wide  ;  when  the  unit  is  a  cubic  foot,  the 
prime  is  y'j  of  a  cubic  foot,  or  is  a  sofid  12  inches  lono-, 
12  inches  wide,  and  1  inch  thick. 

46.  Let  A  fUIO  i-ppn'soiit  Iho  surfaw  of  a  ri'cta»i|j,ular  A  bed  J-J 
table /ojer  feet  ill  loiiKth  auiW/nv'<i  ill  breadth.  Now,  if  |  ,  ,  ~| 
AE  be  divi(lo«l  into  four  (H|ual  parts,  and  A/l  into  thrtN! 
oqual  partH,  each  of  Ihoso  parts.  Ah,  /><•,  ^ff,  Ac.  will  bo  1 
foot  loiiK.and  if  lines  f>k,  ce,dm  anulrawn  throuKh  />,<»,  and 
</,  parallel  to  AH,  and  linos  //>,  to  tluouKli  /  and  o,  paral- 
lel to  A  K,  they  will  divide  the  wliole  surface  into  the  small 
llRures,  Ahn)\  hare,  &c. 

And,  since  A/i--\  foot,  and  Af--1  foot,  A/sh  is  a  square/not,  so  likewise  is 
each  of  the  other  llRures,  bsrv,  cr.af,  &c. 

Now  it  is  evident  that  tliereare  as  many  vertical  row :^  of  those  square 
foet  as  there  are  linear  feet  in  A  H,  and  as  many  Hiinares  in  each  row  as  tliere 
are  linear  feet  in  All,  that  Ik  in  this  case  the  number  oi  square  feet  in  the 
8urface=4X3=12. 

An  the  same  method  of  proof  would  apply  in  any  similar  case,  it  apix'urs 
that— 

The  area  of  any  rectangular  surface  in  found  in  square  feet, 
and  fractions  of  a  square  foot,  by  multiplying  the  number  express- 
ing  how  matiy  linear  feet,  Sfc,  there  are  in  the  length,  by  the  num- 
ber expressing  how  many  linear  feet,  Sfc,  there  are  in  the  breadth. 

Note.— In  linear  measure,  primes  are  linear  inches  j  in  square  measure, 
iMiconds  are  square  inches ;  and  in  cubic  measure,  thirds  are  cubic  inches. 

47.  Problem  41  page  h,  in  effect,  equivalent  to  finding 
the  area  of  a  rectangle,  one  side  of  which  is  43  feet  1'  4" 
10'"  and  3""  long,  and  the  other  6  ft.   I'  11"  10'"   long. 


8'"  11 


The  answer  may  be  translated  265  sq.  ft.  10'  0' 

8'""  3"""  and  6'""". 

Note. — Itl,  the  number  to  the  loft  of  the  separating  point,  is  a  number 
in  the  duodenary  scale.  In  order  to  read  it  in  common  terms,  we  convert  it 
to  an  equivalent  number  in  the  deciuial  scale  (Art.  39),  and  thus  obtain  265. 
It  is  oDviouB  that,  since  the  orders  primes,  seconds,  thirds,  &c..  form  a 
series  of  numbers  descending  in  a  12-fold  proportion  from  left  to  right, 
we  must  allow  the  digits  to  the  right  of  the  point  to  remain  as  they  are. 

Example  42. — Find  the  area  of  a  rectangular  ceiling  43  ft.  4' 

1"  long  by  20  ft.  11'  10"  wide. 

OPEBATION.  Here,  since  43  and  20  are  numbei-s  in  the  common  scale,  wt- 

dl'il  must  reduce  them  to  the  duodenary  scale  before  attaching 

18'et  them  by  the  point  to  the  other  parts  of  the  numbers.    We 

thus  obtain,  tor  the  first,  37,  and  for  the  second,  18.    After 

8019t  multiplying  and  pointing  off  four  places  in  the  product,  we 

38925  find  63t  to  the  right  of  the  point :  this,  reduced  to  an  eqniva- 

24eOS  lent  number  in  the  common  scale,  gives  us  910,  to  which  we 

S7^  attach  the  other  four  digits,  with  their  indioes,  as  below. 


■i 


t 


I 


63f  6021=910  sq.  ft.  6'  0"  2'"  10' 


,"" 


w 


[Sect.  III. 

thi«  table, 
Illy  when 
jiiarc  foot, 
12  inch«H 
J  foot,  the 
•lifis  loni;-, 

\  h  c  d  K 

-p 

-L 

k  e  m  C 
i  likewise  is 

iOH<)  square 
I'ow  as  tlien- 
U'eat  \\\  thr 

!,  it  ajiji^'iirs 

uare  feet, 

;r  express- 

f  the  num- 

'.  breadth. 

0  measure, 
)ic  inches. 

finding 
eot  r  4" 
lonff. 
8'"  11'^'' 


a  number 
convert  it 
tbtain  265. 
.,  form  a 
to  right, 
ey  are. 

43  ft.  4' 
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48.  The  common  arithmetical  rule  for  duodecimal  mul- 
tiplication is  as  follows : — 

RULE. 

Write  the  multiplier  under  the  multiplicand  having  quantities  of 
the  same  denomination  under  each  other. 

Multiply  each  term  of  the  multiplicand  by  each  term  of  the  mul- 
tiplier separately. 

Write  the  partial  products  under  one  another,  so  as  to  have 
'quantities  of  the  same  name  in  the  same  vertical  column,  and  add 
the  several  partial  products  together. 

Note. — Considering  the  foot  to  have  no  index,  the  denomi- 
nation of  the  product  of  any  two  factors  is  found  by  adding  their 
indices. 

Thu»,!i"X-2"'  give  6'""  ;  4  ft.X/'""  give 28'"";  2  ft.X3  ft.  give  6  ft.;  O'Xll' 
give  99",  &c. 

Tliis  is  commonly  exjiressod,  for  the  sake  of  brevity,  by  saying— feet  into 
feet  produce  feet,  feet  into  primes  produce  primes,  &c.,  primes  into  feet 
produce  primes,  ])rimes  into  primes  produce  seconds,  &c.,  seconds  into 
seconds  produce  fourths,  seconds  into  thirds  produce  fifths,  &c. 

Example  43.— Multiply  43  ft.  4'  7"  by  20  ft.  11  10. 

0PERA.T10N. 
43     4'  7" 
■  20  11  10 


3    0 
39    9 

887    7 


9'"  10'"' 
6 


Here  7  and  10,  multiplied  together,  give  us  70,  and 
adding  their  inilices,  we  see  that  the  prbduct  is  so 
many  fourths— 70"",  are  equal  to  lo'"' to  sot  down 
and  5'"  to  carry.  Next  4'xl0"=40"'  and  6"'  make 
45"'=3"  9'",  &e. 


910    5'    0"  2"'  10"" 

49  .  In  comparing  this  example  with  42  it  will  be  seen 
that  the  two  methods  very  closely  agree — the  only  dif- 
ference being  that,  in  the  latter  method,  upon  reachino-the 
units  or  feet,  we  drop  the  duodecimal  scale  and  carry  on 
the  process  in  the  decimal  scale,  while,  in  the  former  we 
carry  on  the  whole  process  in  the  duodecimal  scale,  and 
afterwards  reduce  that  part  of  the  expression  to  the  left  of 
the  separating  point  to  the  common  or  decimal  scale. 

50,  Provided  we  multiply  every  part  of  the  multipli- 
cand by  every  part  of  the  multiplier,  it  is  perfectly  im- 
material where  we  commence  the  process.  It  is  customary, 
however,  to  commence,  not  as  we  have  done  in  the  last 
example,  with  the  lowest  denomination  of  both  multiplier 
and  multiplicand,  but  with  the  highest  of  the  multiplier 
and  the  lowest  of  the  multiplicand.  Hence  duodecimal 
niaItii)lication  is  frequently  called  Cross  Multiplication. 
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Example  44.— Multiply  3  ft.  2'  r  4'"  by  1'  3"  1 


OPERATION. 

3ft.  2'   7"    4'" 
13      7 

3    2      7       4"" 
9      7     10      0'"" 
1    10       6      3      4""" 

4'   2"    1'"    8""  3'""  4"""  -4m«. 
EXERCISES. 

45.  Multiply  4  ft.  Y  6"  10'"  by  9  ft.  1'  11"  11"'. 

Jns.  44  sq.  ft.  9'  1"  8'"  0""  5"'"  2""". 

46.  Multiply  19  ft.  10'  3"  by  11  ft.  2'  7". 

^ns.  222  sq.  ft.  8'  0"  5'"  9"". 
4t.  Multiply  9"  t'"  4""  by  7"'  3""  11'"". 

Jlns    h""  10""'  4"""  \\"""'  Q'niriti  Qtiiinin 

48.  How  many  square  inches,  &c.,  are  there  in  a  sheet  of  paper 
95  inches  and  5  inches  T"  4"'  wide  ? 

Jim*  4'  6"  8'"  6""  or  54^]  sq.  inches. 

49.  What  is  the  superficial  contents  of  a  sheet  of  glass  whose 
length  is  1  ft.  4'  11"  and  breadth  3  ft.  2'  2"  ? 

Am.  23  sq.  ft.  6'  9"  *?'"  10"". 

51.  The  solid  contents  are  found  by  multiplying  together 
the  length,  breadth,  and  thickness. 

ExAMPLB  50. — How  many  cords  of  wood  are  there  in  a  pile 
79  ft.  8  inches  long,  4  ft.  2  inches  Avide,  and  t  ft.  1 1  inches  high  ? 

OPERATION. 


FIRST  METHOD. 

67-8 
4-2 

1134 
2268 

237*64 
7'e 

214348 
141774 


SECOND  METHOD. 
79    8 
4    2 


13 
318 

34 

8 

331  11  4 
7  11 

304 
2323 

34  8 

74 

Noofft.incord=tS)162et88(18*64469  duodenary.  2627  10  8  8-f-128 

t8        =  20ilft|4com.  scale,  (number  of  ft.  in  cord) 
—  ^'^^  =20i4^i^cords..l««- 
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51.  Multiply  together  15  ft.,  1  ft.  2>  and  8'. 

jlns.  11  cubic  ft.  8'=  11  cubic  ft.  1152  cubic  in. 

52.  Multiply  together  53  ft.  6  in.,  10  ft.  3  in.,  and  2  ft. 

.^ns.  1096  cubic  ft.  9'. 

53.  How  many  cords  of  wood  in  a  pile  10  ft.  long,  5  ft.  high,  and 

7  ft.  wide?  Jins.  2  cords  94  cubic  ft. 

54.  How  many  cords  of  wood  are  there  in  a  pile  4  ft.  wide,  5  ft. 

3  in.  high,  and  70  ft.  long  ?  JIns.  U}\. 

55.  What  are  the  exact  cubic  contents  of  a  block  of  marble  4  ft. 

7'  8"  long  bv  9  ft.  6'  wide  and  2  ft.  11'  thick  ? 

Jns.  128  cubic  ft.  6'  5"  2'". 

56.  How  many  bricks,  8  inches  long,  4  inches  wide,  and  2  inches 
thick,  will  it  require  to  make  a  wall  25  ft.  long,  20  ft.  high, 
and  2  ft.  6  inches  thick  ?  Ans.  33750  bricks. 


62.  It  is  sometimes  asked  how  we  can  multiply  feet,  inches,  Ac,  by  feet, 
inches,  Ac,  while  we  cannot  multiply  pounds,  shiUings  and  pence  by  pounds, 
shillings  and  pence.    The  answer  is  very  simple. 

Ist.  When  we  say  that  feet  multiplied  by  feet  give  square  feet,  wo 
merely  use,  as  we  have  seen,  (Art.  45),  an  abbreviated  form  of  expression 
for  the  following,  viz :  that  "the  number  of  square  feet  contained  in  any  rec- 
tangular surface,  is  equal  to  the  product  of  two  numbers,  one  of  wliich 
represents  the  number  of  linear  feet  in  one  side;  and  the  other,  the 
number  of  linear  feet  in  the  adjacent  side." 

2nd,  When  we  are  multiplying  together  primes,  seconds,  &c.,  we  are 
merely  multiplying  together  a  set  of  factors  naving  12  or  powers  of  12  for 
denominators ;  and  when  we  say  that  seconds  multiplied  hy  fourths,  give 
sixth ;  primes,  multiplied  by  seconds,  give  thirds,  &c.,  we  simply  mean 
that  the  product  of  any  two  of  these  fi*actions  is  a  fi-action  having  for  its 
denominator  a  power  of  12,  which  power  is  indicated  by  the  sum  of  the 
indices  of  the  factors. 

It  is  hence  obvious  that  duodecimal  niultiplication  offers  no  support 
whatever  to  the  idea  that  money  may  be  multiplied  by  money. 

QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

Note.— TAe  numbers  after  the  questions  refer  to  the  articles  of  the 
Section. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 
17. 


What  is  a  measure  of  a  number?  (1) 

What  is  a  multiple  of  a  number?  (2) 

What  is  an  integer  'I  (3) 

Of  how  many  kinds  are  integers  ?  (4) 

What  is  an  et>e»  number?  (5) 

What  is  an  odd  number?  (6) 

What  is  apriwtenupiber?  (7) 

What  is  a  composite  number  ?  (8) 

What  are  the  factors  of  a  number  F  (9) 

By  what  other  names  are  factors  known  ?  (10) 

What  is  a  common  measure  of  two  or  more  numbers  ?  (11) 

When  are  two  or  more  numbers  prime  to  each  other?  (12) 

Are  all  prime  numbers  prime  to  eacli  other  ?  (12) 

Are  all  composite  numbers  prime  to  each  other?  (12) 

What  are  commensurable  numbers  P  (13) 

What  are  incommensurable  numbers  r  (14) 

'Whsit  is  a,  square  nvanber?  (15) 


f 


I 
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34. 
35. 
36. 
37. 


18.  What  is  a  cube  number?  (16) 

19.  What  19  a. perfect  number?  (17) 

20.  Mention  some  perfect  numbers  ?  How  do  all  perfect  numbers  termin- 

ate? (17) 

21.  What  are  amicable  numbers  ?  Mention  some  amicable  numbers. 
22-  What  is  meant  by  the  properties  of  numbers  ?  (19) 

23.  What  is  the  sum  of  two  or  more  even  numbers  ?  (19-1.) 

24.  What  is  the  difference  of  two  even  numbers  ?  (19-11.) 

25.  What  is  the  sum  of  3, 5,  7,  &c  ,  odd  numbers?  (19-IV.) 

26.  What  is  the  sum  of  2. 4,  7. 8,  &c.,  odd  numbers?  (11>-V.) 

27.  What  is  the  sum  or  difference  of  an  odd  and  an  even  number  ?  (19-VI.) 

28.  When  is  the  product  of  Ruy  number  of  factors  even  P  (19-IX.) 

29.  When  is  the  product  of  any  number  of  factors  odd  ?  (19-XI.) 

30.  When  will  anumbpv  measure  the  suit,  difference  and  product  of  two 

numbers?  (19-XIII.) 

31.  If  the  number  9  be  multiplied  by  any  single  digit  to  what  is  the  sura 

of  the  digits  in  the  product  egual  P  (19-a  VI.) 

32.  By  what  is  any  number  ending  in  0  divisible  ?  (19-XIX  &c.) 

33.  By  what  is  any  number  ending  in  6  divisible  ?  (19-XX.) 
By  what  is  any  number  ending  in  2  divisible?  (19-XIX.) 
When  is  anumber  divisible  by  4?  (19-XXII.) 
When  is  a  number  divisible  by  8?  (19-XXIII.) 
When  is  a  number  divisible  by  9  ?  (19-XXIV.) 

38.  When  is  a  number  divisible  by  3  ?  (19-XXV.) 

39.  When  is  a  number  divisible  by  11?  (19-XXVI.) 

40.  Show  that  every  composite  number  may  be  resolved  into  prime  of  fac- 

tors? (ig-XiVII.) 

41.  Show  that  the  least  divisor  of  any  number  is  a  prime  number? 

(19-XXVlII.) 

42.  With  what  digits  must  all  prime  numbers  except  2  and  5  terminate  ? 

(19-XXXI.; 

43.  How  do  you  find  the  prime  numbers  between  any  limits  ?  (20) 

44.  What  is  tnis  process  called  and  why  ?  (20) 

45.  When  it  is  required  ascertain  whether  a  given  number  is  prime  or  not 

what  is  the  first  thing  we  do  P  (20) 

46.  When  we  try  the  primes  of  the  table  as  divisors  which  is  the  highest 

we  need  use?  (20) 

47.  Why  is  it  unnecessary  to  try  any  divisor  greater  than  the  square  root 

or  the  number?  (20) 

48.  How  do  we  resolve  a  composite  number  into  its  prime  factors?  (21) 

49.  By  what  numbers  can  a  composite  number  be  divided  ?  (21-Note.) 

50.  "What  is  the  rule  for  finding  all  the  divisors  of  a  number?  (22) 
61.  How  do  we  find  simply  Jiow  many  divisors  a  number  has  ?  (23) 

52.  What  is  the  greatest  common  measure  of  two  or  more  numbers  ?  (24) 

63.  How  do  we  find  a  common  measure  of  two  or  more  numbers  P  (25) 

64.  How  do  we  find  the  greatest  common  measure  of  two  numbers  P  (26) 
55.  Prove  the  rule  in  Art.  26. 

How  do  we  find  the  G.  C.  M.  of  three  or  more  numbers  ?  (27) 
What  is  the  second  method  of  finding  the  G.  C.  M.?  (28) 
Upon  what  principle  does  this  method  rest  ?  (28) 
What  is  a  common  multiple  of  two  or  more  numbers  ?  (29) 
What  is  the  least  common  multiple  of  two  or  more  numbers  ?  (30) 

61.  Give  the  first  rule  for  finding  the  1.  c.  m.  of  two  or  more  numbers  P  (31) 

62.  Give  the  second  rule  ?  (32)    What  is  the  reason  of  this  rule?  (32) 
Give  the  most  convenient  and  expeditious  rule  for  finding  the  1.  c.  m. 

of  several  numbers  ?  (33) 
What  is  meant  by  the  radix  or  base  of  a  system  of  notation  ?  (34) 
How  do  we  read  numbers  in  different  scales  P  (35) 

66.  Express  the  number  234213  quinary  as  in  Art.  36. 

67.  What  does  the  expression  10  always  represent  ?  (37) 

68.  What  Is  the  highest  digit  used  in  any  scale  P  (38) 

69.  How  do  we  reduce  a  number  from  one  scale  to  another  ?  (39) 


.56. 
57. 
68. 
69. 
60 


63. 

64. 
65. 
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abors  termin- 
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berp  (19-VL) 
■IX.)  ' 

XI.) 
ouuct  of  two 

fc  is  tlie  sum 


•rime  of  fac- 

le  number? 

terminate  ? 

(20) 

rime  or  not 

the  highest 

square  root 

J  (21) 
Note.) 

a) 

23) 

bersP  (24) 
?  (25) 
3rsP  (26) 


?  (30) 
bers  P  (31) 

(32) 

1.  c.  m. 

(34) 


70.  What  is  the  rule  for  transforming  a  numb(?r  from  any  scale  into  the 

decimal?  (40) 

71.  How  are  the  fundamental  operations  carried  on  In  the  different 

scales?  (41) 

72.  How  is  the  separating  point  named  in  the  different  scales  ?  (41  Note) 

73.  How  are  operations  in  the  difl'erent  scales  proved?  (42) 

74.  What  are  duodecimals  ?  (44) 

75.  Give  the  table  of  duodecimals.  (44) 

76.  What  is  a  prime  P  (45) 

77.  How  is  the  area  of  a  rectangular  surface  found?  (46) 

78.  What  is  the  rule  for  duodecimal  multiplication  ?  (48) 

79.  How  may  the  rule  for  finding  the  denomination  of  tlie  product  be  con- 

cisely worded  ?  (48) 

80.  How  are  solid  contents  found  ?  (51) 

81.  Show  that  duodecimal  multiplication  affords  no  support  to  the  idea 

that  morny     ay  be  multiplied  by  money,  &c.  (52) 


-.-  ^  :3LLANE0US  EXERCISES. 
{On  preceding  Rules.) 

1.  Add  together  $T29'18,  $710-50,  $166-78,  £93  14s  tjd,  £276 

19s  lOJd,  $407-81  and  £275  4s  ll|d. 

2.  Multiply  47  miles,  6  fur.  17  per.  4  yds.  2  ft.  7  in.  by  576. 

3.  How  many  divisors  has  the  number  243000  ? 

4.  From  713427  octenary  take  4234434  quinary  and  give  the 
answer  in  both  scales. 

5.  Divide  79-342  by  -00006378. 

6.  Express  79423  and  234567  in  Roman  numerals. 

7.  What  is  the  1.  c.  m.  of  5,  7,  9,  11,  15,  18,  20,  21,  22,  24,  28, 
30,  33,  35,  36,  40,  42,  44,  45,  48,  and  50. 

8.  Give  all  the  readings  of  376-342. 

9.  Multiply  64276-3427  by  9999993000. 

10.  Transform  78263  nonary  into  the  quinary  and  undenary  scales 
and  prove  the  results  by  reducing  all  the  numbers  to  the 
septenary  scale. 

11.  Form  a  table  of  all  the  prime  numbers  less  than  200? 

12.  Reduce  £672  7s  7d  to  dollars.and  cents. 

13.  What  is  the  G.  C.  M.  of  243000,  891,  37800  and  35100. 

14.  Give  all  the  readings  of  6  yards  3  qrs.  3  nails  2  inches. 

15.  Write  down  as  one  number,  seven  hundred  and  forty-two 
quintillions,  nine  hundred  and  five  billions,  seventy-eight 
thousand  and  fourteen,  and  eighty-seven  million,  two  hun- 
dred thousand  and  eleven  tenths  of  trillionths. 

16.  Read  the  following  numbers : 

71300100200401-000000070402 

134900101000100100-000200020002 

4700000000020007.00000000000278. 

17.  Add  together  £178  16s  4|d,  £97  15s  lljd,  £693  19s  ll^d, 
£216  lis  9id,  £678  14s  7|d,  £197  13s  ll^d,  £117  63  5d, 
and  £91  Is  IJd. 

18.  What  are  the  prime  factors  of  276000. 
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22. 


23 
24 


19.  Multiply  (3  ft.  2'  7"  9'"  10""  by  13  ft.  11'  11"  U"'  1"". 

20.  Divide  7/«9-047  by  713<9G  in  the  duodenary  scale. 

21.  What  number  in  the  common  scale  is  the  greatest  that  can 
be  expressed  by  seven  figures  in  the  quaternary  scale. 

What  number  in  the  common  scale  is  the  least  that  can  be 
expressed  as  an  integral  number  by  five  figures  in  the 
octenary  scale. 

Reduce  74002702  square  inches  to  acres. 

What  is  the  least  common  multiple  of  240,  780,   1G20  and 

1728. 

25.  Divide  $7894-lG  among  3  men,  4  women  and  6  children,  so 
that  each  woman  shall  have  twice  as  much  as  a  child  and 
each  man  5  times  as  much  as  a  woman  ?  What  is  the  share 
of  each? 

26.  What  are  the  greatest  and  least  integral  numbers  in  the 
common  scale  that  can  be  expressed  by  10  figures  in  the 
binary  scale. 

27.  Divide  729  yds.,  3  qrs.  3  na,  1  in.  by  7  yds.  1  qr.  1.  na.  1  in. 

28.  Multiply  762-4978  by  63-423. 

29.  From  723426  take  938.9126141. 

30.  From  129  lb.  take  63  lb.  4  oz.  7  drs.  2  scr. 

31.  What  are  the  divisors  of  1064. 

32.  How  many  yards  of  carpet  2  ft.  7  in.  wide,  will  be  required 
to  cover  a  floor  30  ft.  6  in.  long  and  20  ft.  11  in.  wide. 


SECTION  IV. 


VULGAR  AND  DECIMAL  FRACTIONS,  &o. 

1.  A  Fraction  is  an  expression  representing  one  or  more 
of  the  equal  parts  into  which  any  quantity  may  be  divided. 

2.  If  a  quantity  be  divided  into  2,  5,  9  or  34,  &c., 
equal  parts,  then  one  of  these  parts  is  called  one-half,  one- 
Jifthf  one-ninth,  or  otie-thirty-fourth,  &c.,  as  the  case  may 
be. 

one-ninth  is  written i 

one-hundredth  is  written  .  yf^ 
one-sixty-eighth  is  written,  ^'j 
eleven-seventeenths  is   written 

3.  The  division  of  one  number  by  another  may  be  in- 


one-half  is  written , . 
one-third  is  written  . 
one-fourth  is  written 
one-fifth  is  written . . 
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dicated  in  three  different  ways,  viz :  either  by  using  the 
fall  sign  of  division,  -j-,  or  either  of  its  parts,  — ,  or : 

Thus  we  may  indicate  the  division  of  17  by  8,  by  writing  tliem  thus  17-f-8, 
oir  thus  17  : 8,  or  thus  ^■^-. 

Now  the  last  of  these,  viz  :  ^-^y  is  a  fraction,  and  so  in 
every  other  case,  a  fraction  indicates  the  division  of  one 
number,  called  the  numerator,  by  another  number,  called 
the  denominator. 

4:.  In  a  fraction  the  number  below  the  line  is  called  the 
Deiominator,  because  it  indicates  into  how  many  equal 
parti  the  unit  is  divided, — i.  e.,  it  tells  the  denomination  of 
the  parts.  The  number  above  the  line  is  called  the  Nu- 
merator, because  it  numerates  or  tells  how  many  of  these 
eqaal  parts  are  to  be  taken.  (Art.  2) 

i.  The  numerator  and  denominator  are  called  the  terms 
of  fae  fraction. 

6  Since  every  fraction  expresses  the  division  of  the 
numerator  by  the  denominator,  it  follows  that — 

Tie  value  of  the  fraction  is  the  quotient  obtained  by 
diMding  the  numerator  by  the  denominator. 

\  Hence,  1st.  When  the  numerator  is  less  than  the 
den)minator,  the  value  of  the  fraction  is  less  than  1. 
2nd  "When  the  numerator  is  equal  to  the  denominator 

the  value  of  the  fraction  is  equal  to  1. 
3rd.  When  the  numerator  is  greater  than  the  denomi^ 
iator  the  value  of  the  fraction  is  greater  than  1. 
8.  7rom  (Art.  6)  and  (Arts.  79-84,  Sec.  II.)  it  is  mani- 
fest tht — 

1st.  Mdtiplying  the  numerator  of  a  fraction  by  any 
nunber  multiplies  the  fraction  by  that  number. 

2nd.  Miltiplying  the  denominator  of  a  fraction  by  any 
nunber  divides  the  fraction  by  that  number. 

3rd.  Miltiplying  both  numerator  and  denominator  of  a 
^rastion  by  the  same  number  does  not  affect  the  value 
of  the  fraction. 

4th.  Dividing  the  numerator  of  a  fractron  by  any  num- 
ber divides  the  fraction  by  that  number. 

5th.  Dividing  the  denominator  of  a  fraction  by  any 
number  multiplies  the  fraction  by  that  number. 
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6tli.  Dividing  both  numerator  and  denominator  of  a  frac- 
tion by  tho  same  number  docs  not  affect  its  value. 

9.  Fractions  are  divided  into  two  classes — vulgar  and 
decimal. 

10.  A  Decimal  Fraction  is  a  fraction  in  which  the  oe- 
nominator  is  1,  followed  by  one  or  more  Os. 

11.  All  other  fractions' are  called  Vulgar  or  Com?non 
Fractions. 

Note.— The  word  vulgar  is  here  used  in  the  sense  of  common. 

12.  There  are  six  kinds  of  vulgar  fractions — iirqoer^ 
improper^  mixed,  simple,  compound,  and  complex. 

13.  A  Proper  Fraction  is  one  in  which  the  denominator 
is  greater  than  the  numerator. 

A  proper  fraction  may  also  be  defined  to  be  a  fraction 
whose  value  is  less  than  1. 

Thus  ^3>  I J  tVj  iH>  t^/tj  '1 0  6  arc  proper  fractions. 
The  following  diagrams  represent  unity,  sevcn-scvmilis, 
and  the  proper  fraction,  five-sevenths. 


Unity. 


T  I  7 


The  very  faint  lines  indicate  what  ^  wants  to  make  it  equal  tounif.and 
identical  tvith  ^.  In  tho  diagrams  which  are  to  follow,  we  shall,  fl  this 
manner,  generally  subjoin  the  difference  between  the  fraction  and  nity. 

The  teacher  should  impress  on  the  mind  of  the  pupil  that  he  mifit  have 
chosen  any  other  unity  to  exemplify  the  nature  of  a  fraction. 

14.  The  following  will  show  that  f  may  be  conidercd 
as  either  the  f  of  1  or  the  |  of  5,  both — though  no  identi- 
cal— being  perfectly  equal. 


k 

of  5  units 

1 

HO 

or 


Unity. 


- 

r 

L 

ofl  unit. 

! 

In  one  case  we  may  suppose  that  the  five  parts  belong  to  but  1  oit ;  in 
tho  othf-.r,  that  each  of  the  live  belongs  to  different  units  of  the  sai»  kind. 


I 


1 
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Lastly,  4  may  be  supposed  as  the  |  of  one  unit  five  times  as  large  as  the 
former:  thus— 

I  of  1  unit. 


equal  to 


i  of  5  units. 


15.  An  Improper  Fraction  is  a  fraction  whose  deno- 
minator is  not  greater  than  its  numerator. 

An  Improper  Fraction  may  also  be  defined  to  be  a  fraction 
whose  value  is  equal  to  or  greater  than  1. 

Thus,f,  J/-,  I,  jl,  5-fiJi,  ill   ^,  If,  &c.,  aro  improper  fractions. 

16.  A  Mixed  Number  is  a  number  made  u^  of  a  whole 
number  and  a  fraction. 

Thus,  16|,  1934,  l}-^,  999^,  Gy^y,  2^,  &c,  are  mixed  numbers. 

17.  An  Improper  Fraction  is  always  equal  either  to  a 
whole  number  or  to  a  mixed  number.  The  following  will 
exemplify  an  improper  fraction,  and  its   equivalent  mixed 

number : 

4        1 


Unity. 


3 


Urity +  I 


T 


!    '^ 


12 
^5 


18.  A  Simple  Fraction  expresses  one  or  more  equal 
parts  of  unity. 

Thus,  I,  f,  I,  l-l.  A,  111,  &c.,  aro  simple  fractions. 

19.  A  Compound  Fraction  expresses  one  or  more  equal 
parts  of  a  fraction  ;  or,  in  other  words,  is  a  fraction  of  a 
fraction. 

Thus,  I  of  I,  f  of  f  of  ii  of  f  of  l|  9-,  &c.,  are  compound  fractions. 
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20.  joti  means,  not  the  four- ninths  of  unity,  but  the  four-ninths  of  the 
three-fourths  of  unity :— that  is,  unity  being  divided  into  four  parts,  three 
of  these  are  to  be  divided  into  nine  parts  And  then  four  of  these  nine  are 
to  be  taken ;  thus— 

I        3 


f-f* 

1    1 

"s 

1    1 

1    1 

'tlOl 

1 

1    1 

1    1 

Note.— The  word  "  of,"  placed  between  the  several  parts  of  a  compound 
fraction,  is  equal  to  and  may  be  replaced  by  x— the  sign  of  multiplication. 

21.  A  Complex  Fraction  is  one  having  a  fraction  or  a 
mixed  number  in  its  numerator  or  denominator,  or  in  both. 

^^         2      ,^      3       4      9i       f      n 

inus,  --— ,  — ,  .^-.,  — ,  -^^  — ,  __^  &c.,  are  complex  fractions. 


H 


? 


Note.  —  means,  that  we  are  to  take  the  fourth  part,  not  of  unity,  but 
4 

of  the  I  of  unity.    This  will  be  exemplified  by— 


1   \ 

' 

1 

n|n 


hi 


22.  Since  fractions,  hke  integers,  are  capable  of  being 
increased  or  diminished,  they  may  be  added,  subtracted,  &c. 

23.  Every  integer  may  be  considered  as  a  fraction  having 
unitf/  for  its  denominator. 

Thus,  13  may  be  written  13.;    6,    ^,    29,    Y.  *°- 


REDUCTION  OF  FRACTIONS. 

24.  Since  (Art.  8)  multiplying  both  numerator  and  de- 
nominator by  the  same  number  does  not  alter  the  value  of 
the  fraction,  we  may  reduce  an  integer  to  a  fraction  having 
any  proposed  denominator,  by  the  following — 


t 


i 
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RULE. 

Write  the  integral  number  in  the  form  of  t  fraction  having  I  for 
its  denominator.  (Art.  23) 

Jnd  multiply  both  numerator  and  denominator  of  the  resulting 
expression  by  the  proposed  denominator.  (Art.  8.) 

Example  1.— Reduce  IG  to  a  fraction  having  U  for  its  deno- 
minator. 

16  =  ¥'<  11=  W- 
Example  2.— Reduce  173  to  a  fraction  having  31  for  it8  deno- 
minator. 

I73  =  ip>^tl  =  ''fp 


EXERCISES. 
3.  Reduce  29  to  a  fraction  having  12  for  its  denominator 


Ans.  3_4_8. 

4.  Reduce  243  to  a  fraction  having  3  for  its  denominator. 

Ans.  7  2.9. 

5.  Reduce  7,  23,  and  101  to  fractions  having  13  for  denominator. 

6.  Reduce  4,  37,  126,  73,  and  1007  to  fractions  having  101  tor 

denominator. 

7.  Reduce  204,  7011,  and  1999  to  fractions  having  207  for  deno- 

minator. 


26.  Let  it  be  required  to  reduce  the  mixed  number  8-,'^-,  to  an  improper 
fraction. 

8y  Y  is  equal  to  the  whole  number,  S,  and  the  fraction  -^j,  and  by  (Art.  i\) 

8  =  If  therefore  S/y  =  f  f+TT  =  \\ ' 

Hence,  to  reduce  a  mixed  number  to  an  improper  frac- 
tion, we  deduce  the  following  : — 

RULE. 
Multiply  the  whole  number  by  the  denominator  of  the  fraction^ 
to  the  product  add  the  given  numerator  and  place  the  sum  over  the 
given  denominator. 

Example  8. — Reduce  73|  to  an  improper  fraction. 

OPBEATiox.  ExPLANATioir.— We  multiply  tlie  whole  number,  73,  by  9 

734,  and  add  in  the  numerator,  4.    Thi3  gives  us  661,  which  we 

9  write  over  the  given  denominator,  9,  and  the  resulting  frao- 

"77  tion,  ^f  ^,  is  the  improper  fi-action  sought. 

•^•g^J-  Alls. 

Example  9. — Reduce  276|J  to  an  improper  fraction. 

97flL  7      2  7  6  X  2  0  +  1  7_ii.5  3  7.  >!«« 


I   \ 


,     I 
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9.  Reduce  tho  mixed  uunibor,  TajV,  18/,,  and  1283^  to  improper 

fractions.  Jlns.  ^V,h"h  and  -i?|^. 

10.  Reduce  the  mixed  numbers  384f,  GVa/g,  4*792 jV>  and  5683^47 

to  improper  tractions. 

^ns.  ^•'-^Z' ,  »  IF-,  ^^e-';  and  l-«,V--  • 

26.  Since  ovory  iVaction  indicates  the  division  of  the 
numerator  by  tiio  denominator — to  reduce  an  improper 
fraction  to  a  mixed  number,  we  have  tlie  following: — 

RULE. 

Divide  the  numerator  by  the  denominator  and  the  quotient  wilt 
be  the  required  mixed  number. 
Example  11. — Reduce  a  "4.  to  a  mixed  number, 
an 4.  :^  204-f  =  729^  Ans. 

ExAMPiiH  12. — Reduce  ^■Pc"j-'^-"^  to  a  mixed  number. 
20047-r-ll  =  1822^1-  Ans. 

EXERCISES. 

13.  Reduce  the  improper  fractions  -V3S  ^f  3^>  and  -'tVtV'  to 

mixed  numbers.  Jlns.  31y3»  ^Vj^j,  and  16t5*|-t 

14.  Reduce  the  improper  fractions  ^f|-',  ^|f^  and  ^ff  *  to 

mixed  numbers.  Jlns.  88§j,  158^  j,  and  78. 

27.  To  reduce  a  fraction  to  its  lowest  terms  : — 

RULE. 

Divide  both  terms  by  their  greatest  common  measure. 

This  is  simply  dividinj^  both  terms  by  the  same  number— which  docs  not 
affect  the  value  of  the  fraction.  (Art.  8.) 

The  greatest  common  measure  may  be  found  by  (Art.  20, 
Sec.  III.)  or,  very  frequently,  by  inspection. 
Example  15. — Reduce  ^%  to  its  lowest  terms. 
Greatest  common  moasuro=25.    Dividing  both  terras  by  25 ;  f§=f  "^"*' 

Example  16. — Reduce  -j-fj  to  its  lowest  terms. 
Greatest  common  moa«uro  of  128  and  162=18. 
Dividing  both  terms  by  18  wo  got  |||  =  ^-  Ans. 

EXERCISES. 
lY.  Reduce  -fff  f  7  to  its  lowest  terms.  ^ns.xio* 

18.  Reduce  H3H  to  its  lowest  terms,  Ms.  V/s'"* 
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19.  Reduce  |^-f  f  jj  and  f  ^^  to  their  lowest  terms,    .ins.  ^  and  3. 

20.  Reduce  |ff^  ttVb  and  fr.U^  to  their  lowest  terms. 

^ns.  ih  ?\»  aad  !IM- 

28.  Instead  of  dividing  bolli  terms  by  their  greatest  common 
measure  we  may  divide  both  by  any  common  measure.  We  thus 
reduce  the  fraction  to  lower  terms,  and,  continuing  the  division  as 
long  as  the  terms  have  a  common  measure,  we  shall  finally  have 
reduced  the  fraction  to  its  lowest  terms. 

Note. — It  is  advisable  to  commit  to  memory  the  properties  of 

numbers  given  in  Art.  19,  Sec.  III.  from  XVIII.  to  XXIV. 
M  Example  21. —Reduce  ^H^tS  to  its  lowest  terms. 

^  iUiU  dividing  by  10.  (Xxl  of  Art.  19,  Sec.  III.) 

=  i;Htf  dividing  by  8.  (XXII.  of  Art.  19,  Seo,  III.) 

-=     ilH  dividhig  by  9.  (XXIV.  of  Art.  19,  Sec.  III.) 

^       ^Sa  dividing  by  3.  (XXIII.  of  Art.  19.  Sec.  III.) 

r=       J[fJ  Ans. 

Example  22. — Reduce  f§?^  to  its  lowest  terms. 

§Ms  dividing  by  5.  (XIX.  in  Art.  19,  Sec.  III.) 
^  Hs  dividing  by  9.  (XXIV.  iu  Art.  19,  See.  III.) 
=     U  dividing  by  3.  (XXIII.  in  Art.  19,  Sec.  III.) 

EXERCISES. 

Jns.  ^i 


Ans.  ,^^. 
Ans.  !^. 

/In  <}     « '» 


•   fl  0  5  • 


23.  Reduce  f§^  to  its  lowest  terms. 

24.  Reduce  TirM^o  to  its  lowest  terms. 

25.  Reduce  if^f^fgg  to  its  lowest  terms. 

26.  Reduce  rVVVIy  to  its  lowest  terms. 

27.  Reduce  -^'f-^g,  t'jVifj  and  IVof!,']  to  their  lowest  terms. 

Ans.  fn  -/;»^i-,  and  ^§^. 

29.  To  reduce  fractions  of  diftercnt  denominators  to 
C'|uivalent  fractions  having  the  same  denominator: — 

RULE. 

Multiply  each  numerator  by  all  the  denominators  except  its  own, 
for  a  new  numerator  and  all  the  denominators  together  for  a  new 
denominator. 

This  is  merely  multiplying  both  numerator  and  denominator  of  each 
fraction  by  the  same  quantity,  viz :  the  product  of  all  the  other  denomina- 
tors, and  consequently  (Art.  8)  does  not  alter  the  value  of  tlie  h-action. 

Example  28. — Reduce  f ,  -fy,  and  f  to  a  common  denominator. 

8XIIX  9  =  297  =  1st  nmnerator. 
7X  4X  9  =  252  =  2nd  numerator. 
5X  4X 1 1  =  220  =  3rd  numerator. 
4X11 X  9  —  396  =  common  denominator. 

Tlierpforo  the  oqiuvalcnt  fractions  are  "^tj^^  "h^'i^  and  ^io- 
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Example  2'J. — Reduce  ^,  f ,  4'  '^"'^  A  to  equivalent  fractions 
having  a  common  denominator. 

1X6X7X11  =  385  —  l8t  numerator. 
8X2X7X11  =  4«)2  ::^  2nd  numerator. 
4X2X5X11  —  4'10  =  3rd  numerator, 
9X2X6X  7  —  630  =  4th  numerator.' 
2X5X7X11  =  770  =  common  denominator. 

And  the  equivalent  fnictions  are  ^t3>  ^it  t4^8>  and  f^S* 

EXERCISES. 

30.  Reduce  |f  ^>  f)  ^»  and  ^y  to  equivalent  tractions  having  a 

common  denominator.     Ans.  ^^J,  ^§{},  |Sg,  ^^^,  and  ^^. 

31.  Reduce  x\»  Hi  and  jj  to  fractions  having  a  common  de- 

nominator. Jns.  fJ5-f,  jllf,  ^\U^. 

32.  Reduce  ^,  y\,  -j^g,  ^j  and  J  to  fractions  having  a  common 

denominator. 

*ans.  tfoTf'  i5T)T4»  14  014*  i  4  o  i  f ?  ^na  jiffTf 

33.  Reduce  y"!-,  ^,  and  -j^a  to  a  common  denominator. 

-^ns.  VoVr»  AVt^  and  yVVy. 
31.  Reduce  ^,  4,  |,  and  -f'y  to  a  common  denominator. 

*^ns.    231  ()'    23I0»   23To>   "UU    'Ja  1  J. 

35.  Reduce  j^,  f ,  f ,  and  f  to  a  common  denominator. 

^ns.  IH' fl  MU.  and  VVV 
30.  To  reduce  fractious  to  equivalent  fractions  having 
tlieir  least  common  denominator : — 

RULE. 

Find  the  host  common  multiple  of  all  the  denominators.  {Art 
33,  Sec.  III.) 

Multiply  both  terms  of  each  fraction  by  the  quotient  obtained  by 
dividing  this  least  common  multiple  by  the  denominator  of  the 
fraction. 

This  Is  merely  multiplying  both  terms  by  the  same  (luantity,  as  in  Art. 
20. 

Example  36. — Reduce  l.  _T_,  3.,  and  JL  to  their  least  common 

denominator. 

The  least  common  multiple  of  4, 12,  3,  and  16,  is  48. 

Multiplying  both  terms  of  the  1st  fraction  by  12  (i.e.-y^)  it  becomes  ^1. 

"       2nd       "      by  4  (i.e.  ff)  it  becomes  f|. 

"       Srd        "      byl9(i.e.-V-)itbecomes||. 

"       4th       ••      by  3  (i.e.ff)itbecomes|l. 

The  equivalent  fractions  having  their  least  common  denominator,  are 

therefore  H>  H.  %h  and  H- 
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ExAMPLB  37. — Reduce  J,  /i-,  J^,  f },  ^J,  and  f  to  their  least 
common  denominator. 
Tlio  least  common  multiple  of  B,  11,  20,  it.  55,  and  4,  Ih  220. 
The  multiplier  for  both  terms  of  the  first  fraction  is  ^§-®^  =  it,  for  accond, 
3j?_<l  =  20 ;  for  tho  third,  ^/  =  11 ;  for  the  fourth,  ^^^  «  5 ;  for  tho  fifth. 
S^^.  «  4 ;  and  for  the  sixth,  ^p  =  58. 

Multiplying  by  these  numbers,  \vc  obtain  ^J^,  ^\^,  \\l^  ^|^,  ^Y(f> 
and  1^^  for  tho  required  fractions. 

EXERCISES. 

38.  Reduce  i  a  i,  J,  and  jj  ^o  their  least  common  denominator. 

*^^*- VA.  iVtt,  tVo,  iVo,  and  AV 

39.  Reduce  y*!-,  |,  4^,  Tyf,and^|  to  their  least  common  denomi- 

nator.  Ans.  ^|f,  ^f,  ^^i,  Ji_4^,  and  f^?. 

40.  Reduce  \,  |,  f ,  |,  |,  yV,  ||,  j''ji  and  f  |  to  their  least  com- 

mon denominator. 

^«''.  M^  m^  \\h  Uh  Uh  lU,  %lh  \n^  and  iH 

41.  Reduce  |,  y'^,  /j,  ^^,  ^f,  and  ff  to  their  least  common 

denominator.    Ans.  f  A",  Ai",  ^la,  5^o^  aao^  and  ^^i. 

42.  Reduce  ^-^-,  g^,  |^,  and  ^V  to  their  least  common  denomi- 

nator. Ans.  m,  ^f  ^,  1^^,  and  oYo- 

43.  Reduce  ^,  f,  ^,  f ,  -J,  f|,  yf,  and  |f  to  their  least  con'ri.-a 

denominator. 

-Ans.  ff ,  H»  H»  ih  H>  if>  fj.  and  |f_. 

44.  Reduce  f,  y^i  y^j,  jt,  ^j,  and  ^  to  their  leas^  common 

denominator. 

^ns.  ^n^  -fff  t,  ^n,  mh  HH,  and  ^Ifg. 

45.  Reduce    ||,   ^,  f,   H'   Tn  U>  f  and  |f  to  their  least 

common  denominator. 

Ans.  mh  f  iH»  wr'oS  MH.  f  f  f  ^>  MH,  mh  and  Hn- 

81.  Let  it  be  required  to  reduce  -{-^  of  y^y  to  a  simple  fraction. 

if  of  y'y  means  12  times  yV  of  y^y. 
We  get  y'lj^   of  y\,  i.  e.,  divide  y^y  by  17,  when  we  multiply  the  denomi- 


nator 11  by  17  (Art.  8.)  Therefore  yV  of  /y  =  2 — ,  and  to  multiply 

11X17  ^ '' 

this  result  by  12,  we  multiply  the  niunerator,  6,  by  12.  (Art.  8) 

Therefore  }f  of  y«y  =  ^^^  =  y^^. 

Hence,  to  reduce  a  compound  fraction  to  a  simple  one 
we  deduce  the  following  ; — 

RULE. 
Multiply  all  the  numerators  together  for  a  new  numerator^  and 
all  the  denominators  together  for  a  new  denominator. 


I 


160 


UEDUCTION    OF    FRACTIONS. 


[Sect.  IV. 


Example  46.  Reduce  §  of  Mf  f  to  a  simple  fraction. 

4        c        2X4X5_  40    . 

Note.— In  all  cases  the  answer  must  be  reduced  to  its  lowest  terms. 

EXERCISES. 

47.  Reduce  4  of  f  of  /y  of  f  |  to  a  simple  fraction.     Ans.  Jy 

48.  Reduce  |  of  f  of  f  of  yVo  of  ^f  to  a  simple  fraction.    Am.  y\. 

49.  Reduce  \\  of  y\  of  W  to  a  simple  fraction.  Ans.  y^. 

50.  Reduce  |  of  4  of  y'y  of  |^  to  a  simple  fraction.    Am.  e^T^s- 
32.  Since  the   several   numerators  of  the  compound 

fraction  form  the  factors  of  the  numerator  of  the  simple 
fraction,  and  also  the  several  denominators  of  the  compound 
fraction,  the  factors  of  the  denominator  of  the  simple  frac- 
tion, it  follows  (Art.  8)  that, — 

Before,  applying  the  rule  in  (Art.  31),  we  may  cast  out  or  cancel 
all  the  factors  that  are  common  to  a  numerator  and  a  denominator 
of  the  compound  fraction. 

Example  51.— Reduce  y^  of  4  of  f  of  ff  of  ^  to  a  simple 
fraction. 

STATEMENT.  CANCELLED. 

,     6^       4      3      22      35_  6X4X3X22X35_  ^  X^Xl^X^i^X^i^_  j- 
11      7°  5      27°  16    11X7X5X27X16    llX^KX^^X^txH^     3        "' 

3       ^ 

Here  6  and  27  contain  a  common  factor,  3,  which  is  cast  out,  and  these 
numbers  thus  reduced  to  2  and  9.  Next  this  2  reduces  16  to  8,  and  the  9  is 
reduced  to  3  by  the  third  numerator,  which  is  thus  cancelled.  Again,  11 
cancels  11  (the  first  denominator)  and  reduces  22  to  2,  and  this  2  reduces 
the  8,  before  obtained  from  the  16,  to  4.  Next,  this  4  Is  cancelled  by  the  4 
in  the  numerator.  Again,  7  cancels  the  7  in  the  denominator  and  reduces 
the  35,  in  the  numerator,  to  5,  and  this  5  cancels  the  5  in  the  denominator. 
All  the  numerators  are  now  reduced  to  unity,  as  also  all  the  denominators 

1X1X1X1X1 


but  the  fourth,  which  is  3.    The  resulting  fraction  is  therefore 

.,      ,  1X1X1X3X1 

but  as  1 18  never  considered  as  a  multiplier  or  divisor,  we  write  the  result 
simply  as  h 

Example  52. — Reduce  y\  off  off  of  ff  to  a  simple  fraction. 


STATEMENT. 


CANCELLED. 


b'h' 


3    ,55      7X4X3X55      ^X^Xl^X^!^  1  1     ^ 


-of 


20    11X6X5X20 


UX^Xi^XS^I^ 
2         5 


2X5     10 


Note.— If  any  of  the  terms  of  the  compound  fraction  are  whole  or  mixed 
numbers,  they  must  be  reduced  to  fractions  (Arts.  23  and  25). 

The  process  of  cancelling  exemplified  above  should  always  be  adopted 
when  possible. 


Be 

5( 
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EXERCISES. 

53.  Reduce  f  of  i^  off  of  fV  to  a  simple  fraction.         Jlns.  /f. 

54.  Reduce  |  of  ^  of  tVj^^/to^ H  of  j-?  to  a  simple  fraction. 

55.  Reduce  f  of  y*r  of  5 J  to  a  simple  fraction.  Ans.  ^, 

56.  Reduce  ^  of  j^j  of  ^^^  of  fW  of  H  of  2|^  to  a  simple  frac- 

tion. Ans.  j\, 

51.  Reduce  fY  of  4  ofyV  of|^  of  y|  of  6^  to  a  simple  fraction. 

jlns.  -^^ . 
58.  Reduce  4  of  fV  of  154  to  a  simple  fraction.  Ans.  24. 

S3.  Let  it  bo  required  to  reduce  the  complex  fraction  —-  to  a  simple 
fraction.  $ 

Since  (Art.  8)  wo  may  multiply  both  numerator  and  denominator  by  a 
fraction  by  the  same  number,  without  altering  its  value— we  may  multiply 
both  terms  of  the  given  fraction  by  ^,  i.  e.,  by  the  denominator  with  its 

terms  inverted,  without  altering  its  value. 

Therefore  j-—-~-j--^x^-  =-— 

4         4  '^3 

Hence,  to  reduce  a  complex  fraction  to  a  simple  one,  w«. 

deduce  the  following : —  ^ 

RULE. 

fy'actton 

Reduce  the  exp:  ession  (Arts.  23  and  25)  to  the  form  of ■, —  ; 

fraction 

i.  e.,  reduce  both  numerator  and  denominator  to  simple  fractions. 

Then  multiply  the  extremes  or  outside  numbers  together  for  a 

neiv  numerator,  and  the  means  or  intermediate  numbers  together  for 

a  new  denominator. 

Example  59. — Reduce  ry-to  a  simple  fraction. 

TT 

«iL-         I         9X11        99       ^  ,      , 


'T"3r 


NoiB.— Factors  that  are  common  to  one  of  the  extremes  and  one  of  th 
means,  are  to  be  struck  out  or  cancelled.  (Art.  32) 


7- 
ExAMPLE  60. — Reduce  -.'T 

1 1  3 

9 
$1 


to  a  simple  fraction. 


H> — W^"  10  -lo-^'^"'^"'"'' 
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EXERCISES. 


IL 


-^ns.  2^, 


JUns.  ^\. 


Ans.  2. 


61.  Reduce  -lA  to  a  simple  fraction. 

11 

62.  Reduce  -i-^-  to  a  simple  fraction. 

15J 

63.  Reduce  ~,,-r  to  a  simple  fraction. 

\\%    31  3. 

64.  Reduce  Yob>  "g"  and  -r*  to  simple  fractions. 

Am.  \l\,  ^f,  and  ^f 
.7_    5  J  2 1 

65.  Reduce  -'  ^-,  ---   and  oa  to  simple  fractions. 

J4:    I  a  ' 

.^ns.  ■jj'tj,  31^,  and  x"y. 
16^    6\     17     21^        ,   i 

66.  Reduce  jj,,  jo,  jg j,  jq^;*  and  4^^  simple  fractions. 

^ns.  ^,  ^i,  if  2t-V,  and  t\' 

34:.  A  denominate  fraction  is  a  fraction  of  a  denominate 
number. 
Thus,  f  of  a  lb„  f^^  of  a  mile,  f  of  a  daj',  &c.,  arc  denominate  fractions. 

85.  Reduction  of  denominate  fract'ons  consist>!  in  clinnir- 
ino-  them  f:om  one  denomination  to  anotliei'  without  alter- 
ing their  values. 

86.  Let  it  be  required  to  reduce  y  of  a  pint  to  the  fraction  of  a  bushel. 

Since  1  qt.=2  pints,  4"  of  a  pint=i  of  t  of  a  quart. 

Also  because  1  gal.=4i  qts.  t  of  a  puil==l  of  i  of  t  of  a  gal. 

Bimil.irly  t  of  a  pint=l  of  i  of  J  of  ^  of  t  of  a  bushel=4-4T==TiT  bush. 

Hence,  to  reduce  a  denominate  fraction  from  a  lower  to 
a  higher  denomination,  we  deduce  the  following: — 

RULE. 

Takt>  the  number  expressing;  liow  many  0/  the  given  denominaticn 
Are  required  to  make  0  le  of  the  nex'  higher  ;  also  the  number  ex- 
pressing how  many  of  this  denomination  arc  required  to  make  one 
of  the  nexl  higher  again,  and  so  on  until  the  required  d:  nomination 
be  rcaciied. 

Write  the  fractions  formed  by  these  numbers  as  denominators, 
with  1  as  numerator  and  t'le  given  fraction  in  the  form  of  a  com* 
found  fraction^  which  rcdu:e  to  a  simple  fraction.     (^Art.  32) 
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Example  67.— Redace  i\  of  a  minute  to  the  fraction  of  a  week. 

Ans.  VV  0^  7V  ^^  l^T  of  |=3  6^?7r  of  a  week. 
Example  68. — Reduce  ||  of  a  grain,  troy,  to  the  fraction  of  an 
ounce. 

U  of  ^i  of  1iV=t/io=?Ii  of  an  02.  Troy. 
EXERCISES. 

09.  Reduce  |  of  an  ounce  to  the  fraction  of  a  pound,  avoirdupois. 

^ns.  y^  lb. 
70,  Reduce  *  of  ?  of  a  penny  to  the  fraction  of  a  pound. 

Jlns.  ^jc^' 
VI.  Reduce  ^  of  85  of  a  day  to  the  fraction  of  a  week. 

^ns.  -j\  wk. 

72.  Reduce  /y  of  IGJ  nails  to  the  fractijip  of  an  English  ell. 

^ns.  •^y^  E.ji. 

73.  Reduce  ^  of  y*}-  of  a  yard  to  the  fraction  of  a  perch. 

jlns.  f  per. 

74.  Reduce  |  of  f  of  21  xV  of  a  cord  foot  to  the  fraction  of  a  cord. 

«  ^ns.  l^^f    cord. 

75.  Reduce  j^  of  7^  of  9  J  of  a  square  perch  to  the  fraction  of 

an  acre*  jins.  j-^ji  A. 

37.  Let  it  be  required  to  reduce  ^  of  a  day  to  the  fraction  of  a  minute. 
Since  there  are  24  hours  in  a  day  and  CO  seconds  in  a  minnte ; 
^  of  a  dav  will  bo  24.  times  *  of  an  hour  and  60  times  24  times  f  of  a  minute } 
that  is,  5  of  a  day  is  equal  to  ix24X60  of  a  minute. 
Therefore  f  of  a  day =4.  of  S^A.  of -fy*  of  a  minute. 

Hence,  to  reduce  a  denominate  fraction  from  a  higher  to 
a  lowor denomination,  we  have  the  following: — 

RULE. 

Take  the  number  expressing  how  many  of  the  next  lower  denom- 
ination make  one  of  the  given  denomination  ;  also,  the  number  ex- 
pressing how  many  of  the  next  lower  again  make  one  of  this  deno- 
mination, and  so  on  till  the  required  denomination  be  reached. 

Write  the  fractions  formed  by  these  numbers  as  numerators,  with 
1  as  denominator,  and  the  given  fraction  in  the  form  of  a  compound 
fraction,  which  reduce  to  a  simple  fraction.  {Jrt.  32) 

Example  76. — Reduce  3  of  a  £  to  the  fraction  of  a  penny. 

I  of  2^1.  of  J/:.=i.|iL:=i6')  ponce. 

Example  77.— Reduce  |  of  f  of  {\  of  a  furlong  to  the  fraction 
of  a  foot. 

•  of  \  of  |«  of  Y,  -VS  f =WOft,  Jii#. 
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EXERCISES. 

78.  Reduce  ^  of  a  bushel  to  the  fraction  of  a  quart. 

^ns.  ^%^  qt. 

79.  Reduce^  of  a  gal.  to  the  fraction  of  ^  of  J  of  a  gill. 


Jlns.  ^K 


80.  Reduce  ^  of  2  pecks  to  the  fraction  of  i  of  J  of  a  pint. 

81.  Reduce  ^J  of  a  lb.  to  the  fraction  of  a  scruple. 

^ns. -fi8  scr. 

82.  Reduce  joVo  of  |  of  J-  of /}•  of  Y"  of  a  lb.  avoirdupois  to 

the  fraction  of  a  dram.  ^ns.  j'^/j  dr. 

38.  To  finu  the  value  of  a  denominate  fraction  in  terras 
of  a  lower  denomination  : — 

RULE. 

Divide  the  numerator  by  the  denominator  according  to  the  rule 
given  in  Art.  71,  Sec.  IL 

This  is  only  actually  performing  the  work  which  the  fraction  indicates, 
(Art.  3.) 
Example  83.— What  is  the  value  of  |^  of  a  mile  ? 

11  iniles-T-13 

13)11  miles  (6  fur.  30  per.  i\^-s  yds.  Am. 
8  =  fur.  in  a  milo, 

88  =  number  of  furlongs,  , 

78 

10 

40  =  perches  in  a  furlong. 

400  =  perches. 
390 

10 
5i  =  yards  in  a  perch, 

55  =  number  of  yards. 


of 


EXERCISES. 

84.  What  is  the  value  of  \i  of  a  bushel  and  also  off  of  a  lb.  avoir- 

dupois ? 

Jlns.  1  pk.  0  gal.  0  qt.  1/y  pt.  and  13  07-.  11^  drams. 

85.  What  is  the  value  of  -^^  of  a  yard  of  cloth? 

Jlns.  2  qrs.  0  na.  l-j^j  inches. 

86.  What  is  the  value  of  f  of  a  lb.,  troy  ;  and  also  of  t^,^  aq.  mile. 

Ans.  10  oz.  13  dwt.  8  grs.;  and  G2  acres,  1  rood,  8  sq.  per 
4  sq.  ydg.  2  ft.  79rf  J  in. 


I 


tSsCT.lV 


ARTS.  88,  39.] 


REDUCTION   OP   FRACTIONS. 


166 


Jins.  4^V  qt. 
gill. 

a  pint. 


s. 


-ff'scr. 


oirdupois  to 
'»*•  yWj  dr. 

>n  in  terras 

to  the  rule 
ion  indicates. 


ExAMPLK  87. — What  is  the  value  of  ^  of  a  furlong;  and  of  4  of 
a  £?  Ans,  35  rds.  3  yds.  0  ft.  2  in.  and  lis.  5|d. 


39.  Let  it  be  required  to  reduce  2s.  7id.  to  the  fraction  of  £7 18s. 

28^71  d,     jgTfarthings.    ,^^^,^^^^^  ^s.  75d.  =  ^  of  £7  18s. 
£718s.       7584  farthiugs.  7584 

Hence,  to  reduce  one  denominate  number  to  the  fraction 
of  anotiier,  we  deduce  the  fullowing : — 

RULE. 

Reduce  both  quantities  to  the  lowest  denomination  contained  in 
cither. 

Then  place  that  quantity  which  is  to  be  the  fraction  of  the  other 
as  numerator  and  the  remaining  quantity  as  denominator. 

Example  88. — Reduce  3  days  4  hours  to  the  fraction  of  a  week. 
3  days  4  hours  =  76  hours. 
1  week  =  1G8  hoiirs. 
•  And  the  required  fraction  is  jq^  —  if  '^***' 

Example  89. — What  fraction  is  3  lb.  4  oz.  2  dr.  2  scr.  1  grs. 
of  63  lb.  4  oz.  1  dr.  Apothecaries'  weight. 

3  lb.  4  oz.  2  dr.  2  scr.  7  grs.  r=  19367  grs. 
63  lb.  4  oz.  7  dr.  «=  S65220  grs. 

And  the  fraction  is  3V5W0  "^"** 


lb.  avoir- 
}  drams. 

■  inches. 
3q.  mile, 
sq.  per. 


EXERCISES. 

90.  What  fraction  is  6  bush.  1  pk.  1  gal.  1  qt.  1  pt.  of  60  bush. 

^ns,   "3  3  To* 

91.  What  fraction  is  35  per.  9  ft.  2  in.  of  a  furlong?        Jlns.  |. 

92.  What  fraction  is  1  h.  12  m.  of  a  day?  Jns.  f^. 

93.  What  fraction  is  2  sq.  yds.  2  ft.  120  in.  of  3  sq.  per.  13|  yds. 

1  ft.  12  in.  Ans.  ^\ 

94.  What  fraction  is  1  oz.  7  dr.  2  scr.  14  grs.  of  21  lbs.  Apoth.  ? 

95.  R  'luc3  9  min.  48  sec.  to  the  fraction  of  a  day.      Ans.  ylgxr* 

96.  Reduce  16  bush.  1  pk.  1  pt.  to  the  fraction  of  69  bush. 

Ans.  fWj. 

97.  Reduce  3  qrs.  3^  na.  to  the  fraction  of  an  ell  Eng.    Jns.  ^. 

98.  What  part  of  a  lb.  Troy  is  13  dwt.  7  grs.  ?  Ans.  j^Y^, 

99.  What  part  of  04  cor'is  of  w9od  is  4800  cubic  feet?    Ant.  0. 
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ADDITION  OF  VULGAR  FRACTIONS. 

40.  Addition  of  fractions  is  the  process  of  finding  h 
single  fraction  wLicli  shall  express  tlie  valuo  of  all  the 
fracJions  added. 

Addition  may  be  illustrated  as  follows  : 


Unity. 


41.  In  order  that  fractions  may  be  added  they  must  have 
a  common  denominator. 

Thus  l+jl  make  noither  |  nor  | ;  but  if  wo  reduce  thorn  to  equivalent 
fractions  having  a  common  denominator,  as  j^  and  y^^,  wc  aro  enabled 
to  add  them  and  thus  obtain  for  their  sum  -j-^- 

These  fractions,  before  and  after  they  receive  a  common  de- 
nominator, will  be  represented  as  follows  :— - 


Unitv. 


L_L_I 


i 


equal  to 


A I 

mill! 


equal  to 


f. 


!iil 


We  have  increased  the  number  of  the  parts  just  as  much  as 
we  have  diminished  their  size. 

42.  For  the  addition  of  fractions  we  have  therefore  the 
following : — 

RULE. 

Reduce  compound  and  complex  fractions  to  simple  ones,  and  all 
to  a  common  denominator.  {Arts.  29  and  30.) 

jidd  all  the  numerators  together  and  beneath  their  sum  place 
the  common  denominator. 

Reduce  the  resulting  fraction,  when  it  is  an  improper  fraction,  to 
a  mixed  number.  {Art,  26) 

NoTK.— //"mtxei  numbers  occur  among  the  addends,  the  integral 
portions  are  to  be  added  separately  and  thHr  sum  added  to  the  sum 
pf  the  fractions 
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Example  1.— Add  together  y*n  A'  /t«  tt  ^"^^  If* 

Ht.'re,  siiiro  tho  Trnctions  liavo  alrr'ady  a  common  donominator,  we  have 

siiMnly  to  add  the  numerators  and  place  11,  the  common  denominator,  bo- 

ncatli  tiieir  sum. 

Thus  ^V+t\+t\+A+  I  ?-  =  *-±^-^-^-'  =  H-  =  2,V  Ans. 

Example  2.— Add  togcthor  J,  ^,  -J,  ^  and  |}. 

Those!  fractions  roduccd  to  their  least  common  denominator  by  Art.  30 
bccomeff  If  If,  4f,  AA. 

A»d  |jf+j2^  +  5]j-+5t+5^  -  2(j  --5(f        i*-*^!!' 

Example  3.— Add  together  ^,f,  y\  and  |  of  4  of  1^  of  |-J 

of  b'i. 

4  of  4  of  y'r  of  6  4  ol"  Bi  i><  equal  to  J  (^r/.  31)- 

The  fractions  to  bo  added  are  therefore  •Y+s+tT+i'* 

Those  reduced  to  a  common  denominator  (Art.  29)  bccomo 

X32.il.L2in4.  I  2  5.2.0  linii  =  ISilo   -^  '>2-li3.  Am. 
3  0  8  0  ^3  0  87~a  0  a  0  i^aTTs  0        3087        -ooTl)         ' 

4i 
Example  4.— Add  together  OJ,  lU,  16^,  43|  and  =7 

Here  tho  last  fraction  is  a  complex  fraction  and  is  equal  to  5 . 
Andit+ll  +  ,G+i.   =79. 

Also  0X4  Xj)    ,  aTu         30  0T^3  6  0T^36  0T^36?J^3«  0  3  8  7  7a  fl  * 

Therefore  tho  sum  of  tho  given  quantiti*  s  U  19-\-'i-^-^  —  Si--^Z' 
Example  5. — Add  together  §,  ^  and  5f . 

Ilereaddiriu;  tlie  three  fractions  together  we  obtain  l^^J  for  their  sum, 
to  which  wo  add  the  integi-al  number  5  and  thus  obtain  the  entire  sum 

EXERCISES. 

C.  Add  togeilier  j^,  |!}  and   /j.  Ans.  ff  =  2jS,. 

1.  Add  together  y'j,  t".'  tV  A.  H  ^"^  le- 
vins, f  f  ==  Y  =  3f 

8.  Add  together  4f  II4,  IGf,  21^  and  l<Jf. 

9.  Add  together  16|^,  11^^,  I82V  I7^f  and  112^|. 

Ans.  in^^. 

10.  Add  together  4i,  1^  and  y\. 

11 .  Add  togetlior  ^,  |,  a,  ^,  |,  ^,  |  and  f 

12.  Add  together  ?,  |  and  f. 

13.  Add  together  ^,  |,  4,  f  and  -1^. 

14.  Add  togoLhcr  ^,  ^y  i,  ^,  ^  aad  f 


-4ns  "2H. 
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15.  Add  together  IC^aj-,  ^H,  21 H.  tV  ^"^^  '^H 


il 


Ans.  104|^. 


C.  Add  together  17^,  43^f,  lG8f,  207/,-  and  5061|a 


^w«.  943^f 


17.  Add  together  C^,  11^,  j\,  10^^,  h  ^t  '^"^^  ^Hi 


18.  Add  together  i,  |,  f  and  08f 

19.  Add  together  173-1?^,  8f  and  01} 


Ans.  531  f^. 
^?i8.  69 Iff 
.4«s.  273|fi. 


20.  Add  together  ]  }f ,  2fJ,  33  a  and  4|f.        ^/is.  13f|f. 

21.  Add  together  f  yL,  ^V  A",  tV*  ^^  i  «"^^  f   ^««-  S,"^. 

22.  Add  together  7,  11  a,  18,  26^  and  79/,-. 

Ans.  142//^. 

23.  Add  together  |,  7/^  and  f  of  ^  of  10^.    Ans.  Uj\\. 

4V  20^ 

24.  Add  together  ^'  ^  of  3^  of  y^  of  25,  and  — ^ 

25.  Add  together  3f,  IIJ-  and  14ff.  ^ws.  29|f 

26.  Add  together  i  of  f,  |  of  Jf,  ^  of  |,  f  of  1^\  find  4| 

of  1  of  1  of  ^  of  i  of  i.  Ans.  IHH- 

27.  Add  together  41^,  105^,  300f,  241  f  and  472^-. 

Ans.  liei^f 

28.  Add  together  92^^,  37xV  a"<i  "^f  ^««-  137ijf  f 

IQSk 

29.  Add  together  21|,  35i,  — ^  and  f  of  f        ^?^«.  61 1. 

80.  Add  together  2|  of  3f,  \Yj  ^  ^^  H  ^^  ^h  ^"^  ^1  ^f 
^j  of  21  of  If  Ans.  34|J-^f 

43.  In  order  to  add  denominate  fractions  they  must  not  only 

have  a  common  denominator,  but  they  must  be  fractions  of  the  same 

unit ;  i.  e.,  must  be  of  the  same  denomination. 

Thus,  ^f  J  ^S-  and  td.  cannot  be  added  together,  as  the  result  would  be 

neither  f  of  a  pound,  f  of  a  shilling,  nor  §  of  a  penny. 

But  if  we  reduce  them  all  to  the  fraction  of  a  pound,  or  all  to  the  fraction 
of  a  shilling,  or  all  to  the  fraction  of  a  penny,  it  is  obvious  that  we  may  then 
add  the  resulting  fractions,  having  first  reduced  them  to  a  common  de> 
nominator. 

Hence,  for  the  addition  of  denominate  fractions,  we  have 
the  following : — 

RULE. 

Reduce  all  the  fractions  to  the  same  denomination  {Arts.  36 
and  37).  Reduce  the  resulting  fractions  to  a  common  denominator 
{Arts.  2^  and  30).  Add  as  in  (Art,  42)  and  find  the  valu4  of  tM 
resulting  fractum  (Art.  38). 
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ins.  104|^. 
ins.  943ft. 

ns.  69iU. 
p.  273a|i. 
\ns   13^4^. 

7/-.. 
Iws.  29a^. 

137^if 

md  4f  of 
341-1  ii# 

1  44  (T* 

not  only 
'the  same 

would  be 

e  fraction 
*nay  then 
•iDon  de- 

fQ  have 


r/«.   36 

ninator 

of ,% 
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Example  31. — Add  together  f  of  a  day  and  ^  of  an  hour. 

a  of  a  day  =  f  of  ^^  =  -V"  =  -'^  of  an  hour. 

jjih.+jf  h.  =  Vf  4-ifV  =  W  =  H\^^'  =»  5h."45m.  4249ec. 

Example  32. — Add  together /j  of  a  pound,  f  ofa  shilling,  and -^ 
of  a  penny. 

-/,-  of  a  £=/i  of  -2fi-  of  J^=if  O  of  a  i)enuy=-152y\  pence. 

.  §•  of  a  sliilling  =  3-  of  J  j8  -.=  S_A.  of  a  penny  =  \^^  pence. 

152^+41-4  =  15C+2iO±|8±ll«=157ftf  pence=13s  Ifffd. 

NoTB. — In  place  of  proceeding  as  above  we  may  find  the  value 
of  each  fraction  separately  (Art.  38)  and  add  the  results. 

Example  33. — Add  together  f  of  a  bushel,  \  of  a  peck,  and  /j 
of  a  gal. 

i  of  a  bushel  =  3  pks.  0  gal.  1  qt.  1^  pts. 
•J^  of  a  peck      ~  1  gal.  3  qts. 

/y  of  a  gal.      =  1^,- pt8. 

Sum  =  1  bush.  0 pks. 0 gals.  1  qt.  o|f  pt8.  Ant. 

EXERCISES. 

34.  Wliat  is  the  sum  of  y*y  lb.  Apothecaries'  weiofht,  ^  oz. 
•jAj-  dr.  and  f  scr.  Ans.  4  oz.  6  drs.  2  scrs.  ISJ^f-  giB. 
85,  Add  together  ^  yd.  \  eli  Eng.  and  f  qr. 

Ans.  3  qrs.  3  na.  1|J§-  in. 

36.  Add  together  \  of  a  yard,  |  of  a  foot,  and  ij-  of  an  inch. 

Am.  7  inches. 

37.  "What  is  the  sum  of  /y  of  a  mile,  y^  of  a  fm-long,  and 

j^y  of  a  yard  ?  Am.  5  fur.  1 6  rds.  0  yds.  0  ft.  3  ,V\,  in. 

38.  What  is  the  sum  of  \  wk.  \  day  ]•  h.  ? 

An%.  2  days  2  h.  12  m. 

39.  Add  together  £>,  fs.  and  ,\d.  Am.  3s  If^d. 

40.  What  is  the  sum  of  f  of  21s.  f  of  59.  f  of  £3  12s  6d. 

£tV  and  f  |d.  ?  .4ws.  £3  12s  4||d. 

SUBTRACTION  OF  VULGAR  FRACTIONS. 

44.  Subtraction  of  vulgar   fractions  is  the  process  of 

finding  the  difference  between  two  fractions. 

We  have  seen  that  before  fractions  can  be  added  they  must  have  a  com- 
mon denominator  and  that  when  denominate  fractious  are  to  be  added  they 
must  be  also  of  the  same  denomiuation,  and  this  U  zoanifMtly  th«  oase  ftlao 
^n  the  subtraction  of  fir^otioui. 
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Honco,  for  the  subtraction  of  fraction?,  wo  havo  tho 
following : — 

RULE. 

Reduce  compound  and  complex  fractions  to  simple  ones  and  all 
to  the  same  denomination^  if  not  nlready  such. 

Reduce  both  of  the  rcsultinq  fractions  to  a  common  denominator. 

Subtract  the  numerator  of  the  subtrahend  from  the  numerator 
of  the  minuend,  and  beneath  the  difference  write  the  common  de- 
nominator. 

NoTK. — In  tl)o  case  of  mixed  numbers  it  frequently  Imppcns 
that  the  fractional  |)art  of  the  suhinthond  is  jrreater  than  the 
fractional  part  of  the  minneiid.  When  this  occurg,  instead  of 
rediiclnpr  botii  quantities  to  improper  fractions  and  then  apply- 
ing to  the  rule,  it  is  much  better  to  borrow  one  from  the  integral 
part  of  tho  minuend  and  considering  it  as  a  fraction,  having  the 
common  denominator,  add  it  to  the  fractional  part  of  the  minu- 
end.    (See  3rd,  4th,  and  fith  Examples  below.) 

Example  1.— From  }  take  i\. 

Here  reducing  ?  and  vV  to  a  common  deuoiriinatcr  they  become  "O-j 


and 


y'U 


8? 


Example  2.— From  ?  of  ?  of  ^^^  of  49  take  -*  of  ^  of  1- 
Ilero  ^  of  2  of  3j'ji^  of  itzzj. 
Andg|of}ofi  =  J. 

A>«lg-^  =  J"6— 3^-  =  3V^«*. 

Example  3.--From  102,V  take  IGlg. 

TT  and  1  (?  reduced  to  a  common  donoininator  becomo  -(%  and  iVe 
192i3r  — 161-5=  193^^6 --16rfG=19l+li%-- I<3lf6=l91??e— 
16lf^=l75-,Vj  ^n^ 

Here,  Hinco  \vc  cannot  8ubtra<it  \  !^^  from  -j^^^r  we  have  to  borrow  I  from 
tho  intyj<ral  part  of  the  minuend,  and  cousidreing  it  as  \^^  add  it  to  "^3^"^. 
We  thus  reduce  192-^'^'*^  to  101^9^  and  then  make  the  subtraction. 

Example  4.— From  2 9 1\  take  16^ 

29i8r—16f=20}f~16H=23-|-U^— 16^=28^1— 16^^,=12^M««. 

Example  5.— From  117,^  take  67 J^. 

in^V-67i?  =  ll7^?e-67^f|=116-|-l{^§-67^§=116?H— 

Example  6. — What  is  the  diflfcrenco  betwoon  j  of  5  of  ^  of  2| 
days  and  ?  of  j  of  6J  hours  ? 
I  of  I  of  ^  of  2|  days  =  ^  of  a  day  =  {f.  of  3^  of  an  hour  =  i-^O.  hours  s 

17|  hours  i  and  ^  of  ^  of  6|  hours  =:  |^  hour  =  I3I3  hoiu*. 
And  17|  hours— i^if  hours  ss  ll'^-^l-^.^  iO^V  ^o^"  •^^'9' 


11 
11 
11 
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nn^ 
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1^ 


7,  From  5  take  ^. 
8. 
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jins.  I. 
Ana.  0. 


0. 
10. 

11. 
12. 
13. 
14. 
15. 

IG. 
17. 

18. 

19. 

20. 
21. 

22. 


From  ^  of  fr  of  f^  take  ^^ 

From  9821?  take  2911^.  Am.  952,^4^. 

What  id  the  difference  between  G9  ^V  and  181*4^  ? 

^/is.  50iV'3i{. 
What  13  tho  difference  between  lOOJ  and  9';  ?  Am.  90J-. 
What  is  ihe  difference  between  Q\  and  j  of  94  ?  Am.  \\. 
From  Gil iA;V  take  G 10 m.  Am  ^"^VoV 

From  ^i  of  2  take  ^  of  l-f,',.  ^ns.  ^f. 

From  ^  of  a  lb.  avoiiua^ois  take  §  of  a  dram. 

^n?.  10  07,  9J  drs. 
What  U  the  difference  beuveen  24\i  and  21^,?  Am.  'l\%l. 
What  is  the  difference  between  i^,  of  a  mile  and  -.V  of  a  fur- 
long ?  Ans.  1  fur.  5  rd.  10  ft.  10  in. 
Find  the  value  of  ^  of  J|5_Vff  of  '-^i-  Am,  b^. 

Find  the  value  of  J  of  ?  of  |  of  8i  of  ^^}.  -  i^„I  Am.  2f|. 

6^  Iss 

Find  the  value  of  3-,'.i+8i,— 3,!»ff--2;^,-l-5l+Gi— IGJ.  Am.  \l. 
From  -i''j:  of  an  acre  take  ?,  of  a  perch. 

Am.  1  rood  1 7  p.  22  yds.  2  ft.  108  in. 
From  16J  take  91J,  and  from  IGOVo^j  take  83^^. 

Am.  6^Vf  and85iVoV 


MULTIPLICATION  OF  VULGAR  FRACTIONS. 

45.  Lot  it  bo  required  to  multiply  ^^  by  5^. 

Hero  wo  are  reqiiirt-d  to  multiply  -^^  by  1— that  is  by  ^  of  7. 

Now  if  we  multii)ly -jSj.  by  7  wo  hiiall  have  n.ultiplied  by  a  quantity  8 
timns  too  Rreat,  and  tho  product  will  bo  8  times  too  ftroat. 

If,  thereforo,  wo  multiply  -^^  by  7  wo  shall  have  to  divide  the  result  by  8 
In  order  to  get  the  product  of  ^3^x|-. 

But  (Art.  8)  wf  multiply  -^3^  by  7,  when  we  multiply  the  numerator  by  7 

and  wo  divide  the  result  by  8  when  we  multiply  the  dtniomiuator  by  8. 

SX7 
Therefore,  -f  f  x  J  =  p— — -  —that  is  to  multiply  fractions  together,  we 

multiply  tho  numerators  together  for  "a  new  numerator,  and  the  denom- 
inators together  for  a  new  denouiinator. 

Hence,  for  tlie  multiplication  of  Vulgar  Fractions  we 
deduce  the  following: — 

RULE. 

Reduce,  compound  and  complex  fractions  to  simple  ones  <Arts.  22 
and  33)  and  whole  and  mixed  numbers  to  improper  fractions  (Art*. 
23  and.  25.) 

Cancel  any  factors  that  are  common  to  a  numeraior  and  a  (to* 
nominator  of  the  resulting  fraciioni  (Art.  32.) 
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Multiply  all  the  reduced  numerators  together  for  a  new  nume- 
rator,  and  all  the  reduced  denominators  together  for  a  neio  denomi* 
nator. 

Reduce  the  result,  if  necessary,  to  a  mixed  number. 

Example  1. — Multiply  jf  by  |^.  \ 

Here  wo  cancol  tho  first  donominator  and  reduce  the  second  uumcrntor 
to  3. 

Example  2.— Multiply  together  ^,  i,  3 J  and  ^^. 

BTATEMENT.  CANCELLED. 

^        4        7      ^!^       1 
?rXiXjXf^=jl^X-^Xy  Xj|^=Y=l  ^ns. 

X 
Example  3.— Multiply  together  ^,  ^'r,  G^,  9g,  2i  and  63. 

STATEMENT. 

fXi'rXVX-V^XtX^i'^ 

CANCELLED. 
2  4  1 

Example  4.— Multiply  together  -yk,  18ff,  d},  |  of  J  of  1,  and 
g  of  H  of  25. 

STATEMENT. 

rbX^VX^XV-X-L^A 

CANCELLEP.  , 

3  3 

<?      3       9^ 

Example  5.— Multiply  together  ^,  3«V,  4^,  j,  6f  and  5j'.^. 

STATEMENT. 

^xWXiix^xVxIl 

CANCELLED. 

V       247       ^_%     43     11     247X43X77     817817 


179  ^  n 


5(^   81 


^  X  6  ^  Y  ^15-  SIX  6  X 15- "6075"=^^^^^^' 
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18. 
10. 
20. 
21. 

22. 


Jns.  ^. 

Jlns.  \. 

Ana.  tV. 

Jus.  74{>?,. 

Ant.  6U. 

Am.  i^\. 

Ans.  13  J. 

Ans.  9i. 

Ana.  ^f. 


Ans,  T^T". 

An^.  10^. 
Ans.  403^. 

Ans.  2^V• 
Ans.  268 i-. 


Ans.  -^j. 


EXERCISES. 

6.  What  is  tho  product  of -j^jX^. 

7.  What  is  tho  product  of  5x^  ? 

8.  What  ia  the  product  of  f?,x/4^? 

9.  Multiply  together  l,  ^,  and  -j^j. 

10.  Multiply  together  14,  15-)\,- and  3t}. 

11.  Multiply  together  Yn,  8i,  rV  find  fi. 

12.  Required  the  product  of  f^,  /',,  A,  lU  and  f,. 

13.  Required  tho  product  of  ,',  V>  I'V*  21,  j(  and  6. 

14.  Required  the  product  of  fi,  h  A»  A  and  209. 

15.  Find  the  value  of  6iXll^XlG,\XrTX.^,7  o(  ,},p 

16.  Find  the  value  of  ^  of  A  of  A'  of  77x^  of  i»j  of  9lX6iii. 

Ans.  11271. 

17.  Multiply  together  -[,  ^'-,  ^,  ii,  ,'r,  and  U. 

Multiply  i  of  8  by 'f  of  19. 

Multiply  ■{■i^f  of  7  by  H  of  87i3p 

Find  the  value  of  GjXjX^Xt 

Find  the  value  of  33x4jxl5. 

Multiply  i  of  8}  of  S  of  9i  by  8 Ax  1  &  of  6i  of  J(  of  ^^  of  15J 

of  It^.  ^  ^n«.  4729iH- 

24.  Multiply  $8-i7r  by  |  of  ^  of  \l.  Ans.  $^f . 

x^xl  ^/i».  mil 

46.  To  multiply  an  integral  denominate  number  by  a 
fraction,  we  have  the  follovnng  : — 

RULE. 

Multiply  the  denominate  number  by  the  numerator  of  the  fraction 
and  divide  the  result  by  the  denominator. 

Note.— This  is  merely  consideritiR  tho  denominate  number  as  a  frac- 
tion having  J  for  its  denominator  (Art.  23),  and  applying  the  preceding  rule. 

Example  26. — How  much  is  ^  of  $129-63? 

.  of  $129-63 = ^H?f^*  =  !6^  =  ^.rm.  Am. 

Example  27.— How  much  is  t^  of  J  of  10  lb.  6  oz.  4  dr.  Avoir.'? 

7_^*i^»iAii.   fl       .1   7      i,,/v,t.  «       .  ^       10  lb.  6  OZ.  4  dr. X 7 

li:  of  J  of  10  lb.  6  oz.  4  dr.=^  of  10  lb.  6  oz.  4  dr.= — =r 

3  Iba.  4   oz.  14iV  drams.  Aiis. 
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EXERCISES. 

28.  ITow  much  is  l-J-^  of  4  dnya  5  b?    Jns.  5  dn3'3  38  m.  20  sec. 

29.  How  much  is  \"i  of  £29?  »^ns.  X8  193.  G^d. 

30.  How  much  is  {-  of  186  acres  3  roods  ?  Jns.  145  acres  1  rood, 

31.  How  much  is  \i  of  t  of  ^^  of  23i  times  24  h.  30  m.  ? 

Jlns.  1  hour  38  min. 

32.  How  much  is  ?  of  ^  of  U  of  ^  of  33  bnsh.  2  pk.  1  gal.? 

^ns.  2  bush.  2  pk.  0  gal.  3  qt.  1^5  pt. 

47.  From  the  principles  already  established,  it  is  evident 
that — 

1st.  When  the  multiiilior  is  loss  than  unity,  the  product 
is  less  than  the  multiplicand. 

2nd.  To  multiply  a  fiaction  l»y  a  whole  number,  we  may 
either  multiply  the  numerator  of"  the  fraction  or  divide  the 
denominator  by  that  number.  (Art.  8) 

3rd.  To  multiply  a  whole  nuuiber  by  any  fraction  having 
uniti/  for  its  numerfitor,  we  simply  divide  the  whole  num- 
ber by  the  denominator. 

Thus,  to  multiply  by  ^,  ^,  |,  4   ^i^j  ^^■'  ^*''  divide  by  2,  3, 4,  7, 11,  &c. 

4th.  When  raultiplyinjr  by  a  mixed  number  of  whxh 
the  fractional  part  has  unifi/  for  its  numerator,  it  is  better 
to  multiply  by  the  integral  part  of  the  multiplier  first  and 
then  by  the  fractional  part,  afterwards  a'lding  the  two 
partial  products  together. 


I 
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DIVISION  OF  VULGAR  FRACTIONS. 

48.  Let  it  be  required  to  divide  3  by  -^j;. 

Here  we  are  required  to  divide  ?  liy  -j'^r  that  is,  by  Vf  of  5. 

Now  if  wt?  divide  ?  by  5,  we  u«!e  a  divisor  11  times  too  great,  aud  the 
quotient  is  11  tiimw  less  tliau  the  required  quotient. 


Therefore,  to  obtain  the  correct  quotient  of 


7  •  1  r> 


after  dividing  ^  by 


6,  we  siiall  have  to  multiply  the  result  hy  il. 

But  (Art.  S)  wo  divldo  the  frnction  ?  bv  5  when  wc  multiplv  thcdenomi^ 
nator  7  ity  5,  and  we  nuiliiply  the  result  by  11  when  we  uuiltipiy  the  im- 
werator  a  by  11. 

Therefore  3  -f -j^,  = '       = ;  x  V  ==^ividcnd  x  divisor  with  its  terms  in- 

verted. 

Ilonce  for  the  division  of  fractious  wo  have  tho  follow- 
ing:— 


tSrcT.  IV. 
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RULE. 

Reduce  compound  and  complf.x  fractions  to  simple  ones  j  whole 
and  nixed  numbers  to  improper  J r actions. 
Invert  the  terms  of  the  divisor  and  proceed  as  in  multiplication. 

In  addition  to  the  foregoing  analysis,  the  following  may  be 
given  as  a  proof  of  tho  truth  of  this  rule. 

^-i~-{\=-,--  because  ihe  dividend  of  any  question  in  division  may  be 

made  tho  numerator  and  the  divisor  the  denominator  of  a  fraction, 

} 
Now  since  we  may  multiply  both  terras  of  tho  fraction— by  any  number 

rr 
we  may  multiply  Ihcm  by  V>  i.e.,  tho  denominator  with  its  terras  in- 
verted. 


?     ?x'-'- 


?x'J- 


Thcreforo  -jzr:  ^^■--■'^j  =  '~-r^  (because  i'jXV=l)=7X^if:  whence 
tho  truth  of  the  rule. 
Example  1.— Divide  -I'y-  by  -^f. 

i3^-^n^  =  ^XV=?g  ^ns. 
Example  2.— Divide  5  of -fj-  by  -ff  of  85. 

3    01  fj    .  Yi  01     4    4i—4l  J4X  35  -1  J  ^inS. 

Example  3.— Divide  8^  by  3fY- 


.8i 


.9?. 


Example  4.— Divide  ^\  of  -^if  of  '  X 3 ]  by  ^V  of  „ ,  X 4^ 

rr  8^ 

statement.  terms  of  divisor  inverted. 

cancelled. 
11  35 

^       ^      2        5^4 


EXERCISES. 
5.  Divide  J  of^  by  5  of  85. 
G.  Divide  vv  hy  l\  »ind  divide  the  result  by  /V 

7.  Divide  R2  '^  hv  2G:^t. 

8.  Divide  2J  by  5+^ 

9.  Divide  i,  bv  *  ot  2,  of  IG  of  83  of  7^' 

10.  Divide  2^  by  (^  ^  ^  of  9.) 

11.  Divide  48^  by  i  +  »  of  C. 

12.  Divide  Gi  by  ^  of-j^j-i-iV 


Am.  3-/,^,0j. 
Ans.  1^. 
Ans.  2-^V 

Ana.  19H 
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13.  Divide  4}  of  3^by2i  of  6 J. 
H.Divide   j^-byl. 

15.  Divide  ^  of  1y\  by  j\-  of  IT?. 

16.  Divide  1^  of  it  of  ^  of  1|  by  ^  of  A  of  f  of  5 

]  1.  Divide  ii  by  1^ 

18.  Divide  ^  by  ^^^^. 

19.  Divide  U^  of  ^  by  f  of  S-^'j  of  ^^^. 

20.  Divide  15^  of—  of  —  of by  —  of of  —  of 

^13  7  4}         3J  4 


^ns.  1-iV 

Ans.  ^l. 

Ans.  I. 

Ans.  I. 

Ans.  1//«V 


49.  To  divide  an   integral  denominate  number  by  a 
fraction. 

RULE. 

Multiply  it  by  the  denominator  and  divide  the  rcsvlt  by  the 
numerator  of  the  fraction. 

Note.— This  is  in  effect  merely  considering  the  denominate  number  as  a 
fraction  having  1  for  its  denominator  (Art.  23)  and  applying  the  foregoing 
rule. 

ExAMPLB  21. — Divide  6  days  17  hours  11  minutes  by  t^j-. 


6  days  17h.  11m.  -i-  -j'^  =  C  days  l7h.  lira.  X 


=  14  days  18h.  36m.  12  sec.    Ans. 

EXERCISES. 

Tr 


1-8 

irr 


11  _  fi  days  1711.  llm.  X  H 


Ans.  £8  89  5\(\. 


22.  Divide  £8  14s  Gid  by  -^ 

23.  Divide  Im.  5  fur.  91  yds.  23  feet  by  2^  of  It^^ 

Ans.  2  fur.  124  yds.  2  ft. 

24.  Divide  3  acres,  3  roods  and  3  perches  by  f. 

Ans.  6  acres  1  rood  5  per. 

25.  Divide  £1  IGs  2d  by  |.  Ans.  £17  lis  4^d. 

50.  To  reduce  a  fraction  having  a  complex  fraction  in 
its  numerator  or  denominator  or  both  to  a  simple  fraction 
we  have  simply  to  apply  as  often  as  necessary  the  rule 
given  in  Art.  33. 

I'^'oTB. — Particular  attention  must  be  paid  to  the  relative 
length  and  heaviness  of  the  separating  lines  as  they  determine 
the  various  numerators  and  denominators. 


[Sect. iV. 
Ana.  1-iV 

Ms.  f  |0-. 
Ans.  3^1. 

Am.  I. 

Ans.  5. 

Ans.  l^A\. 
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ExAMPi.B  2 G.— Simplify 


>7l 


?,l 


1  ;! 


OPERATIO:;. 


(  — 


n     = 
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J  /' 


^}J  T 


1  'I  K 


Example  21. — Simplify 


i'/> 


)- 


15 X  5-)  -.-rr.-.-z 


6'JX2X108    13X38 


4X15X35 
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!.s.  £S  83  5id. 
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OPEnATION. 

20     I 
24 
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^.  I 


20X24 


17 
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1    ^ 

i3xi3xn 


1,5 


20X24x7xr> 


2873      - 
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16800 
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m 

1 

§  of  32 

H 

- 

by 

7 
J 

28.  Multiply  ■ 

9 

9i 

3J 

7 

J 

5 

4i 

1 

1 

29.  Divide 

Ql 

- 

by 

,1 

9J 

7 

3 
121 

2i 
5 

30.  Divide 

3^ 

■ 

by       - 

4i 

3| 

5J 

165 
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Jns.  2;-W 


va/tJ>.    12  3.-, 


^/IS.  31 J 


51.  From  what  Las  already  been  said,  the  truth  of  the 
following  principles  is  evident. 

1st.  When  the  dividend  is  equal  to  the  divisor,  the 
quotient  will  be  1. 

2nd.  When  the  dividend  is  greater  than  the  divisor,  the 
quotient  will  be  greater  than  1. 

3rd.  When  the  dividend  is  less  than  the  divisor,  the 
quotient  will  be  less  than  1.  *        . 
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ns.  2^Si^ 


Ans.  Ti5,-,- 


Ans.  31 J 


ith  of  the 

visor,  the 
ivisor,  the 
visor,  the 


4Lli.  Th(3  quotient  will  be  as  many  times  greater  or  less 
than  1  as  the  dividend  is  greater  or  less  than  the  divisor. 

5th.  To  divide  a  fraction  by  a  whole  number,  we  may 
either  divide  the  numerator  or  multiply  the  denomimitor 
by  that  number. 

Gth.  To  divide  a  whole  number  by  a  fraction  having  1 
for  its  numerator,  we  simply  multiply  the  Avhole  nuuibcM- 
bv  the  denominator  of  the  fraction. 
Thus,  to  divide  by  \)  hi  '  >  '>  &r.,  we  multiply  by  2,  3, 5,  7,  &c. 


QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

Note.— T/te   numerals   after  the.  Qutstions  refer   to  the  nuvihcvul 
n  rticles  of  the  Section. 

1.  What  is  a  fraction  ?  (1  and  3.) 

2.  "What  does  every  fraction  indicate  ?  (3) 

3.  What  is  the  denominator  of  a  fraction  and  v/hy  is  it  so  called  ?  ( l) 

4.  Wl)at  is  the  numerator  of  a  fraction  and  why  is  it  so  called  ?  (4) 
."5.  What  are  the  terms  of  a  fraction  ?  (5) 

0.  How  is  the  value  of  a  fraction  obtai  i;vu  ?  (G) 

7.  When  is  a  fraction  equal  to  1  and  wlwn  (greater  or  losri  than  1  ?  (7) 

8.  Wliat  effect  has  multiplying  the  nuuicrator  of  a  fiactioii  by  any  ni\iii« 

ber?  (8) 

9.  How  does  multiplyintr  'he  denominator  of  a  fraction  by  any  number 

affect  the  value  of  : !  o  fraction  ';"  (8i 

10.  How  does  multiplying  both  terms  of  a  fraction  by  the  same  number 

affect  its  value?  (8) 

11.  How  does  dividing  the  numei'ator  by  any  number  affect  the  value  of 

theft-action?  (8) 

12.  How  does  dividing  the  denominator  by  any  i.  mber  affect  the  value  of 

the  fraction?  (8) 

13.  How  does  dividing  both  numerator  and  denominator  by  the  saini! 

number  affect  the  value?  (8) 

14.  Into  what  classes  are  fractions  divided  ?  (0) 

15.  What  is  the  distinction  between  vulgar  and  decimal  fractious?   (lo 

and  11) 

16.  What  is  the  meaning  of  the  word  "vulgar"'  as  applied  to  fractions? 

(11) 

17.  Enumerate  the  six  diiforeut  kinds  of  vulgar  fractions. 

18.  What  is  a  proper  fraction  ?  (13) 

19.  What  is  an  improper  ft-actiou  ?  (15) 

20.  What  is  a  mixed  number  ?  (16) 

21.  To  what  must  an  improper  fraction  always  be  f  uual  ?  (17) 

22.  What  is  a  simple  fraction  ?  (18) 

23.  What  is  a  compound  fraction?  (19) 

24.  What  is  a  complex  fraction  ?  (21) 

25.  How  may  we  convert  an  integer  into  a  fraction  ?  (23) 

26.  How  may  we  reduce  a  whole  number  to  a  fraction  having  a  given  dc' 

nominator?  (24) 

27.  How  is  a  mixed  number  reduced  to  an  improper  fraction  ?  f 25) 

28.  How  is  an  improper  fraction  reduced  to  a  mixed  number?  (26) 

29.  How  is  a  fraction  reduced  to  its  lowest  terms  ?  (27  and  28) 

30.  How  are  fractions  reduced  to  a  common  denominator  P  (29) 

31.  How  are  fractions  reduced  to  their  least  common  denominator  ?  (30) 

32.  How  is  a  componnd  fraction  reduced  to  a  simple  one  ?  (31) 
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Miscellaneous  exercises. 


Sect.  iV. 


33. 
34. 

S5. 
36. 
37. 


\U. 


4J. 
43. 
44, 
45, 
40. 
47, 
4S, 
4!>, 
50, 

r.i, 

62. 

53. 

54. 
55, 
56. 
57. 

.58. 


What  iattioant  by  cancelling?  (32) 

Upon  what  principle  may  we  cancel  factors  common  to  numerator  and 

dei^o' (inciter?  (32  and  8) 
How  (l'.5  SVC  reduce  complex  fractions  to  simple  ones  P  (.33) 
What 's  ,4  iionominate  fraction  ?  (34) 

In  wliiu  does  reduction  of  dcnoraiuato  fractions  consist?  (35) 
Hov*.  do  'VH  reduce  a  denorainato  fraction  from  a  lower  to  a  higher  dc- 

noTtiihaion?  (36) 
liV,  w  do 


•vo  reduce  a  denominate  fraction  from  a  hij^her  to  a  lower  do- 

.  'ion?  (.37) 

we  ftnd  the  value  of  a  denominate  fraction  ?  (38) 

'AC  reduce  one  denominate  munbor  lo  tho  fr.u'tioi)  oi  another  ? 


idition  of  fractions?  («)) 


(42  note) 
(«) 


)nn' 

Hov;  do 
il:.'  >   •<> 

WhiM  ••. 

"Wliat  kind  of  fractions  only  can  be  added?  ( i  1 ) 

What  is  the  rule  for  addition  of  fractions  ?  iV) 

When  mixp'  numbers  arc  to  be  added  how  do  \vc  proceed  ? 

What  is  the  rvije  for  the  addition  of  dononiinato  fractions? 

SVhat  is  the  rule  for  substraction  of  fractions?  (44) 

What  is  tho  rule  for  multiplication  of  fractionri  i'  (45) 

Give  a  proof  of  tho  truth  of  this  rule  ?  (45) 

How  do  we  multiply  an  integral  denominate  number  by  a  fraction? 
(46) 

How  may  we  multiply  a  fraction  by  a  whole  number  ?  (47) 

How  do  we  multiply  a  whole  niunber  by  a  fraction  having  1  for  nume- 
rator? (47) 

How  do  we  multiply  a  whole  nvnuberby  a  mixed  number,  the  fractional 
part  of  which  has  1  for  lumerator?  (47) 

What  is  the  rule  for  divi  ^tou  of  fraction  i  ?  (48) 

Give  a  jiroof  of  the  tnali  of  this  rule  ?  (48) 

How  do  w  e  divide  a'l  mtegral  number  by  a  fraction  ?  (1'.)) 

How  do  we  divide  >  li-action  by  a  whole  number  ?  (51) 

How  do  wediviri"  a  whole  number  by  a  fraction  having  1  for  its  deno- 
minator? (51) 
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MISCELLANEOUS  EXERCISES  OX  VULGA,^  FRACTIONS. 

1 .  The  Ottawa  River  is  800  miles  long  ;  the  Gtitineau  420  miles, 

the  Chaudrere  100  miles,  the  Richelieu  160  miles  and  the 
N'agara  35  miles.  The  entire  length  of  the  St.  Lawrence, 
from  the  upper  end  of  Lake  Superior  to  tlie  Sea  is  2000 
miles.  IIow  will  the  lengths  of  these  different  rivers  bo 
expressed  as  fractions  of  that  of  the  St.  Lawrence  ? 

2.  Tho  population  of  Goderich  is  f  of  that  of  Peterborough, 

the  population  of  Peterborough  is  1|  of  thatof  Brockville, 
the  population  of  Brockville  is  li^  of  that  of  Prescott,  the 
population  of  Prescott  is  \  of  that  of  Ottawa  City,  the 
population  of  Ottawa  City  is  2^  of  that  of  Port  Hope,  and 
the  population  of  Port  Hope  is  -^V  of  that  of  Toronto. 
AVhat  fraction  is  the  population  of  Goderich  of  that  of 
Toronto  ? 

3.  V/hat  will  6|  pounds  of  tea  cost,  at  65iJ  cents  per  ib.  ? 

4.  Suppose  I  have  f  of  a  ship,  and  that  I  buy  -/V  more  ;  what 

is  ray  entire  share  ? 
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A  boy  divided  his  marbles  in  the  following  manner :  he 
jjave  to  A  J  of  them,  to  B  iV)>  to  C  i,  and  to  D  I,  keeping 
the  rest  to  himself;  how  many  did  he  give  away,  and  how 
many  did  he  keep? 


li.  Find  the  value  of  \,,.^,r  -  -^-i—  -  ^y.'     91 

7.  What  cost  lG'irOi'^;j  pounds  of  coffee,  at  125  cents  per  pound? 

8.  A  tree,  whose  length  was  13G  feel,  was  broken  into  two 

pieces  by  falling ;  §  of  the  length  of  the  longer  piece 
equalled  I  of  the  length  of  the  shorter.  What  was  the 
length  of  the  two  pieces  respectively? 
U.  A  farmer  bought  at  one  time  97i  acres  of  laud,  for  1000 
dollars;  at  another,  127-|  acres,  for  1375^  dollars;  at 
another,  50O5  acres,  for  G831  dollars;  and  at  another, 
333^-  acres,  for  4013  j-^„- dollars.  What  was  the  whole 
quantity  of  land  that  he  purchased,  and  the  sum  that  he 
paid  for  it  ? 

Find  the  value  of  (12|_85— 1,1,,+ s,)x4.ix(7-,'',— 60,  and 
also  of  (^H-l^O-d-HS-i'v). 

What  is  the  value  of  19 J   barrels  of  Hour,  at  $64  a  barrel? 

What  is  the  value  of  376]  J-  acres  of  land, at $755  per  acre? 

Bought  at  one  time  1479  bushels  of  coal,  and  at  another  time 
320,^  bushels.  Having  consumed  15G\  bushels,  I  desire  to 
know  what  quantity  of  the  coal  purchased  is  still  on  hand  ? 

-  by  7^ ,  and  find  the  value  of     ^+^+i 


10. 

11. 

12. 
13. 


14. 

15. 
16. 


,..   .,     1(11  of 
Divide  -V 


25 


>4       4J 
If  714-  busliels  of  wheat  sow  7f  acres,  how  many  bushels 

will  it  require  to  sow  1  acre  ? 
Multiply  the  sum  of  3§,  43,  and  4f,  by  the  difference  of  7f- 

and  5^ ;  and  divide  the  product  by  the  sum  of  94|  and 

93^. 

17.  Divide  2  by  the  sum  of  2§,  ^,  and  4  ;  add  1? — J  to  the  quo- 

tient: and  multiply  the  result  bv  the  difference  of  5^  and 
4J. 

18.  Find  the  value  of  (J  +  i)  X  (lJ'^23)X(2i',— 10X(3i\,— 0  i 

and  also  of  (13-^-2i)-f-(5H-30- 

19.  A  person  dies  worth  $40,000,  and  leaves  3  of  his  property 

to  his  wife,  ^  to  his  son,  aud  the  rest  to  his  daughter. 
The  wife  at  her  death  leaves  ^  of  her  legacy  to  the  son,  and 
the  rest  to  the  daughter  ;  but  the  son  adds  his  fortune  to 
his  sister  s,  and  gives  her  i  o^  the  whole.  How  much  will 
the  sist-  --^  gain  by  this  ;  and  what  fraction  will  her  gain 
be  cf  im  ^  iiole  ? 
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DECIMALS  AND  DECIMAL  FKACTIONS. 

52.  A  decimal  fraction  is  a  fraction  having  unity  with 
one  or  more  Os  to  the  right  of  it  for  denominator : 

Thus  T-o%u,  Too,  A,  TooooTT  &c.,  are  decimal  fractions. 

53.  A  decimal  fraction  is  reduced  to  its  corresponding 
decimal  by  dividing  the  numerator  by  the  denominator, 
but  since  (Art.  51)  this  denominator  is  unity  followed  by 
one  or  more  Os,  we  divide  the  numerator  by  the  denomi- 
nator when  we  move  the  decimal  point  as  many  places  to 
the  left  in  the  numerator  as  there  are  Os  in  the  denominator. 
Example  1.  Reduce  -.^,;*j;'„  to  a  decimal.  Ans.  -743. 

2.  Reduce  xo^gtrySoo  ^o  ^  decimal.  Ans.  •000923TG, 

EXERCISES. 

3.  Reduce  -/oiMi,  tououo  n^nd  -^  to  decimals. 

Am.  -507,  -00098  and  -7 

4.  Reduce  TTnTf.oiTijTr  nnd  TiTiufoVcnj  to  decimals. 

Ans.  -0000023  and  -0000176. 


5.  Reduce  ^gi-i^gig.^-  to  a  decimal. 


Ans.  -000278643. 


54.  It  is  as  inaccurate  to  confound  a  decimal  fraction  with  its 
corresponding  decimal  aa  to  confound  a  vulgar  fraction 
with  its  quotient :  Thus  the  value  of  %  is  -75  so  also  the 
value  of  ^^,fi,-  is  '75  but  -75  and  -^^f^^  are  no  more  identical 
than  are  %  and  -75 

66.  To  reduce  a  decimal  to  its  corresponding  decimal 
fraction : 

RULE, 

Consider  the  signific(i/il  part  of  i fie  ilecinuil  as  numerator  and 
beneath  it  write  for  denominator  I  followed  by  as  many  Os  us  there 
are  places  in  the  decimal. 


Example  6.  Reduce  .04:!  to  a  decimal  fraction, 
7,  Reduce  -00000576  to  adecimal  fraction. 


Ans. 


Jus 


1  u  u  0  • 
1  uouoooinT' 


EXERCISES. 
8, -Reduce  -73,  -092  and  -0003  to  decimul  lVaction.s. 

KKI)  loou  ""^ToooTf" 


Ans. 


9.  Reduce  -137  and  -000006943  to  decimal  fractions. 


Ans. 


I  u  tyi 


o  n  rl  fi  !1  4  :j 


10.  Reduce  -13578007  nnd  •023001003  lo  decimal  fractions. 


;'•«(': 


fl 
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s. 

ity  with 


ponding 
minator, 
owed  by 
denorni- 
places  to 
•minator. 
Ans,  -743. 
00092370, 


»98  and  -7 

0000176. 
00278643. 

)n  with  its 
r  fraction 
30  also  the 
e  identical 


r  decimal 


erator  and 
'  Os  as  there 

**"■•'•   luoo* 
1  00  000  0(70* 


iiud  Toilo  (!• 


"(TooffoooTfo 

ctions. 

a  3  0  (I  •<  y  0  :i  _ 

lUOOClOOU'lO 


Ants.  52-57.] 
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50.  Decimal  fractions  follow  exactly  the  same  rules  as  vulgar 
fractions. — It  is,  however,  generally  more  convenient  to 
obtain  their  (Quotients,  and  then  perform  on  them  the  re- 
quired processes  of  addition,  &c.,  by  the  methods  already 
described  (Sect.  11). 

To  reduce  a  vulgar  fraction  to  a  dtcimal  or  to  a  decimal 

fraction : — 

RULE. 

Divide  the  numerator  by  the  denominator  and  the  quotient  icill 
be  the  required  '^  decimal'^ ;  the  latter  may  be  changed  to  its 
corresponding  decimal  fraction  by  (Art.  54). 

This  is  merely  actually  performing  the  division  whch  the  fraction  indi- 
cates. 

Example  11.  Reduce  |  to  a  decimal  and  also  to  a  decimal  frac- 
tion. 

8)_7; 

•875  Jns.  =  fj,f,j  Jns. 
12.  Reduce  -i\  to  a  decimal. 
16)9 


•5625  Ans. 


EXERCISES. 


jins.  -5  and  -375. 
jins.  -^^  and  f-^. 


13.  Reduce  ^  and  f  to  decimals. 

14.  Reduce  1,^3-  and  i  to  decimal  fractions. 

15.  Reduce  ^|,  ^J|  and  i|  to  decimals. 

Ans.  -9733+,  4-C664-  and  -44117+.* 

16.  Reduce  ^,  -{%,  and  |  to  decimals. 

Ans.  -857142+,  •4166+  and  ^44444+. 

17.  Reduce  iV:f  and  iVy'V  to  decimals. 

Jns.  -15178571428+  and  -554012+. 

57.  Let  it  be  required  to  reduce  £3  7s  65d  to  the  decimal  of 
a  pound. 

OPERATION. 

2d  =  '76d  her^  O^d  =  6'75d.  If  now  we  divide  this  by  12  we  shall  have 

its  value  as  a  decimal  of  a  shilling, 
fijd  =  6-75d  =  -56258  hence  7s  6f d  =r  7-5625s. 
Next  if  we  divide  this  by  20  we  s':-^.  have  its  value  as  a  decimal  of  a 

pound. 
7s  6|d  =  7-5625S  =  £'378125. 
Therefore  £3  7s  6|d  =  £3-378125. 

Hence  to  reduce  a  denominate  number  of  different  de- 
nominations to  an  equivalent  decimal  of  a  given  de- 
nomination we  deduce  the  following : — 

*  The  sign  +  written  after  these  answers  simply  indicates  that  there  is 
still  a  remainder  and  consequently  that  the  division  may  be  carried  on 
I'urther. 


Il 


I8i 


UJiClMALw. 
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RULE. 

Divide  the  lowest  denomination  named  by  that  number  ichic/i 
makes  one  of  the  next  higher  denomination. 

Annex  this  (iiiolinit  to  the  number  of  the  next  higher  denomi- 
nation given  and  divide  as  before. 

Proceed  thus  throi^h  all  the  denominations  to  the  one  required, 
and  the  last  result  will  be  the  one  sought  : 

lixAiii'Lii  18.  lU'diice  3  duyn,  I'J  hotii'rf,  '^  minutes,  3U  .seconds,  to 
the  dochmil  of  u  week. 

OPEllATION. 

iiO).'}<)  =  s(!c.  =  ;;(i  bee. 

t>ti):v.)  :r=  (iooiiiial  of  a  iiiimac  =:  3  luiii.  ;'.0  sue'. 
2t)l'-^'""''*''^v^  (Icciiiial  ol'  ail  hour  =  \~h.  oni.  ;j(i  s(.'c. 
7);vr)(i2i;tit,-,  =  I'-ciuial  of  i  day  =  0  da.ys  I'ili.  3ui.a()  koc. 
Alls.    •5uoaii/Z  =  doeinial  of  a  week  .-=  3  days  Vl  li.  3m.  30  ace. 

Example  It).  Reduce  1R7  lb.  13  o/.  11  dnuud  to  to  the  decimal 
of  a  ton. 

llcic  we  divide  the  11  dnuiiij  by  10 


oriai  \iioN. 
li))11'  draiiis. 

iO)i;rc,N£r)  oiuiccs, 

20()0)i87-sr).V4G8T:)l  I) ;. 

•ut>3'J:;773i;)VO  ton.  vlns. 


iuul  thus  obtain 'ObTo  to  which  we  pre- 
lim tli'!  f.^;veii  13  oz.  Xext  we  diviile 
tills  liy  IC)  and  ulitaiii  \S55KW7J  tu 
wliicli  we  biiii|i  down  tlie  1b7  H).  and 
divide  the  ve.sidi  by  2000  the  niuuber 
of  Ibt,  in  a  i  (.n. 

Note.— To  divide  iiy  2(iO(i  remove  tlie  deeiuial  iioint  (hrc:c])\i\.eoH  to  tiie 
left,  and  divide  by  2;  similaily  to  divide  by  (,0,  :.:i»,  A;c.,  remove  the  deci- 
uial  point  one  jilace  to  tiie  left  and  divide  by  0,  2,  Ac. 

EXERCISES. 

20.  Reduce  3  yards  2  ft.  1  in.  to  decimal  of  a  furlong-. 

Ans.  -01679+. 

21.  Reduce  3  dwt.  17  f^i.^.  Trov.  to  the  decimal  of  a  pound. 

Ms.  -01545138+. 

22.  Redtice  2  scr.  7  [rva.  to  tlie.  decimal  of  a  iiound,  Apoth. 

Jns.  -0081597+. 

23.  Rediico  5  fur.  35  per.  2  yd.  '2  ft.  9  in.  to  the  decimal  of  a  mile. 

Ans.  -73003+. 

24.  Reduce  3  (jr.  2  na.  to  the  t  jcimal  of  a  yard.  Ans.  -875. 

25.  Reduce  Ca  to  the  decimal  of  13s  4d.  '"^  *  -375. 


♦  Reduce  Cs.  first  to  the  fraction  of  13.s.  4d,  and  then  reduce  the  resulting 
fraction  to  a  ducimal. 

Thus  5a.  reduced  to  the  fraction  of  ISs.  4d.=Tu£fu=l='875. 


tv 


I 


i 


M 


i 

I 


.-.if! 


4fX^'^ 
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mbcf  which 
her  dcnomi- 
ne  required  J 

seconds,  to 


MJC. 


130  ucr. 

the  deciiiKil 


I  (triini:i  l).y  10 
,\lucli\ve  pre- 
;.\t  wo  ilividc 
■855Ui87^  to 
IK- 187  11).  au'l 
J  tlic  ULUiiljor 

:'  iilaces  to  tlu; 
lOve  the  Ucci- 


I  pound. 
01545138+. 
Apoth. 
•00815974-. 
Ill  of  a  niile. 
IS.  -73603+. 

Ans.  -875. 

•'?^  *  -375. 


the  resulting 


M: 


.'it 


.•1; 

•i 


.V! 

i 


AKXd.  57.58.J 


iJKUl.MAL.- 
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20.  Reduce  I2h.  55  miu.  '-'1  sec.  to  the  decanal  of  a  day. 

.{?/(«.  -5:}84375. 
'J7.   Reduce  }  of  i  ut'r,;d  to  the  dcciniiil  of  lit. 

.7/J6-.  -01  f. 

28.  Pioduce  '^  of  '  of  a  mile  to  llie  deeaujil  of  'Mj  inohcs. 

Jns.  3020-57 1428+. 
2'J.  Reduce  1  of  v  of  3|  lb.  Avuii'.  lo  the  decimal  of  |  of  an  oz. 

Jns.  'J.2444+. 
;>0.  Reduce  3  pk.  1  yal.  1  ([t.  1  pt.  to  Iho  decimal  of  a  bushel. 

Jns.  -921875. 

53.  Let  it  be  re(|iiiretl  to  lind  thi-  value  in  terms  of  a  lower 
denominalion  of  -7825  of  a  yard. 

oi'KKAllo.N .  Exi'i.A.N A  I  lu.N.— Siiu c  tlioio  arc  ;{ tfi't  in  n 

-<;;:..  .vtuU,  ii  is  evident  Uial  auy  ilcoiuud  of  a  .yard 

:',  is  lltne  liiiK's  ii'i  prcat  a  dceimal  of  a  foot. 

Hence,  to  rudnee  tlie  Uecinial  of  a  yard  to  a 

•2-.>i7.1  dt'eiiii.-il  of  a  fdut  we  UiUUlply  it  by  3     Thit> 

]-i  Rives  us  two  lc;et  aiid-ul75of  afoot.    Siuii- 

iarly  nailti|)lyiii;^  tlie  di'(!iiiial  01  a  foot  by  12 

4"17'H)  reduces  it  to  an  f(iuivnl('iit  decimal  ot  an 

lil  indi.    We  thus  lind  ■;5't75  of  a  foot  equal  to  4 

inches  and  -17  of  an  inch.    y\irani  nuUtiply- 

•J-()4i)ii  iiifi'  tliis  last  l\v  12  reduces  it  to  the  decimal 

Jns,  2  ft.  4  in.  2-04  lines,  of  a  llue.aud  we  tluislhultlie  wliole  iiuautity 

-0S2.")  of  a  yard  et|ual  to  2  ft.  4  in.  2-<)4'  lines. 
Nori'.— In  these  niuUi])licatk>ns  we  only  nudUply  the  number  to  the  right 
of  the  :ici)aiuting  point. 

Ilt'iico,  to  lind  llio  value  of  a  cleiiuniiiiatu  iitiinbcr  in 
terms  of  iiiiegcrs  of  a  lower  civuoiniiiatioii  wu  have  the 
fullowiii^' : — 

RULE. 

J\lult.iplij  Ihc  u;lccii  dcclinal  by  the  number  of  units  of  the  next 
lower  denominalion  that  make  one  of  the  gicca  denomination. 

Point  off  as  manij  decimal  places  as  there  ivcre  in  the  multiplier, 
and  the  integral  portion,  if  any,  will  be  units  of  that  lower  denomi- 
nation;' the  decimal  part  may  be  reduced  to  a  still  loioer  deno- 
mination and  so  on. 

Example  31. — Find  the  value  of  jL'-97875. 

OI'EKATIO". 

•U7e.75  % 

20 


iyc7oU0h 

If      Jns.  19s.  6iJd.+  a  of  a  farthing. 

G-9000(id 
4. 


3-60000f 
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Example 
caries'  Weight. 


CIRCULATING  DECIMALS. 

lue  of  -7863625  of  a  pound  Apothe- 


— Find  the 


OPEBATION. 
•7863626 
18 


0-4363500  oz. 

8 

3'^4908000dr8.     ^'^^-  ^  ^'^-  ^  ^'^^  ^  ^cr.  9-448  grains. 
3 


1'4724000  scr. 
20 


9'4480000  gi-8. 


EXERCISES. 


33.  Find  the  value  of  0-3945  of  a  day. 

Alls.  9  hours  28  min.  4.8  sec. 

34.  Find  the  value  of  0-39G5  of  a  mile. 

Ans.  3  fur.  6  per.  4  yds.  2  ft.  6-24  in. 

35.  Find  the  value  of  0309153  of  a  lb.  Troy. 

Atu.  6  dwt.  4-39344  grains. 

36.  Find  the  value  of  22- 75  of  £2.  2s.  6d.       Am.  £48  6s.  lOid. 

37.  Find  the  value  of  11-17825  of  7  bush.  1  pk.  1  gl.  1  qt. 

Ans.*  82  bush.  3  pks.  0  gal.  1  qt.  0-4905  pt. 

38.  Find  the  value  of  -2057  of  a  lb.  Troy. 

Ans.  2  oz.  9  dwt.  8832  grains. 

39.  Find  the  value  of  -176  of  1  fur.  36  per.  2  yds.  5  in. 

Ans.  13  per.  2  yds.  1  ft.  4  in. 

40.  Find  the  value  of  -625  of  a  league.  Ans.  1  mile  7  fur. 

41.  What  is  the  value  of  -015625  of  a  buihel  ?  Ans.  1  pint. 

42.  What  is  the  value  of-'9378  of  an  acre  ? 

Ans.  3  roods  30  per.  13  ft.  ^-^.^g  inches. 

43.  Find  the  value  of  -2775  of  1  sq.  yd.  3  ft.  72  in. 

Ans.  3  sq.  ft.  67^  in. 


CIUCULATING  OR  REPEATING  DECIMALS. 

59.  L3t  it  be  rcfinired  to  reduce  5  .ind  5  to  decimals. 

OiPERATIOK.  $ 

9)6 


7)6 


•999999  &c. 


•857142857142857142  &c. 


*  If  the  given  'quantity  be  expressed  in  more  than  one  denomination  it 
should  be  reduced  to  one  before  applying  the  rule.  Thus  in  this  examplo 
7  bush.  1  pk.  1  gal.l  qt.=237  tyrts.  and  11*17826X237=2649-24525  qts.=:82 
bush.  3  pks.  0  gal.  1  qrt.  O't905  puits. 
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LIDS. 


I.  4.8  sec. 

t.  6-24  in. 

14  grains. 
6s.  lOid. 
.  qt. 
i-4905  pt. 

J2  grains. 

1  ft.  4  in. 
aile  1  fur. 
IS.  1  pint. 

'fl-  inches. 

ft.  671  in. 

ALS. 


Dination  it 
is  example 
25  qts.=:82 


In  these  and  many  other  cases  the  division  does  not 
terminate,  and  the  value  of  the  fraction  can  only  be 
approximately  expressed.  In  the  former  of  the  above 
examples  the  figure  9  is  constantly  repeated,  and  in  the 
latter  the  series  of  figures  867142. 

60.  Decimals  which  do  not  terminate,  i.  e.,  which  con- 
sist of  the  same  digit  or  set  of  digits  constantly  repeated, 
arc  called  Repeating  or  Circulating  Decimals. 

61.  The  digit  or  set  of  digits,  which  repeats,  is  called  a 
repetend,  period  or  circle. 

NoTB. — The  terms  period  and  circle  are  used  only  when  the 
repetend  contains  two  or  more  digits. 

62.  A  Single  Repetend  is  one  in  which  only  a  single 
digit  repeats. 

Thus,  '3333  &c. ;  7777  &c. ;  '88888  &c.  are  single  repetends. 

63.  A  Single  Repetend  is  expressed  by  writing  the  digit 
that  repeats  with  a  dot  over  it. 

Thus,  '333  &c.  is  written  '3,  '777  «Scc. ;  is  written  7. 

64.  xV  Circulating  Decimal  or  Compound  Repetend  is 
one  in  which  more  than  one  digit  repeats, 

Thus,  '347347347  &c. ;  '202020  &c.;  '123412341234  &c.  are  Circulating  Dec!' 
mals  or  Compound  Bepetends. 

65.  A  Circulating  Decimal  is  expressed  by  writing  the 
recurring  pci  Vd  once  with  a  dot  over  its  first  and  last  digits. 

Thus,  ",47347  &c.  k  written  '347 ;  '2020  &c.  20 ;  12341284  &c.  is  written  •1234 

66.  A  Pure  Repetend  or  Circulating  Decimal  is  one  in 
which  the  repetend  commences  immediately  aft!%r  the 
decimal  point. 

67.  A  Mixed  Repetend  or  Circulating  Decimal  is  one 
which  contains  one  or  more  ciphers  or  significant  figures 
between  the  repetend  and  tlic  decimal  point, 

•       •      • 

Thus,  '3,  *7,  *1  are  Pure  Bepetends. 

'78917,  .0378,  '002  are  Mixed  Bepetends. 

•72,  '043,  '81376  are  Pure  Circulating  Decimals. 

137*8, -073205,  •07i7866  are  ]\tixed  Circulating  Decimals. 
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68.  Similar  Rcpotcuds  are  those  which  commence  at  the 
same  number  of  places  from  the  decimal  point, 

TIius,  -71^5,  'aiaiso  and  -0007134(5  arc  Similar  Repcteucls. 

69.  Dissimilar  RepeteiKls  are  those  wliich  commence  at 
a  ditloreiit  miniber  of  places  from  the  decimal  point, 

Thus,  "I'iii,  •928027  :;  il  •D134278  aro  Dissimilar  Rcpotends. 

70.  Coterminous^  Repetends  are  those  which  terminate 
at  the  same  number  of  places  from  the  decimal  point, 

•       •  ■  •  «      • 

Thus,  710",  '&lVi  and  •1317  aro  Cotonninous  Rupotouds. 

71.  Similar  and  Coterminous  Repetends  aro  those  which 
both  commence  and  end  at  the  same  distance  from  the 
decimal  point, 

Tims,  '7342(57,  lG''l7i212,  l'J8'l(513'ii  are  Similar  &,  Coterminous  llepeteuds. 

72.  lu  reducing  a  fractiou  to  a  decimal  we  plaxjo  a  poiitt  after  the 
numerator,  and  annex  Os  to  it  until  it  is  exactly  divisible  by  the  denomi- 
nator. But  since  th»^  point  does  not  atfoct  the  divisiiiori,  merely  determining 
the  place  of  the  point  in  the  resulting  quotient,  it  is  manifest  that  we  ma^ 
leave  it  altogether  out  of  consideration,  so  that  annexing  Os  to  the  nume- 
rator becomes  in  effect  multiplning  it  by  such  a  potver  of  10  as  will  make 
it  contain  the  denominator.  Now  if  the  fraction,  before  proceeding  to  the 
division,  be  reduced  to  its  lowest  terms,  the  denominator  can  have  no 
factor  in  common  with  the  numerator  ;  and  if  the  denominator  be  exactly 
contained  in  the  numerator  with  the  Os  annexed,  it  can  only  be  from  its 
b(!ing  contained  in  that  ])Ower  of  10  by  which  the  original  numerator  was 
nmltiplied.  But  since  10  contains  only  the  factors  2  and  5,  any  power  of 
10  can  contain  only  the  factors  2  and  5 ;  and  hence,  in  order  that  the  deno- 
uiiuiitor  may  bo  exactly  contained  in  the  numerator  with  0»  annexed,  it 
must  contain  only  the  factors  2  and  5,  or  powers  of  2  and  5. 

Hence,  when  a  vulgar  fraction  is  reduced  to  its  lowest 
terms,  if  the  denominator  contain  no  factors  other  than  2 
and  5,  the  corresponding  decimal  will  hejinite,  but  if  the 
denominator  contain  any  other  factor  than  2  an(i  5,  as  3, 
7, 1  I^&c,  the  corresponding  decimal  will  be  injiaite^  \.  e., 
will  be  a  repel  end.  [decimals? 

Example  44. — Can  -^^,  ii,  -^  and  -^s  be  exactly  expressed  as 

IG,  the  denominator  of  the  first,=:2X 2X2X2,  (1.  e.  contains 
no  prime  factor  other  than  2  or  5)  therefore  it  can  be  exactly 
expressed  by  a  decimal. 

25=5X5  (i.  e.  no  prime  factor  other  than  2  or  5)  therefore 
2^  can  be  exactly  expressed  by  a  decimal. 

12=2X2X3  (i.  e.  does  "contain  a  factor  other  than  2  or  5) 
therefore  -j^  cannot  bo  exactly  decimated. 

125=5x5x5  (i.  e.  no  factor  other  than  2  or  6)  therefore  -^s 
can  be  exactly  decipaated, 
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Ol  the  following  fractions,  which  can  and  which  cannot 
be  exactly  decimated,  i.e.  reduced  to  equivalent  decimals : 

45.  I,  (j^iV,  \h  ilhi  and  lU- 

46.  s  -J,  ^,  zU,  m- 

4T.  8  J,  I'V,  i^j  i  and  -rJu. 

73.  "We  iDay  determine  the  number  of  plaoos  in  the 
decimal  or  finite  part  of  the  decimal  co;  respond! njj  to  a 
vulgar  fraction  l»v  the  followina;  : — 

RULE. 

Reduce  the  fraction  to  its  loioeal  terms,  and  (lecoinpoac  l/w 
denominator  into  its  prime  factors. 

If  the  denominator  contains  no  factors  other  than  2  or  5,  or 
powers  of  2  or  5  the  whole  decimal  is  finite. 

If  the  denominator  docs  not  contain  2  or  5  as  factor,  the  decimal 
contains  no  finite  part. 

The  highest  exponent  of  2  or  h  will  indicate  the  number  ofdeci- 
mat  places  in  the  finite  part  of  the  corresponding  decimal. 

Example  48, — Plow  many  decimal  places  will  be  required  to 

express  ^Ws- 

Here,  3125  =  5X5X5X5X5  =  5\  Thoroforo  the  equivalent  decimal  will 
contain  5  places. 

Example  49. — How  many  decimal  places  will  be  required  to 
express  tVVa  ? 

Here,  1600  =  2x2x2X2x2x2X5X5  =  26X5«.  Hence  6  is  the  highest 
exponent,  and  the  number  of  decimal  places  will  therefore  be  6. 

EXERCISES. 

C)0.  How  many  decimal  places  will  be  required  to  express  the 
following  fractions,  viz  : — \^,  -^y,  -g^oV  and  tS^^^?? 

J9ns.  4,  3,  6  and  4. 
51.  How  many  places  will  there  be  in  the  finite  part  of  the  de- 
cimals corresponding  to  ij^;,  ij J,  r* i ^u  and  //^'f  ? 

Jns.  5,  1,  4  and  11. 

74.  In  decimating  vulgar  fractions  where  many  places 
are  required  in  the  df^cimal,  the  method  of  continually 
dividing  becomes  very  tedious.  In  such  cases  we  may  some- 
times shorten  the  work  as  follows  : — 

Example  52.  What  decimal  is  equivalent  to  the   vulgar  frac- 
tion ^ 
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20)1-00(003448 
87 

180 
116 

140 
116 

240 
2,'« 
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,ig  =  0-03448iV  Therefore  -^%  =  0'2l:)8Glj  and  substituting 
this  value  for  V^  wo  got  :— 

V5  =  0-034482  TSSGiiV  Hence  {'^  =  0-200890551 7 ^V  an^l  substi- 
tuting this  for  -^  we  get  :— 

IjV  =  0-034482 7586206890551  7jV  "ence  /.^  =  0-241379310344- 
82758620J§  and  substituting  this  value  for  vV  we  get : — 

jV  =  0.0344827586206895561724137931.  Jns. 

76.  The  number  of  places  in  a  period  cannot  exceed 
the  units  in  the  denominator  minus  one. 

This  is  xDaniftist  flrom  the  f^ct  that  all  tho  remainders  that  occur  must 
be  less  than  tho  denominator,  and  their  number  cannot  bo  greater  than 
the  denominator,  minus  one  t  bccauHo  wu  carry  on  thed  /ision  by  affixing 
08,  and  it  follows  that  whenever  we  obtain  a  remainder  like  one  that  hM 
previously  occurred,  the  digits  of  the  decimal  will  begin  to  repeat, 

4tl8>* 

Thus  I  =:  0'857142,  where  the  small  figures  above  the  line  re- 
present the  successive  remainders,  none  of  which,  of  course, 
can  be  as  great  as  7,  the  divisor, — the  next  remainder  after 
the  6  would  be  4  and  consequently  the  digits  would  com- 
menc*  to  repeat. 

76.  Those  repetends  that  have  as  many  places,  minus  one, 
as  there  are  units  in  the  denominators  of  their  equivalent 
vulgar  fractions  are  sometimes  called  perfect  repetends. 

The  following  are  the  only  fractions  having  a  denominator  less 
than  100  that  give  perfect  repetends  when  decimated  : — 

^>  tV,  tV)  -^t  W>  "4V»  ihi  -ih  an<i  hV- 

77.  To  reduce  a  pure  repetend  to  an  equivalent  vuli^ar 
fraction. 

RULE. 

Put  the  period  for  numerator  and  as  many  nines  as  there  are 
places  in  the  period  for  denominator, 
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ExAUPLB  63.  What  vulgar  fractions  are  equiralent  to  -7,  -93, 

•704  and  -007043. 

^ns.-7=  J;  -eSizlJzrH;  •^04  =  J8|;  •007043  =  , $§;)3g. 
Reason  4=  i  therefore  §,  5,  J,  Ac.,  =  '2,'3.'i  Ac,  hence  'I,  %  "i  4c. 

^^9»  I)  h  Ac. 
Similarly  ,}^  =  'oi.  therefore  -J^-  =  '07,  ^  =  "23.     J  ij  =  'Vv,  &c„ 

Ilonco  'of  =  yig ;  -ffi  =  j/g,  '2i  =  ll,   '^^  =  iy>  *^'' 
So  also  gif,  =-boi,  ^§ ;,-  ='b05 ;  f ^ 5  =  "leV,  &c. 

lienco  'Ooi  =  ^  Jj^j,  2-13  =  j^J^,  Ac,  whence  the  reason  of  the  rule  is  evident. 

EXERCISES. 


54.  Reduce  '8,  -05,  -342,  -7004  and  -00200310  equivalent  vulgar 
fractions. 

-^ns.  §,  ,^,  m  =  I'l'r.  im  and  iftSSS??. 


•  •         •  •         • 


55.  Reduce  •  10, -10G7,  -11115  and -704103  to  equivalent  vulgar 
fVfl.0  ttioim 

-^n^'  hh'm^ = yVs,  iHi5  =  i'A'h  and  imu  =^umh 


•    •     •       •    • 


•     • 


56.  Reduce  -102,  'OOIS,  -00007103,  -01020304  and  •987654.'21  t« 
equivalent  vulgar  fractions. 

-^ns.  ^3,ij,  ^1^,  ^Un^i  i^'m^  and  iifiHH?- 

78.  To  reduce  a  mixed  repetend  to  an  equivalent  vulgar 
fraction : — 

RULE. 

Subtract  the  finite  part  from  the  whole  and  set  down  the  differ- 
ence  for  the  numeratpr. 

For  denominator  put  as  many  9s  as  there  are  placet  in  the  '  in- 
finite' part  followed  by  as  many  Os  as  there  are  places  in  the  'finite ' 
part. 

Example  57.  Reduce  •73,  -1234  and  -7132092  to  their  equivalent 
vulgar  fractions. 

OPEEATIOW. 

73—   7  =        66  =  numerator  ot first  fhu^tion. 
1284-  12  =     1222  =  "  second    " 

7132092-713=7131379=  "  third     " 


90  =  ist  Denominator,  since  the  repetend  contains  one  place  in  the 

finite,  and  one  place  in  the  inflmte  part. 
9900  =  2nd  Denominator,  since  the  repetend  contains  two  places  in  the 
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9939000  ~  ."Jrcl  Di'iioiniiiator,  ^iiico  tlio  inlinitp  icirL  of  tlio  dcciinal  con- 
tains/y«r  places  and  the  linito  part  three  places. 

Hence,  13=U=H,  1234=i555=V\,Vo  and  1l32002=UUUh- 

Reason*. — Let  i(  l)e  requirotl  to  reiliicc  '0T8'7n4  to  an  equiva- 
lent vulgar  fraction, 

Let  X  =  -CiTST^i  (I) 

Then  100,1- =  9T8T::i  (II) 

And  1000000x  =  OT8'734.-873i  (III);  subtracting?  (II)  from  (III) 
gives  9i)9900x  =  978734— f) 7 

978734 97 

Whence  .rrr  —    '         -^■=zW/ioIe   rcnctend    minus  Ihc   finilc    part 
999900  ^  •  ' 

for  nnmcrator ;  and  as  many  9s  as  ihc'^c  arc  places  in  infinite 

party  followed  by  as  many  O.s  as  there  are  vlaces  in  finite  part 

for  denominator . 

.  Tho  rule  in;iy  also  bn  explainod  as  follows  : — 

Taking  tho  same  example  '973731  and  multipljlng  it  by  100,  wo  got 
•978734Xl00='J7-873t=07+-873i=97-hf  i^t}^^  (hy  last  rule.) 
Now, since  wo  multiplied  by  100  this  result  is  100  times  too  great.  Tliorc- 

foro  '978734=^\f,j-}-^^5i)oo  ^^^^^  ^^  ^^^^  these  fractions  wo  must  reduce 
them  them  to  a  common  denominator  when  they  become.— 

97X9999       8734 

"999900"  +-5i55^=(«i"'^«  0999=10000-1) 
97X  (10000— 1)  ,     8731i       97X10000—97        873t       970000—97         873 1 


999900 
978734—97 


"^  999900  ^ 


999900 


'+ 999000 


999900 


+■ 


999900 


—   Whole rcpetend  mhtusfinite  jparf forninneartor ;  anctas 


■—    999900 

many  9s  as  there  are  places  in  infnlte part,foUnv:c(l  hij  ns  ntmrii  Os  n<» 

there  are  places  injlnite  part,  for  denominator. 

Whence  the  trutli  of  tlio  rule  is  niauifest. 

EXERCISES. 

58.  Reduce   -SS-ifj,   -147658,  and  -4320075  to  their  equivalent 
vulgar  fractions. 

/7>io    fi'2  4o — ). L-'l     l):'ii     nnd   4..iin«4"  —  l.jr!'i»,.H 

./i/<.>.   -iyTJ-ou I9.'.(l>    4g^!T000)    "'"'■^  T.VrTT:!  (MHJ ■',  A  A  i  W  :'.  A  ' 

59.  Reduce  875-4905  and  301-82750  to  their  equivalent  mixed 

numbers.  .^ns.  875i:[^i;  and  SOIl^Jf^,. 

60.  Reduce    -083,    -0714285,    and   -123450    to  their   equivalent 
vulgar  fractions.  ^ns.  -jVj  i^^f  aud  aVijwo- 

61.  Reduce  -7034, -96432, -00207,  and -143271  to  their  equivalent 
vulgar  fractions.  Ans.  ^m,  |f;j,  -n,Vinr  f^nd  -i^,',gi55. 
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79.  There  are  several  properties  belonging  to  repetends 
which  it  is  necessary  to  remember.     They  are  as  follows  : 

Isl.  Any  finite  decimal  may  be  regarded  as  a  repetend  if 
we  make  the  Os  ruciir : 

Thus,  •27=-:i70=-t.'700^-'i:76oo='276oOOO,  &c. 

2nd.  A  repetend  having  any  number  of  places  may  be 
reduced  to  one  having  twice,  thrice,  tkc,  that  number  of 
places. 

Thus  a  repetend  having  2  places  may  be  reduced  to  one  hav- 
ing 4,  6,  8,  10,  12,  &c.,  places. 

For  example,  •372='!J727'i=372727'i,  *^r. 

•2;}21l3i^"23'il3i213i=232134213t2i:ii,  if. 

3rd.  Two  or  more  repetends,  having  a  different  number 
of  places  in  each,  may  be  reduced  to  otliers  having  the 
same  number  of  places  in  each,  by  the  following  : — 

RULE. 

Take  the  numbers  indit,.'.;  y^  how  many  places  there  arc  in  each 
repetend,  and  find  their  least  .ommon  multiple.  Reduce  each  repe- 
tend to  that  number  of  places. 

Thus,  let  it  be  required  to  reduce  '147,  -932,  -8417,  to  repetends 
having  the  same  number  of  places. 

Here  the  numbers  of  places  are  1, 2  and  3,  and  the  least  couiutou  multiple 
of  1,  2  and  3  is  (5,  and  hence  each  new  repetend  must  have  6  places. 

Therefore  •147=*14777777,  •932=-9323232,  and  •8417=8417417. 
4th.  Any  repetend  may  be  transformed  into  another 
having  a  finite  part  and  an  infinite  part  containing  as  many 
places  as  the  original  repetend,  and  hence  any  two  or  more 
repetends  may  be  made  similar. 

Thus,  •4i23=*4i23i=-412312,  &c. 

7«i5432i=7'6543216=7-65432165,  &c. 

r)th.  Having  made  two  or  more  repetends  similar  by  the 
last  article,  they  may  be  made  coterminous  by  the  preced- 
ing one,  and  hence  two  or  more  repetends  may  always  be 
made  similar  and  coterminous. 

6th.  If  several  repetends  of  equal  places  be  added  toge- 
ther their  sum  will  be  a  repetend  of  the  same  number  of 
plncos ;  since  every  set  of  periods  will  give  the  same  sum. 

N 
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ADDITION  OF  CIKCULATING  DECIMALS. 

To  add  circulating  dccimala:  — 

RULE. 

80.  Mulcc  tlie  rcpctcnds  similar  and  cuterminouH  and  urile  them 
under  one  another,  so  as  to  have  the  units  of  the  same  order  in  the 
same  vertical  column. 

Add,  beginning  at  the  right  hand  side  and  carrying  what  would, 
have  been  obtained  if  the  decimals  had  been  carried  out  two  or  three 
places  further. 

Example  62.— Add  together  -1^3,  '917,  -421  and  9-123450. 


issimilar. 

Similar. 

Similar  and  Coterminous. 

•783 

= 

•783 

•- 

•7833333333;m3 

•927 

= 

•927'i 

= 

•»272727272727".i 

•421 

= 

•42142 

= 

•4214214214214-2 

0-12345« 

1»-12315(! 
Sum, 

5).123456345G345(; 

1  carried. 

11'255483827«6204 

EXERCISES. 

63.  Add  together  'Q,  G-321,  19^43,  27-0278  and  •0347123. 

J7is.  53^8198G38274. 

64.  Add  together  7-427,  0-1234,  17-2987643  and  18^6'7. 

Jns.  52^526*22820390147l. 

65.  Add  together  4^'95,  7^*164,  4^7123  and  •97317. 

Ans.  17-8092502138, 

66.  Add  together  15,  99083,  •162,  -814,  2^93,  3^769230,  97^26 

•    •  •  • 

and  134'09.  .  Ans.  339-626177443. 


SUBTRACTION  OF  CIRCULATING  DECIMALS. 

To  subtract  one  repetend  from  another : — 

RULE. 
Make  the  repctends  similar  and  coterminous,  and  write  one  be- 
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1U3. 
198G38274. 

;7. 

!2039014'7i. 

092502138. 
9230,  9^26 
6261T7443. 
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neiith  the  other,  no  as  to  have  units  of  the  same  order  in  the  same 
vertical  column. 

Subtract  as  in  whole  numbers^  takiiis;  notice  whether  one  would 
have  been  borrowed  if  the  periods  had  been  extended. 

ExAMPLK  6t.— From  97.03429  take  11-03870. 

Dissimilar,  Similar.  Similar  ami  Coterminous. 

'.)7-03t2'.i  Jt7-03l2ii  yyoS  I29202y 

ll-iKJSTtl  ll-(»387iiS  ll'0387*687t58 


True  difforeucc,  86-U05524160 

If  tlic  |)criods  had  been  extended  wo  would  have  had  to  borrow  one  from 
tlie  last  llKure  of  the  minuend  period,  and  bearing  this  in  mind  we  say  8 
from  8,  0,  &c. 


EXERCISES. 
08.  From  729*3427  take  n3'12G. 

69.  From  1-437291  take  -00713. 

70.  From  1- 12 754  take  -47384. 

71.  From  42-187G3  take  17-0000008432. 


.dns.  036-216742. 

Jus.  1-4301600597824. 

Jus.  -65370016280907. 

Jus.  25-1876324900. 


MULTIPLICATION  OF  CIRCULATING  DECIMALS. 

81.  To  multiply  one  repetcnd  by  another  or  by  a  finite 
dcciraal. 

nULE. 

Change  the  decimals  into  their  equivalent  vulgar  fractions 
(Arts.  76  and  77),  multiply  these  together  and  reduce  the  product 
t9  its  equivalent  decimal. 

Example  72.— Multiply  -3  by  -78. 

•3=§=J  and  •18=U=M- 
Therefore,  •3X-78=^Xra=o-|=26  Jns. 

•    •  •        • 

Example  73.--Multiply  -318  by  -7432. 

•318=-/;?  and  -7432=^ 
Therefore  •318x-7432=-/!fX'H=i¥8—23648. 


11)0  CIRCLLATINO    UECIMALB. 

EXERCISES. 
74.  Multiply  725  by  2-6. 
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75.  Multiply  -297  by  7-72. 

70.  Multiply  -SIS  by  -77. 

77.  Multiply  1-735  by  -47053. 

78.  Multiply  4-722  by  106. 


Jns.  21-75. 

Jns.  3-29513. 

jins,  -iKJ. 

Jus.  -81054108356. 

Jns.  1)3.5. 


DIVISION  OF  CIHCULATJNG  DECIMALS. 

82.   To  divide  one  rcpetend  by  anothor  or  by  h  Unite 
dociinul. 

RULE. 

Change  Ike  decimals  into  their  eijuioalcnt  vulgar  fractions 
divide  as  in  Art.  48,  and  reduce  the  result  to  its  corre^onding 
decimal. 

ExAMi'i.K  7'v).~Diviao  -4*27  by  -818. 

•42 7=  ^j^o  and -818=,",. 

Thcrelbre,  -427-H8i8  =  I'l^.-r-A  =  "I'/bX  'm'  =  fS  =  0-52. 

EXERCISES. 

80.  Divide  -682  by  •i23.  dns.  0. 

81.  Divide  389-185  by  15- 7.  Ans.  24-0. 

82.  Divide  •81654108350  by  -47053.  Jns.  1-735. 

83.  Divide  -45  by  -118881.  dns.  3-8235294117047058. 


MISCELLANEOUS  EXERCISES  ON  DECIMALS. 

84.  Reduce  I  of  ^  of  jV  of  14  to  its  equivalent  decimal. 

85.  Multiply  -67  by  2-13. 

80.  Find  the  value  of  -678125  of  a  week. 

87.  Reduce  -92437  to  its  equivalent  fraction. 

88.  Add  together  67-234, 98-713,  and  91-03471234,  andfrom  their 
sum  take  100-123456789. 

89.  Reduce  5  fur.  36  rds.  2  yds.  2  ft.  9  in.  to  the  decimal  of  a 
mile. 


I  HECT.  IV. 

hiK.  21-75. 
.  2'29513. 
Jus.  •iVd. 
54i08356. 
Jns.  935. 

lLS. 

y  a  linite 


fruit  ions 
e%pondins^ 
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•»0.  Find  the  dilferonro  hctween  17-428571  p(i.  ft.  nnd  lOO-a  pq.  in. 

;»l.  What  is  the  vnluo  of  -01780772  of  t\vo  acres? 

02.  Reduce  11-287  nnd  l-042857i  to  viilgMi-  frnrtion^. 

\K\.  Divide  47:!45  hy  1-7(5. 

04.   From  85-(;2  t(\ke  i:}-7(;4.".2 

95.  Wliat  istluMlillcrcnco  betwccti  •734of  a  11).  and -lOIJ  of  nn  oz. 

avoirdupois  ? 
on.  How  many  yards  of  carpet  2  ft.  5',  in.  wide  will  l)o  required 

to  cover  a  floor  27-.T  ft.  long  and  201 6  ft.  wide. 

07.  Multiply  :M4.5  I»y  4-207. 

98.  How  many  Unite  places  are  tlierc  in  the  decimal.-s  correspond- 
ing to  i\-,  :^,  /•.,  )Vf,  jt'-.T  nn<i  ^i^iiU' 

00.  Add  together  81^,  G\  ]2l\,  r.28;;;:,  .<U)d  5-(324. 

■r,    ,          /  4-4— 2-8.T     ^(;-3ofr.v       'J  8  of  2-27'  .       , 

100.  Heduce  (  — ; .      ff  -     „^        X   -  — r.—  to  a  .'<impl« 

^l-r.x2-fi2n         -■-•'    ^  1-13«; 

quantity. 


0-52. 

ins.  24-0'. 

ns.  1-735. 

7G47058. 

LS. 


rom  their 
imal  of  a 


QUESTIONS  TO  ItE  ANSWERED  BY  THE  PUPIL. 

NoTR.— r//c  numbers  after  the  questfotts  refer  to  the  articles  of  ihn 
Section, 

1.  Whnt  is  a  decimal  ?    (."il ) 

2.  What  Ih  the  distinction  b(!t\veen  a  decimal  and  its  correspondiuK  decimal 

fraction?    (o."}) 
;}.  How  is  a  decimal  reduced  to  its  corresponding  decimal  fraction  ?     (54) 

4.  How  is  a  vnlgar  fraction  reduced  to  a  decimal  ?    (B6) 

5.  How  would  you  reduce  4  07..  17  dwt.  10  grs.  to  tlm  decimal  of  a  lb  ?  (hi) 
«>.  How  M'ould  you  find  the  value  of  •TlS'irj  of  a  French  ell  ?    (r.R) 

7.  What  is  meant  by  repeating  or  circulating  decimals?    (OO) 

vS,  What  is  a  i-epctend,  period,  or  circle?    (01) 

V.  What  is  a  single  repetcnd,  and  how  is  it  expressed  ?  (02  &  03) 

10.  What  is  a  circulating  decimal  or  compound  roprtond,  and  how  i.'^  it 

expressed?  (C4&0S) 

11.  What  is  a  purerepetend?    (06)  ^ 

12.  What  is  a  mixed  repetend  ?    (07) 

13.  What  are  similar  repotends  ?    Give  an  example.    (08) 

14.  What  are  dissimilar  rcpetends  ?    Give  examples  ?  (00) 

15.  What  are  coterminous  repetends?    Give  examples.    (70) 

10.  When  arc  repetends  said  to  be  both  similar  and  coterminous?    Give 
examples.    (71) 

17.  When  can  a  vulgar  fraction  be  exactly  expressed  by  a  decimal  ?    (72) 

18.  Show  that  this  must  necessarily  be  the  case.    (72) 

19.  How  can  we  ascertain  the  number  of  places  in  the  finite  part  of  tho 

decimal  corresponding  to  any  vulgar  fraction  ?    (73) 

20.  If  the  decimal  corresponding  to  any  vulgar  fraction  contain  a  repetend, 

what  is  the  greatest  number  of  places  that  repetend  can  contain  ?(75  ) 

21.  Show  that  this  must  necessarily  be  the  case. 

22.  What  are  perfect  repetends  ?    (76) 

23.  How  is  a  pure  repetend  reduced  to  a  vulgar  fraction  F    (77) 
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i 


24. 
25. 
20. 
27. 

28. 

29. 

3C. 

31. 
32. 
33. 
34. 


How  is  a  mixoU  repotend  reduced  to  a  vulgar  fraction.    ( id) 

Show  the  truth  of  this  rule.    (77) 

Show  that  any  llnito  decimal  may  be  made  into  a  repetcnd.    (79) 

Show  that  any  repetend  may  be  reduced  to  another  having  twice,  thrice, 
&c.,  as  many  plates,    (79) 

Show  that  any  number  of  repctends  may  be  made  to  have  the  same 
number  of  places,  and  give  the  rule.    (79) 

Show  that  any  pure  repeteud  may  be  transformed  into  a  mixed  repc- 
tend.    (79) 

Show  th^t  two  or  more  repctends  may  be  made  similar  and  cotermi- 
nous.   (79) 

How  are  circulating  decimals  iidded?    (80) 

How  are  circulating  decimals  subtracted  V    (81) 

How  do  we  multiply  circulating  decimals  together?    (82) 

How  do  we  divide  one  circulating  decimal  by  another  ¥     (83) 


MISCELLANEOUS  EXERCISES. 
(On  preceding  Rules.) 

1.  Transform  4312131  quinary,  into  the  nonary,  ternary,  and» 
odenary  scales,  and  prove  the  results  by  reducing  all  four 
numbers  to  the  decimal  scale. 

2.  Write  down  seven  hundred  and  two  trillions,  seven  millions, 
thirty  thousand  and  seventeen,  and  four  million  and  seventy- 
six  tenths  of  quadrillionths. 

3.  Divide  976-432  by  -00000096. 

A    wi    *  •    +1         1        ^       (2^+-5625— l-5+-rV)^V 

4.  What  IS  the  value  of  — i— 2-1 . -LJii — —: — . 

^l-i\X^X296XTiT-^VK9^^294T 
19 

6" 

5.  Divide  97  lb.  3  oz.  4  dr.  1  scr.  It  grs. by  9  lb.  7  oz.  7  dr.  2  scr. 

6.  A  wall  is  to  be  built  15  yards  long,  7  feet  high,  and  13  in. 
thick,  with  a  doorway  6  ft.  high  and  4  ft.  wide ;  how  many 
bricks  will  it  require,  the  solid  content  of  each  being  108 
cubic  inches? 

7.  Multiply  9  ft.  6'  4"  1'"  by  11  ft.  7'  9"  11'". 

8.  Find  the  value  of  ,  t^t^.T'X  . 

I  ofT^H-ioff 

9.  Reduce  782436  pints  to  bushels,  &c. 

10.  Find  the  least  common  multiple  of  77,  42,  27,  21,  33,  14,  7, 

11,  63,  and  30, 

11.  Divide  36^87942  by  28e4  in    the  duuut,t\mul  scale.      Also 
change  3762814  from  the  nonary  to  the  decimal  scale. 

12.  How  many  divisors  has  the  number  150528? 

13.  Find  the  value  of -1234625  of  2  weeks  and  2  days. 

14.  Multiply  27  lb.  4  oz.  3  dr.,  avoirdupois,  by  728i. 

15.  Add  together  $98-17,  $42-29,  £16  33.  8id.,  $97-19,  $127-87^, 


and  from  their  sum  subtract  £67  l7s. 


7Jd. 


10. 


Reduce  -8,  TO,  -912?.,  nnd  -003327  lo  ineii-  equivalent  vulgar 
fractions. 


U. 


(Sect.  IV. 


') 


wice,  thrice, 
fG  the  same 
mixed  repe- 
11(1  cotermi- 


'2947 


dr.  2  scr, 
md  13  in. 
low  many 
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33,  14,  1, 

e.     Also 
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n\  vulgar 
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MISCELtANEOUS    EXERCISES. 


100 


It. 


1 

18. 

3) 

1 

19. 
20. 

nary,  and» 
g  nil  four 

^1 
'A 

21. 

22. 
23. 

1  millions, 

:l 

• 

[Iseventy- 

24. 

25. 


N. 


26. 

27. 

28. 
29. 

30. 
31. 
32. 
33. 

34. 
35. 
36. 

37. 

38. 


Take  the  number  704  and  by  removing  the  decimal  point. 
(1)  Make  it  10,000  times  greater ;  (2)  make  it  10,000,000 
times  less  ;  (3)  make  it  trillions  ;  (4)  make  it  hundredths  of 
billionths;  (5)  mnkc  it  tenths  of  millionths;  (6)  make  it 
hundredths. 

rU2^X-5ofb^)4-9^]4-69+vVf}— llA]-^(HoMC)* 

[(•7632763Xll)Xiof'iSiJX(iof2-3of-25  of  96)-^2 

Reduce  „     ^-        ■ 

i  of  6732467-7-,'^ 

Divide  X'550  33.  lid.  among  4  men,  6  women,  and  8  children, 
giving  to  '^ach  man  double  of  a  woman's  share,  and  to  each 
woman  triple  of  a  child's. 
Add  together  16fr,  19|,  23i  and  129f 
Write  down  all  the  divisors  of  8100. 
Find  the  G.  C.  M.  of  2691,  11817  and  9828. 
Find  the  exact  length  of  the  lunar  month  which  contains 
2551443  seconds,  and  of  the  solar  year,  which  contains 
31556928  seconds. 

How  many  times  will  a  carriage  wheel  turn  in  going  from 
Toronto  to  Hamilton,  a  distance  of  38  miles,  the  circumfer- 
ence of  the  wheel  being  14  feet  11  inches  ? 
What  is  the  weight  of  the  water  contained  in  a  rectangular 
cistern  11  feet  wide,  13  feet  long  and  15  feet  deep,  and  how 
many  gallons  of  water  does  it  contain? 
OTE.— A  cubic  foot  of  water  weighs  62*5  lbs.  and  a  gallon  weighs  10  lbs 
Reduce  jC73  17s.  11 -Jd.  to  dollars  and  cents. 
From  93,*,-  take  76^-J  and  divide  the  result  ^'y. 

Find  tbe  value  „f-^|^xj  of^ii-^^. 

Transform  91342  undenary  into  the  quinary,  duodenary  and 

binary  scales  and  prove  the  results  by  reducing  all  four 

numbers  to  the  decimal  scale. 

What  are  the  prime  factors  of  7680  ? 

Reduce  72  miles,  3  fur.,  7  per.,  2  yds.,  1  ft.,  7  in.  to  lines. 

Find  the  price  of  97  pair  of  gloves  at  47  cents  per  pair. 

What  is  the  worth  of  a  pile  of  cord  wood  73  feet  long,  4  feet 

wide  and  11  feet  high,  at  $3-62  i  per  cord  ? 

Divide  93-723  by  29-41 73. 

How  many  bushels  of  oats  are  there  in  73429  lbs.  ? 

What  is  the  worth  of  719630  lbs.  of  wheat  at  $1-80  per 

bushel  ? 

Add  together  $72-14  and  $93-76.   Multiply  the  sum  by  9-47 

and  divide  the  product  equally  among  11  persons. 

Find  the  G.  C.  M.  of  21334  and  180781. 


*  These  questions  though  apparently  difficult  are  not  so  in  reality— they 
•e  designed  for  exorcise  m  canceling,  and  do  not  require  much  work. 
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39,  Reduce  f ,,  ♦,  ^,  ^%,  i|,  -jV  and  \  to  equivalent  fractions, 
having  a  common  denominator. 

40.  Purchased  17  yards  of  cotton  at  11  cents  per  yard,  19  yards 
of  ribbon  at  37^  cents  a  yard,  14J  yards  of  silk  at  $217  a 
yard,  a  parasol  $4-75,  a  bonnet  $11-50,  67  yards  of  sheeting 
at  27  cents  a  yard,  15  yards  of  French  merino  at  $l-37i 
a  yard,  and  trimmings  $793.  Required  the  amount  of  my 
bill. 


SECTION  V. 


RATIO  AND  PROPORTION. 

1.  Two  numbor.s  having  the  same  unit  may  be  coini)arcMl 
with  one  anotljer  in -two  ways: 

1st'.  By  oonsidoriiin^  hov  imich  (/rcaivr  or  less  one  is  tlian 
the  other ;  and 

2nd.  By  eonsiderinnj  how  many  times  one  contains  the 
other. 

2.  Ratio  is  tiie  relation  whicli  one  number  bears  to 
another  with  respect  to  magnitude,  when  the  numbers  are 
compared  by  considering,  not  hoio  much  greater  or  fes:-! 
one  is  than  the  other,  but  how  many  times  oy  parts  of  a 

I  time  one  contains  the  other.     Hence  : 

The  ratio  of  two  numbers  is  the  quotient  arising  from  the 
division  of  one  by  the  other. 

Thiis  the  ratio  of  18  to  G  is  P>,  since  18-^-0=3,  the  ratio  of  7  to  21  is  |,  siviop 
7-^21=/T=i-- 

3.  The  ratio  of  one  number  to  another,  when  measured  with  vespeet  to 
their  difference,  is  sometimes  called  arithmetical  ratio,  to  distingnisli  it 
from  the  ratio  considered  as  in  (Art.  2),  which  is  called  sroometrical  ratio. 

In  the  following  pages,  whenever  the  term  ratio  is  used,  tfoomotrieal  ratio 
is  meant ;  m'c  shall  use  the  term  difference  in  place  of  arithmetical  ratio. 

4.  Since  ratio  simply  expresses  the  quotient  arising 
from  the  division  of  one  number  by  another,  and  since 
(Art.  GO,  Sec.  II.)  we  have  three  ways  of  indicating  division, 
it  follows  that  we  have  three  ways  of  expressing  tlie  ratio 
of  one  number  to  another. 

Thus  the  ratio  of  9  to  4  is  expressed  either  by  9-1-4,  or  '^,  or  9 : 4. 
The  ratio  of  7  to  13  is  indicated  either  by  7-r-l»,  or  7^,  or  7 :  13. 

5.  Ratio  can  exist  only  between  numbers  of  the  same 
kind. 
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Thus  it  is  obvious  tliat  no  comparison  with  respect  to  magnitude  can  be 
made  between  6  hours  and  11  pounds,  or  between  19  days  and  16  miles,  &c., 
i,  e.,  these  numbers  are  not  of  the  same  kind,  and  therefore  no  ratio  can 
exist  between  them. 

6.  Numbers  arc  of  the  same  kind  wlion  they  are  of  the 
same  denomination,  or  wlien  they  liave  the  same  unit,  or 
when  one  can  be  multiplied  so  as  to  exceed  the  other. 

7.  The  two  ffiven  numbers  which  constitute  the  ratio 
are  called  tlie  terms  of  the  ratio  ;  when  spoken  of  toge- 
ther they  are  called  a  couplet. 

8.  The  first  term  of  a  couplet  is  called  the  antecedent; 
the  last  term,  the  consequent. 

When  the  ratio  is  expressed  in  the  form  of  a  fraction,  the 
numerator  is  the  antecedent  and  the  denominator  the  consequent. 

9.  Ratio  is  either  direct  or  inverse^  simple  or  compound. 

10.  A  Direct  EaLio  is  that  which  arises  from  the  division 
of  the  antecedent  by  the  consequent. 

11.  An  Inverse  or  Inverted  Ratio  is  that  which  arises 
from  the  division  of  the  consequent  by  tlu^  antecedent. 

Thus  the  inverse  ratio  of  15  to  3  is  3 :  Ifj,  or  I'f,  or  ."-^15.  or  1 . 

12.  An  Inverse  Ratio  is  sometimes  called  a  reciprocal 

ratio. 

Thus  tlie  reciprocal  ratio  of  15  to  3  is  3 :  15  oi-  i^  =  Ir  =  inverse  ratio  of 
15  to  3. 

13.  The  reciprocal  of  a  quantity  is  unity  divided  by 
that  quantity. 

Thus  the  reciprocal  of  8  is  i ;  of  11,  -J,- ;  of  \,  ^  ;  of  -8,-,  '^3  •  of  -i-,  ft :  of 


.0 


,  ^,  &c. 


14.  When  the  direct  ratio  of  two  numbers  is  expressed  by  poiuts, 
the  inverse  or  reciprocal  ratio  is  expressed  by  inverting  the  order 
of  the  terms;  when  by  a  fraction^  by  inverting  the  fraction. 

15.  A  iSimpio  Ratio  is  one  that  has  but  one  antecedent 
and  one  consequent. 

Thus  <i :  3,  7:11,18:2,  kc,  are  simple  ratios. 

16.  A  Compound  Ratio  is  a  ratio  produced  l^y  com- 
pounding or  multiplying  togetlicr  the  oorrespondino-  terms 
of  two  or  more  simph:;  ratios. 

Thus,  the  simple  ratio  of   '.1:3    is  ,". 

tlic  simple  ratio  of   21:2   is  12. 

The  ratio  compounded  of  these  is  21(5:0  =:  3C. 
17.  It  mast  be  distinctly  remcmbei-ed  that  a  compound  ratio  is  of  the 
same  nature  as  any  other  ratio,  and,  like  a  simple  ratio,  consists  of  one  ante- 
cedent and  one  consequent.    The  term  compound  ratio  is  used  merely  to 
indicate  tlie  origin  of  the  ratio  in  partiQiilar  oases. 
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18.  Ritlius  arc  coiiijiuUadcd  by  muUiplijins  together  all  the  an- 
Icccdents  for  a  new  anlecedent,  and  all  the  consequents  for  a  new 
consequent . 

ThuH,  tlio  ratio  compouadod  of  2:7,  2:«,  5:11.  and  4:.".  is  2y2X5Xl:7x 
r,xll/-:i  or  80 :(!;»."). 

EXERCISES. 

1.  What  is  the  ratio  of  2  Y  to  3? 

2.  "What  is  tho  ratio  of  7  to  11  ? 

3.  What  is  the  ratio  of  9  to  27  ? 

4.  What  id  the  ratio  of  42  to  5  ? 
T).  What  is  the  ratio  of  72  to  6  ? 

Required  the  ratio  of  the  following  numbers. 


7. 
«. 

o 

K). 
11. 
12. 


f)  to  25. 
49  to  7. 
8.3  to  7. 
187  to  11. 
19  to  152. 
2.3  to  299. 
147  to  21. 


.^ns. 
Jns.  7. 

.Jllf!.   17. 


$17  to  $8*50. 

14.  $93  to  $31. 

15.  14  bn.^.  to  2  vks 
10.  40  ni.  to  12  far. 

17.  24  1b.  to  12  o/. 

18.  17  shillings  to  £51. 

19.  1(5  acres  to  30  sq.  per. 


.dns 

.  9. 

.'ins. 

7 
1  1  • 

Ans 

•^ 

Jlns. 

8|. 

./Ins. 

12. 

./Ins 

2. 

Ans 

3. 

Jns. 

28. 

/Ins.  2 

fi^. 

Required  the  inverse  ratio  of  the  following  numbers  : — 


20.  7  to  21. 

21.  12  to  2. 

22.  27  to  6. 

23.  9  to  36. 

24.  19  to  57. 

25.  81  to  9. 

26.  187  to  17. 


.fins.  3 
./Ins.  ±. 

Ms.  ^ 
./Ins.  4. 


I 


27.  G  days  to  4  weeks.  Ans.  4p. 

28.  11  min.  to  30  sec.   Ans. 

29.  4  lbs.  to  12  ozs.      Ans. 

30.  3  qts.  to  43  gals.  Ans.  57i. 

31.  70  per  to  2  miles. 

32.  7  Flem.  ells  to  9  Eng.  ells. 

33.  11  07..  to  68  scruples. 


Required  the  reciprocal  ratio  of  the  following  numbers  :- 


34. 
35. 
30. 
37. 
38. 


7  to  42. 
^to  1. 
42  to  28. 
17  to  08. 
19  to  17. 


Ans.  ]  : 

.4«s.  8 

Ans. 


J. 

4V! 


1 

4  i 


6. 

:  2=4. 
j_ — 1 


39. 
40. 
41. 
42. 


v-r  to  T?\f. 
72  to  18. 
512  to  32. 
ito|. 
S  to  A. 


Ans.  .^ 

Ans.  i 

./Ins.  fV 


Required  the  ratios  compounded  of  the  following  ratios  :- 


Ans.  10  to  147. 
Ans.  136  to  18. 


2520:864=35:12. 
Ans.  5:7. 


44.  2  to  3,  5  to  7  and  1  to  7. 

45.  8  to  6  and  17  to  3. 

46.  9  to  8,  7  to  6,  5  to  G,  4  to  3  and  2  to  1. 

Ans 

47.  1  to  7,  1  to  3,  3  to  1  and  5  to  1. 

48.  2  to  5,  3  to  7,  4  to  5,  21  to  2  and  1  to  9. 

Ans.  504:3150=4:25. 

19.  Since  the  auteceJentof  acouj)let  is  a  dividend,  the 
consequent  a  divisor,  and  the  ratio  the  quotient,  it  follows 
from  the  principles  established  in  Arts.  79-84,  Sect.  II., 
that:— 


.a 


! 


h 
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for  a  jicw 

2xr>xi:7x 


-■Ins.  9. 
Ans.  -j^i . 

Ans.  ^. 
Ans.  8|. 
Ans.  12. 


Ans.  2. 

^ns.  3. 

Ans.  28. 

'?/?.'?.  2f3.;. 


icr. 
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Arts.  18-20-1 
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Ans.  4-\ 

Ans.  y',;. 
?ns.  57 J. 

1 

tig.  ells. 

s  : — 

Ans.  ■^. 
Ans.  \. 
"Ins.  -jV. 

j 

s  : — 
to  147. 
to  18. 

1 

35:12. 
s.  5:7. 

=4:25. 

d,  tbc 
)l]ows 

1 

Ist.  Multiplying  the  Autecedeul  ol'  h  cuupluL  or  divid- 
ing the  consequent  by  any  nuraber  multiplies  the  ratio  by 
that  number. 

Thus  the  ratio  of  28  to  112  =  4^ 

The  Ratio  of  28  X  3  to  112  =  2=  i  X  3  =  ratio  of  28  to  112  >\  X 

2nd.  Dividing  the  Antecedent  of  a  couplet  or  multiply- 
ing the  consequent  by  any  number  divides  the  ratio  by 
that  number. 

Thus  the  ratio  of  fij.  to  16  =  4. 

The  ratio  of  64  -f-  2  to  10  =  32 :  IG  =  2  =±  4^2  =  ratio  of  64  to  lG-%-2. 

8rd.  Multiplying  or  dividing  both  antecedent  and  con- 
sequent of  a  couplet  by  the  same  number  docs  not  alter 
the  value  of  the  ratio. 

Thus  the  ratio  of  18  to  6  is  3. 

The  ratio  of  18  X  7  :  6  X  7  =  126  :  42  =  3  =  ratio  of  18  -^  2  :  6  -^  2=9  :  3. 

20.  Since  any  number  of  ratios  to  be  compounded  to- 
gether may  be  expressed  as  fractions  and  then  compound- 
ed by  the  rule  for  multiplication  of  fractions  (Art.  45, 
Sec.  IV)  it  follows  that 

When  several  ratios  are  to  he  compounded  together  ice  may,  before 
multiplying  the  corresponding  terms  together^  cancel  any  factor  that 
is  common  to  an  antecedent  and  a  consequent. 


Example  49. — Compound  together  4:17, 
and  21  :  65. 
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Explanation.— 17  cancels  17  and  ro- 
„  -  duces  34  to  2  and  this  2  cancels  2,  tiie 

A  o  third  consequent ;  11  reduces  55  to  5 ;  1 '.', 

reduces  65  to  5  and  7  reduces  21  to  3. 
The  only  antece<lent  now  left  are  4  and  3 
which  multipli(Hl  together  make  12,  and 
the  only  remaining  consequent  are  5  and 
5  which  multiplied  together  make  25. 
The  ratio  12  to  25  is  therefore  the  ratio 
compounded  of  all  the  given  ratios. 

Example  50.— Compound  the  |      Example  51. —Find  the  ratio 
following  ratios  : — 

OPERATION. 
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52.  Find  the  ratios  compounded  of  9  :  16,  25  :  31,  341  :  18  and 
48  :  100.  Ans.  33  :  8. 

53.  Find  the  ratio  compounded  of  18  :  25,  7  :  9,  11  :  12,  and 
91  :  49.  Ans.  143  :  150. 

54.  Find  the  ratio  compounded  of  1  :  2,  2  :  3,  3  :  4,  4  :  5,  5  :  C 
and  7:11.  Ans.  1  :  6G. 

55.  Find  the  ratio  compounded  of  2  : 5, 8  :  11, 14:  Hand  187: 112. 

Ans.  2  :  5. 

56.  Find  the  ratio  compounded  of  3  :  5,  7  :  1»,  11  :  13,  15  :  17 
and  19  :  21.  Ans.  209  :  663. 

21.  If  the  antecedent  of  a  couplet  be  equal  to  the  con- 
sequent, the  ratio  is  equal  to  1  and  is  called  a  ratio  of 
equality. 

If  the  antecedent  be  greater  than  the  consequent  the 
ratio  is  greater  than  1  and  is  called  a  ratio  of  greater  in- 
equality. 

If  the  antecedent  be  less  than  the  consequent  the  ratio 

is  less  than  1,  and  is  called  a  ratio  of  less  inequality. 

Thus  the  ratio  of  7  : 7  =1  is  a  ratio  of  equality. 

The  ratio  of  7  :  2  =  3i  is  a  ratio  of  greater  inequality. 
The  ratie  of  7  :  14  =  |  is  a  ratio  of  less  inequality. 

EXERCISES. 

In  examples  1 — 43  of  the  foregoing  exercises  point  out  which  are 
ratios  oi  greater  and  which  ratios  of  less  inequality. 

22.  Ratios  are  compared  with  one  another  by  expressing  them  in 
the  form  of  fractions— reducing  these  to  their  equivalent  fractions 
having  a  common  denominator  and  comparing  the  numerators. 

Ratios  may  also  be  compared  by  actually  dividing  the  antecedent 
by  the  consequent  and  thus  ascertaining  which  gives  the  greatest 
quotient. 

Note. — The  latter  method  is  usually  the  most  convenient. 

Example  57.— Which  is  the  greatest  and  which  the  least  of 
the  following  ratios,  viz:  3:4,  7:8,  and 9: 10. 

By  1st  Rule  7;8=|=||     I  ^^'^^^  ^'^^  ''  ^''^^^'^  ^^^^  3:4 
9:10=^Hr=Jg)  ■ 

^  3  •4=53-^4^' 75    "i 

^y  2ndRule  7:'8=74-8=-875  }  Hence^9:10  is  greatest  and  3:4 

9:10=9-5-10=-9 


least. 


Example  58. — Compare  together  the  following  ratios,  7:8,  2:3 
and  11:3  and  5:6. 
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EXERCISKS. 

59.  Point  out  which  is  greatest  and  which  least  of  the  ratios 

7:4,  6:3,  17:8,  and  11:5. 

Ans.  1 1 :  5  is  greatest  and  7  : 4  least. 

60.  Point  out  which  is  greatest  and  which  least  of  the  ratios 

16:9,  10:3,  7:2,  and  8:3. 

jins.  7  :  2  is  greatest  and  16 : 9  least. 

61.  Point  out  which  is  greatest  and  which  least  of  the  ratios 
7:33,  11:49,  16:  71,  and  21:IC6. 

Ans.  16  :  71  is  greatest  and  21 :  106  least. 

23.  If  the  terms  of  two  or  more  couplets,  having  the 
same  ratio,  bo  added  together,  the  resulting  couplet  will 
liave  the  same  ratio. 

Thus,  the  ratio  o(  tf :  2=3,  the  ratio  of  21 :  7=3.  aud  the  ratio  of  33 :  11=3 
and  tho  ratio  6+2I+33  to  2+7+11,  that  is,  of  60  to  20  is  also  3. 

That  is,  if  0 :  2=21 :  7=33 :  11,  then  6+21+33 : 2+7+1 1=8 : 2. 

24.  If  from  the  terms  of  any  couplet  the  terms  of  another 
couplet  having  ihc  same  ratio  be  subtracted,  then  tlie 
resulting  couplet  will  have  the  same  ratio. 

Thus,  the  ratio  of  35  to  5  is  7,  and  tho  ratio  of  14  to  2  is  7.  So  also  the 
ratio  of  36—14 : 5—2,  that  is,  of  21 : 3  is  7,  or.  If  35 :  6=  14 : 2,  Then  35—14 : 5 
-2=35:5. 

25.  A  ratio  oi  greater  inequality  \&  diminished  by  add- 
ing the  same  number  to  both  terms. 

Thus,  the  ratio  of  48 :  8=6. 

The  ratio  of  48+12 : 8+12  or  60 :  20=3  which  is  less  than  ratio  48 : 8. 

20.  A  ratio  of  less  inequality  is  increased  by  adding 
the  same  number  to  both  terms. 

Thus,  the  ratio  of  48 :  8=6. 

The  ratio  of  48—4 : 8—4  or  44 :  4=11  which  is  greater  than  ratio  of  48 : 8. 
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PROl^ORTION. 

27.  Proportion  is  an  equality  of  ratios. 

Thus,  the  ratios  15 : 3  and  23 : 5  constitute  a  proportion,  since  15  :  3=:5=: 
25  :  5. 

28.  Tlie  terms  of  the  two  couplets  are  called  propor- 
tionals. 

29.  Proportion  may  be  expressed  in  two  ways, 

1st.  By  placing  =,  the  sign  of  equality,  between  the 
ratios. 

2nd.  By  placing  four  points,  thus  ::,  between  the  two 
ratios. 

Thus,  we  may  express  the  pi'oportion  existing  between  15, 3, 25,  and  5  by 
15:3=25:5,  or  byl5:  3::  25:5. 

Wo  read  either  of  them  by  saying  the  ratio  of  15  to  3  equals  tlie  ratio  of 
25  to  5 ;  or  simply  15  is  to  3  as  25  is  to  5. 

Note.— The  sign : :  is  supposed  to  bo  derived  from  =,  the  sign  of  equality 
the  four  points  being  merely  the  extremities  of  the  lines. 

30.  In  every  proportion  there  must  he  four  tefrms,  since 
there  must  be  two  couplets,  and  each  couplet  consists  of 
two  terms. 

31.  When  three  numbers  constitute  a  proportion,  one 
of  them  is  repeated  so  as  to  form  two  terms. 

Thus,  if  18,  6,  and  2  are  proportionals. 
18:6::6:2. 

In  this  case  the  6,  i.  e.,  the  terra  repeated,  is  called  the  middle  term  or  a 
mean  proportional  between  the  other  two  numbers. 

The  2  is  called  the  third  term  or  a  tliird  proportional  to  the  other  two 
numbers. 

32.  It  is  important  to  remember  the  distinction  between  ratio 
and  proportion. 

A  ratio  consists  of  two  terms,  au  antecedent  and  a  consequent. 
A  proportion  consists  of  two  couplets  or  four  terms. 
One  ratio  may  be  greater  or  less  than  another. 
One  proportion  cannot  be  greater  or  leS3  than  another,  since 
equality  does  not  admit  of  degrees. 

33.  The  outer  terms  of  a  proportion  arc  called  the  ex- 
tremes, and  the  two  intermediate  ones,  the  fiieans. 

Thus,  in  the  proportion  3 :  17  : :  21 :  119. 
3  and  119  are  the  extremes. 
17  and  21  are  the  means. 

34.  If  four  quantities  be  proportionals,  the  product  of 
the  extremes  is  equal  to  the  product  of  the  means. 

Thu9,if6:ll::18:33.    Then  X33=11X18, 
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This  may  be  established  in  the  following  manner :— 0 :  11=  (-\  and  18 :  33= 
',15,  and  since  6;  11  ::18:33,-,''i='j^  (Art.  27.)  Now,  since  multiplying  equals 
by  the  same  number  docs  not  destroy  their  equality,  if  we  multiply  these 

18X11 . 
fractions  by  11  wc  get  0=  -■       '1  and  multiplying  each  of  these  by  33,  wo 

have  6X33=18X11 ;  but  0  and  33  are  the  extr»>mes  and  18  and  11  arc  the 
means,  therefore  in  any  geometrical  proportion  the  product  of  the  extremes 
equals  the  product  of  the  means. 

The  same  foot  may  be  established  more  generally  as 
follows : — 

Let  a,  b,  c,  and  d  be  any  four  proportionals  whatever. 
Then  a  :0::c:d 

But  a  :  i=-r  and  c  :  <l=^-j 

ft  O 

Tlierefore  -r- =-7 —Multiplying;  each  of  those  equals  by  tXc/,  we  have 

rtxc7=6xc.  liut  a  and  d  are  the  extremes  and  h  and  c  are  the  means. 
Tlierefore,  &c. 

35  This  principle  then  may  bo  considered  the  test  of  a  geometrical  pro- 
portion. If  the  product  of  the  extremes  equals  the  product  of  the  means, 
tlie  four  quantities  arc  proporUonal ;  if  the  products  are  not  equal,  the 
numbers  are  not  proportional.  ■** 

36.  It  follows  from  Art.  34  that : — 

\5t.  If  the  product  of  the  means  be  divided  by  one  cxfreine,  Ihcr 
quotient  loill  be  the  other  extreme. 

2nd.  If  the  product  to  the  extremes  be  divided  by  one  mean,  the 
quotient  will  be  the  other  mean. 

And  hence,  , 

3rd.  Jf  any  three  terms  of  a  proportion  be  given,  the  fourth  may 
be  found  thus : 

2nd  tcrmx^rd  term 
1st    term=^  — 


2nd  term-=- 


Uh  term. 
1st  termx^th  term 


3rd  term. 

^  J  .            1st  termX4ith  term 
3rd  ternv=  — 

2nd  term. 

...   ,             2nd  termX3rd  Irrm 
■1th  term:=. 2 

1st  term. 

Example  1. — What  is  the  fourth  proportional  to  7, 11  and  35  ? 

,.,  ,  2nd  term  X  3rd  term     11X35     ,,    , 

4th  terra=; —-rz =:  — = — =55  Ans. 

1st  term.  7 

Example  2. — The  first,  second  and  fourth  terms  of  a  proportion 
are  9,  le  and  128.    Required  the  third  term. 

3rdterm=l^L.£>i^«=72^... 
2nd    —     16 


^ 
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EXERCISES. 

3.  The  second,  third  and  fourth  terras  of  a  proportion  are  17, 

11  and  93J.     What  is  the  first  term  ?  Jns.  2. 

4.  The  first,  third  and  4th  terms  of  a  proportion  are  21,  63  and 
3y.     Required  the  second  term.  Jins.  13. 

0.  The  first  three  terms  of  a  proportion  are  2,  3  and  1.     What 
is  the  fourth  terra  ?  Jus.  lOJ. 

6.  The  last  three  terms  of  a  proportion  are  91,  88  and  104. 

Required  the  first  term.  ^ins.  11. 
Find  the  fourth  proportional  to 

1.  4  yds.,  18  yds.  and  $90.  Jns.  $432. 

8.  5  lb.,  2  lb,  and  $3-'75.  .'Ins.  $1'50. 

9.  1  cwt.,  215  cwt.  and  $7-50.  Jns.  $1612-50. 

10.  6  miles,  1  mile  and  27  shillings.  jIus.  4s.  6d. 

11.  10  lb.,  1.50  lb.  and  £6  3s.  9d.  Jns.  X'92  10s.  3d. 

12.  4  days,  27  days  and  $100.  Jns.  $675. 
37.  It  will  be  useful  to  remember  the  following  properties  of 

a  Geometrical  proportion.  As  the  proofs  are  given  in  every 
common  work  on  Algebra,  it  has  not  been  thought  advisable  to 
insert  them  here,  a,  6,  c  and  d  stand  for  any  four  proportionals 
whatever. 

,  lta:b:.c:d  Orif  15::0: :  10:  t 

Alternately  aic-.-.b-.d 
Inversely  o:a::d:b 
iiy  composition  a-\-b :  6 : :  c-\-d :  d 
By  Division  a—b  :b::  c—d :  d 
By  Conversion  a  -.  a-\-b  : :  c :  c-\-d 
Or  a :  a—b : :  c* :  c—d 


1610::«:'l 
0:16:: 4: 10 

15+tf:tf::l0+4:4,or2l:6::U:4 
15— 6:G::1(J— 4:4,or9:6::6:  4 


15 ;  15+6': :  10 :  104-4,  or  15 :  21 : :  10  :  14 
15:15— 6::  10: 10—4,  or  15:»  ::10:0 

38.  Proportion  in  Arithmetic  is  usiuilly  divided  into 
BJinple,  compound  and  conjoined. 


SIMPLE  PROPORTKJN. 

39.  Simple  Proportion  is  frequently  called  the  liule  of 
Three,  because  when  three  terms  are  given,  by  means  of  them 
a  fourth  may  be  found.  It  is  also  sometimes  called  the 
Golden  Rule  from  its  extensive  utility. 

40.  Example  13. — If  16  barrels  of  flour  cost  $112,  what  will 
129  barrels  cost? 

In  this  and  every  other  question  in  Simple  Proportion  there  Jire  two 
ratios,  one  of  which  is  perfect  (e.  c.  has  both  terms  given)  and  the  other  iiu- 
perfcct,  and  from  the  nature  or  proportion  we  know  tliat  these  two  ratios 
mast  be  both  of  the  same  kind,  that  is,  they  must  bo  both  ratios  of  greater 
inequality  or  both  ratios  of  less  inequality. 

NOW  in  the  above  example,  the  ratio  of  §112  to  the  answer  is  a  ratio  of 
less  inequality  since  it  is  evident  that,  if  16  barrels  cost  $112, 129  barrels 
will  cost  more.  Therefore  the  other  ratio  is  also  a  ratio  of  less  inequality 
and  must  be  written  16 :  129. 
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And  since  the  ratios  arc  equal, 

barrels,    dollars. 
16: 129::  112:  Am. 

Also  (Art.  30)  Ans:=z^--~~=$WS. 

Proof.— Set  003  in  tho  fourth  place,  thus : 

16:129::  112:903 
and  spo  if  the  product  of  extrenies=:pi'oduct  of  means  (Art.  S.*).) 
16X903  =  14448  =  129X112 

From  the  preceding  illustrations  and  principles  wo  de- 
duce for  Simple  Proportion  the  following  general 

RULE. 

Set  the  given  term  of  the  imperfect  ratio  in  the  third  place,  and 
the  letter  x,  to  represent  the  answer,  in  the  fourth. 

Then,  if,  by  the  nature  of  the  question,  the  ratio  of  the  third 
term  to  the  answer  is  a  ratio  of  greater  inequality,  make  the  re- 
maining ratio  a  ratio  of  greater  inequality  also  ;  but  if  the  ratio 
of  the  third  term  to  the  answer  be  a  ratio  of  less  inequality,  make 
the  other  ratio  a  ratio  of  less  inequality  also. 

Lastly,  (Jrt.  36,)  multiply  the  second  and  third  terms  together, 
divide  the  product  by  the  first  term,  and  the  quotient  will  be  the 
ansicer  in  the  same  denomination  as  the  third  term. 

Proof. — Multiply  the  first  term  and  the  answer  together,  and,  if 
the  product  is  equal  to  the  product  of  the  second  and  third  terms, 
the  work  is  correct.  (Jrt.  35.) 

Example  14.— If  a  man  can  walk  155  miles  in  12  days,  how 
many  miles  can  he  walk  in  60  days  ? 

Here  the  imperfect  ratio  is  155  "miles  to  .r,  and,  in  order  to  ascertain 
whether  it  is  a  ratio  of  greater  or  less  inequality,  we  have  merely  to  ask  tfie 
following  simple  question— 'If  a  man  caii  walk  155  miles  in  12  days,  can  he 
walk  more  or  less  in  60  days?  Evidently  more.  Therefore  the  ratio  of 
155 :  a?  is  a  ratio  of  less  inequality ;  or,  in  other  words,  the  antecedent  must  bo 
the  least  of  the  two  numbers,  and  the  statement  is 

days,     miles. 

12:60::155:.r. 


Whence  the  answerr= 


60X1!55 


12 


75  miles. 


41.  Since  the  second  and  third  terms  multiplied  together,  con- 
stitute a  dividend,  and  tlie  first  term  is  a  divisor,  it  is  manifest, 
from  the  principles  of  division  (Arts  79-84.  Sec.  IL),  that  we 
may  cancel  any  factor  that  is  common  to  the  first  term  and  either 
of  the  other  terms. 

Thus  in  the  last  example  we  have  12 :  60  : :  155 :  x,  and,  dividing  the  first 
and  second  by  12,  wo  got  1 : 5  : :  155 :  a?  and  155X12=775  Ans, 

Example  15. — If  96  bushels  of  wheat  cost  $128,  what  will  15 
bushels  cost? 

As  the  answer  to  the  question  must  be  in  dollars,  the  Imperfect  ratio  is 
$128 :  X,  and  from  the  nature  of  the  question,  we  know  that  15  bushels  will 
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oMt  leM  thanM  bn<4hclN,wetbcrcforA  place  15,  thoBnmller  of  tho  remaining 
t«rm8,  in  the  second  place,  and  tli«  othor  term,  90,  In  tho  flrtt  place. 
Hence,  tho  Htatemeut  in  m :  10  bubhcU  : :  $128 : ». 

OPBBATION. 

buHh.         $  Hem  82  reduces  Oft  to  3  and  128  to  4.  and  8 

5|li( :  1!5  : :  \%f{  '•  ^  oancelh  3  and  reduces  16  to  5. 

^      6  X     4  =  $20  ./?/is. 

The  teacher  would  <lo  well  to  insist  upon  his  pupils  por- 
forming  all  <juestioiis  in  Proportion  by  analysis. 

Thus,  to  solve  tho  last  question,  wo  bcRin  as  follows :  If  HO  bushelH  con! 

$128, 1  bushel  will  cost  r/r  of  $128.  or  $r;i;H.  Then  if  l  bushel  cost  $l-33i, 
16  bushels  will  cost  15  times  as  much,  which  is  ?20. 

Example  1G. — If  27  men  can  mow  CO  ncros  of  grass  in  a  day, 

how  many  acres  can  93  men  mow  ? 

oi'EBATiON.  Hero  tho  imperfect  ratio  is  CO :  a?  acres,  and 

men.       acres.  since  Vi  men  will  evidently  mow  more  than  27 

2t :  JiB  : :  8Q  :  J  «"-'".  we  make  m  the  tecuncl  term  and  27  »be 

i»  '  !»i       on  first.    Hence  tho  statement  is  27:93::  60: a:. 

'^     ^^      ^"  Then  3  reduces  27  to  Oaiid  93  to  31.  and  3  again 

3  reduces  9  to  3  atid  61)  to  20,  and  the  answer  is 

31 X  20  equal  to  31  multiplied  by  20  and  divided  by  3. 

— - — =2065  ftcrcs  Ans. 

This  question  may  bo  thus  performed  by  analysis : 
If  27  men  mow  CO  acres  a  day,  1  man  will  mow  i;V  of  60  acres,  or  25  acren; 
93  men  will  therefore  mow  03  times  2u  acres=20Gl  Ans. 

EXERCISES. 

17.  If  11  baskets  of  peaches  cost  $13'42,  what  will  87  baskets 
cost?  Jns.  $106-14. 

18.  If  28  cords  of  wood  cost  $266,  what  will  25  cords  cost? 

Jns.  $237-50. 

19.  If  a  man  receives  $29*20  for  16  days'  work,  for  how  many 
days  should  he  work  for  $83-60?  Jns.  45^  days. 

.20.  If  x6  bags  of  potatoes  are  sold  for  $12.80,  what  will  156  bags 
bring?  Jns.  $124-80. 

21.  If  a  stick  7  feet  long  cast  a  shadow  of  5  feet,  what  will  be 
the  height  of  a  tree  which  casts  a  shadoAv  of  112  feet  long? 

Jns.  1564  feet. 

22.  If  a  stack  of  hay  will  feed  27  cows  for  99  days,  how  long 
will  it  feed  55  cows  ?  Jns.  48f  days. 

23.  If  9  bushels  of  peas  sow  5  acres,  how  many  bushels  will  be 
required  to  sow  48  acres  ?  Jns.  86^  bushels. 

24.  If  3  men  put  up  73  perches  of  fencing  in  2  days,  how  long 
will  they  take  to  put  up  803  perches  ?  Jns.  22  days. 

25.  If  176  pails  of  maple  sap  make  luO  lbs.  of  sugar,  how  much 
sugar  will  1128  pails  make  ?  Jns.  640^^  lbs. 

26.  If  it  cost  $20-88  to  weave  108  yards  of  cloth,  what  will  it 

cost  to  weave  465  yards  ?  Jm.  $89-90. 
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27.  If  $16  pay  for  the  carriage  of  7'^  barrels  of  flour,  for  tho  car- 
riage of  how  many  l)arrcl3  will  $1278  pay.  ^m.  6751  barrels. 

28.  If  11  men  plough  105  acres  in  a  week,  how  many  acres  would 
3  men  plough  in  tho  same  time?  J^.ns.  45  acres. 

20.  If  4  barrels  of  flour  make  250  four-pound  loavei  of  bread, 
how  many  such  loaves  will  67  barrels  make? 

Jin 8.  41fl7i  loaves. 
.10.  If  190  bushels  of  ai)ples  make  16  barrels  of  cider,  how  many 
i)arrels  of  cider  will  38  bushels  of  apples  make  ? 

Jns.  3\  barrels. 

.Tl   If  90  men  can  build  a  wall  in  12  dnys,  how  many  men  could 

build  it  in  15  days?  ^dns.  72  men. 

32.  If  17  days'  work  pay  for  2  liarrcls  of  flour,  for  how  many 
barrels  will  279  days'  work  pay  ?  jins.  32  f|  barrels. 

33.  If  a  train  travel  27  miles  ])er  hour,  how  fur  will  it  travel  in 

24  hours?  .  Jlns.  648  miles. 

31.  If  7  cows  make  30  lbs.  of  butter.u  week,  liow  much  may  be 

expected  from  23  cows?  JIns.  98|  lbs. 

42.  1/  any  of  the  terms  contain  fractions  or  mixed  numbersj 
apply  the  rules  in  Section  IV. 

Example  35. — If  I  of  a  basket  of  peaches  cost  f  of  a  dollnr, 
how  much  will  i\  of  a  basket  of  peaches  cost? 


"1  1 


OPEHATION. 

:  f  :  X.     Therefore  answer  =  fxA-fs  =  Sf  X  I'l  X'i 
cents. 


19?? 


Example  36. — If  V^  "f  a  liushel  cost  n*,-  of  a  pound,  what  will 
i"^  of  a  bushel  cost  ? 

OPERATION. 

rV :  H : :  ^h '  ^.    Therefore  answer=,^-xU-r ;V=AxHx  V- 

£.L'^=lls.  lO^d. 
Note.— If  tlie  first  term  be  a  fraction,  invert  it  nnd  connect  it  to  tho 
others  by  tho  sign  of  multiplication. 

EXERCISES. 

37.  If  1%  of  a  ship  cost  $9750,  what  will  ^  cost?   Ans.  $42000. 

38.  How  much  will  i  of  a  yard  come  to  if  |  of  a  yard  cost  %  of 
a  shilling?  wfns.  2*/d. 

39.  If  $7-49  pay  for  ^  of  a  ton  of  coals,  what  will  8^  tons  cost? 

Ans.  $80-25. 

40.  If  5.^  yards  of  broadcloth  cost  $28-42,  what  will  |  of  a  yard 
«ome  to  ?  Jins.  $2-80. 

41.  If  if  of  a  dollar  pay  for  ^  of  a  bag  of  apples,  for  what  part 
of  a  bag  will  -^V  of  a  dollar  pay  ?  Jlns.  -^  of  a  bag. 

42.  If  $100  stock  is  worth  $98^,  what  will  $472^  stock  be  worth  ? 

Ant.  $467-12ii. 
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43.  If  l^il  tons  of  hay  last  a  certain  number  of  horses  IOTy', 
days,  how  many  days  will  11 H  tons  last  the  same  number 
of  horses?  ,/Jns.  tOf^^  days. 

44.  If  22t5  cords  of  wood  last  as  long  as  15,'.,  tons  of  coal,  how 
many  cords  of  wood  will  last  as  long  as  IIt,"^  tons  of  coal  ? 


jlns. 


45.  If  J  of 


16,V  cords  of  wood. 


of  3;\  yards  of  broadcloth  cost  }  of  -,^f-  of  $4'^,  what 
will  3  of  i  of  ^  of  a  yard  cost  ?  Jns.  S^'/j  or  $0.0069. 

43.  When  the  first  and  second  terms  are   not  of  the 
same  denomination  or  contain  different  denominations — 

RULE. 

Reduce  both  to  the  lowest  denomination  contained  in  either,  and 
then  apply  the  rule  in  jlrt.  40. 

Example  4G.— If  11  bushels  2  pks,  1  gal.  cost  $74,  what  will 
16  bushels  1  pk.  1  gal.  1  qt.,1  pt.  cost? 

OPERATION. 

The  lowest  denomination  contained  in  eitlior  is  pints. 
11  bush.  2  pks.  1  gal. :  76  bush.  1  pk.  1  gal.  1  qt.  1  pt. : :  !ft74 :  ;r ;  this  reduced 
becomes  744 :  4891 : :  §74 :  .r. 


Ans. 

In  this  example  11  bush. 
1  qt.  1  pt.=4891  pints. 


$740X4891 
744 


:$48G'47+ 


pk.  1  gal.=:741'  pints  and  76  busli.  1  pk.  1  pal. 

EXERCISES. 

47.  What  will  37  sq.  yds.  4  ft.  120  in.  of  painting  cost,  if  9  sq. 
yds.  2  ft.  cost  $3-50  ?  Jns.  $14-243. 

48.  How  much  will  12  lb.  10  oz.  of  silver  come  to  at  $1*25  per  oz  ? 

Jns.  $192-50. 

49.  If  10  yards  of  ribbon  cost  $3-40,  what  will  3  yds.  2  qrs.  cost  ? 

Jns.  $1-19. 

50.  If  15  oz.  12  dwt.  IG  grs.  cost  $3-80,  what  will  13  oz.  14grs. 
cost?  Jns.  $3-113. 

51.  What  will  3  lb.  1  oz.  11  dwt.  cost,  if  12  lb.  G  oz.  4  dwt  cost. 
$600  ?  "  Jjis.  $150. 

52.  If  a  man  can  pump  54  barrels  of  water  in  2  hrs.  46  rain.  30 
sec,  in  what  time  will  he  pump  24  barrels? 

Jns.  1  h.  14  min. 

53.  What  will  73  yds.  3  qrs.  2  na.  1  in.  of  velvet  cost,  if  3  Flem. 
ells  2  qrs.  1  na.  costs  £4  I7s.  8|d?       Jns.  £128  6s.  lO^Jd. 

54.  If  4|  oz.  avoirdupois  cost  8^-  shillings,  what  will  8^^ "lbs. 
cost?  Jns.  £13  9s.  O^d. 

55.  In  the  copy  of  a  work  containing  327  pages,  a  remarkable 
passage  commences  at  the  end  of  the  156th  page.  On  what 
page  might  it  be  expected  to  begin  in  a  copy  containing  400 
pages?  Jins.  On  the  191st  page. 
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5G.  If  the  rent  of  46  acres,  3  roods,  and  14  perches  be  £100,  what 
will  be  the  rent  of  35  acres,  2  roods,  and  10  perches? 

Jlns.  £75  183.  Bid. 

57.  When  A  had  travelled  68  days  at  the  rate  of  12  miles  a  day, 
B,  who  had  travelled  48  days,  overtook  him.  How  many 
miles  a  day  did  B  travel,  allowing  both  to  have  started  from 
the  same  place?  Jlns.  17. 

58.  If  21  ^  shillings  pay  for  16|  lbs.  of  prunes,  how  many  pounds 

can  be  bought  for  32  f  shillings  ?  .^ns.  24^4%  ^^s. 

59.  A  ton  of  coal  yields  about  9000  cubic  feet  of  gas ;  a  street 
lamp  consumes  about  5,  and  an  argand  burner  (one  in  which 
the  air  passes  through  the  centre  of  the  flame)  4  cubic  feet 
in  an  hour.  How  many  tons  of  coal  would  be  required  to 
keep  1 7493  street  lamps,  and  192724  argand  burners  in  shops, 
&c.,  lighted  for  1000  hours?  Jns.  95373^. 

GO.  The  gas  consumed  in  London  requires  about  50000  tons  of 
coal  per  annum.  For  how  long  a  time  would  the  gas  this 
quantity  may  be  supposed  to  produce  (at  the  rate  of  9000 
cubic  feet  per  ton),  keep  one  argand  light,  (consuming  4 
cubic  feet  per  hour)  constantly  burning? 

Jlns.  12842  years  and  170  days. 

Gl.  Suppose  11270  lbs.  of  beef  for  a  ship's  use  were  to  be  cut  up 
in  pieces  of  4  lb.,  3  lb.,  2  lb.,  1  lb.,  and  i  lb. — there  being 
an  equal  number  of  each.    How  many  pieces  would  there 


62. 


63. 


be  of  each  ? 


Jns.  1073  ;  and  3i  lb.  left. 


The  sloth  does  not  advance  more  than  100  yards  in  a  day. 
How  long  would  it  take  to  crawl  from  Toronto  to  Kingston, 
allowing  the  distance  to  be  180  miles  ? 

Jns.  3168  days,  or  about  8|  years. 
Suppose  that  a  greyhound  makes  27  springs  while  a  hare 
makes  25,  and  that  their  springs  are  of  equal  length.  How 
many  springs  must  the  hound  make  to  overtake  the  hare,  if 
the  latter  has  a  start  of  50  springs?  jlns.  675. 


COMPOUND  PROPORTION. 

44.  Compound  Proportion  is  an  equality  between  a 
compound  ratio  and  a  simple  ratio. 

Thus  7 :  11  compounded  with  22 :  21 : :  34 :  51,  is  a  compound  ratio. 
Or  7X22:11X21 : :  34.51,  and  applying  Art.  40  we  have  7X22X51=11X21 
X34. 

45.  Compound  Proportion  is  also  called  the  Double 
Rule  of  Three.  It  enables  us  to  obtain  the  answer  by  a 
single  statement,  although  two  or  more  proportions  are 
contained  in  the  question. 
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46.  In  Compound  Proportion  there  are  thrte  or  more 
ratios,  one  of  which  is  imperfect  and  all  the  others  perfect. 

47.  Let  it  be  required  to  solve  the  following  question  :  If  18 
men  dig  a  trench  30  yards  long,  in  24  days,  by  working  8  hours 
a  day,  how  many  men  will  dig  a  trench  60  yards  long,  in  64 
days,  working  6  hours  a  day  ? 

Let  us  suppose  the  time  to  be  the  same  in  both  cases,  and  tliis  quostiou 
becomes  the  same  as  the  following : 

If  18  meu  dig  30  yards  of  trench,  how  many  men  will  dig  60  yards  P 

Here  it  is  evident  the  answer  will  be  the  same  fraction  of  18  that  60  yards 
is  of  30  yards ;  or,  in  other  words,  the  required  number  of  menrrfjCl  of  18 
f    I  men.  ^" 

Next  let  us  take  into  account  the  number  of  days ;  but  suppose  they  work 
the  same  number  of  hours  per  day  in  both  cases. 

The  question  then  becomes :  If  %%  of  18  men  require  24f  days  to  dig  a 
trench,  now  many  men  will  dig  it  in  64  days  P 

In  this  case  it  is  plain  that  the  answer  will  be  the  same  fraction  of  36 
of  18  men  that  24  days  is  of  64  days ;  that  is,  the  required  number  of  men= 

H  of  fS  of  18  men. 
Lastly,  let  us  take  into  consideration  the  time  worked  each  day. 

The  question  then  becomes:  If  ^}  of  §8^  of  18  men  dig  a  trench  in  a 
certain  number  of  days,  working  8  hours  per  day,  how  many  men  will  dig 
it  working  6  hours  per  day  ? 

In  this  case  the  answer  is  obviously=|  of  ^^  |  of  §^-  of  18  men,  or  dividing 

these  equal  by  18.    ±if|!£r=:|X6l-X§& 

Or  ticking  the  reciprocals^^^^^^=f  X  U  X 1% 

That  is  the  ratio  compounded    of  6  =  8,  64:24,   and   30:60=ratio    of 
30 :  60-) 
18 :  Answer,  or,  64 :  24  >•  : :  18 :  Answer. 
6:  8; 
The  answer  is  equal  to  the  continued  product  of  the  third  term,  and  all 
the  second  terms,  divided  by  the  continued  product  of  all  the  first  terms. 

From  the  preceding  principles  and  illustrations,  we  de- 
duce the  following'  general 

RULE  FOR  COMPOUND  PROPORTION. 

Place  that  number  which  is  of  the  same  kind  as  the  answer 
in  the  third  term,  and  the  letter  n  to  represent  the  answer  in  the 
fourth  term. 

Then  take  the  other  numbers  in  pairs,  or  two  of  a  kind,  and 
WW  arrange  them  as  in  simple  proportion. 

Finally,  multiply  together  all  the  second  terms  and  the  third 
term,  divide  the  result  by  the  product  of  the  first  term,  and  the 
quotient  will  be  the  fourth  term  or  answer  required. 

Note. — Since  the  third  term  and  second  terms  multiplied 
together  constitute  a  dividend,  and  the  first  terms  multiplied 
together,  a  divisor,  we  may  (Arts.  79-84,  Sec.  11)  cancel  any 
factors  that  are  common  to  any  of  the  first  terms  and  to  the  third 
term  or  any  of  thq  second  terms. 
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Example  1. — If  5  compositors,  iu  16  days,  11  hours  long,  can 
compose  25  sheets  of  24  pages  in  each  sheet,  44  lines  in  each 
page,  and  40  letters  in  a  line;  in  Iiow  many  days,  each  10  hours 
long,  may  9  compositors  compose  a  volume,  to  be  printed  in  the 
same  letter,  consisting  of  3(3  sheets,  16  pages  to  a  sheet,  50  lines 
to  a  page,  and  45  letters  to  a  line  ? 


SAME  cancelli:d. 


STATE^1E^•T. 

9  comp.  :  5  comp.  1  5^ 

10  hours  :  11  hours. 
25  sheets :  36  sheets         days. 
24  pages  ;  16  pages.  *"  :  :  16  :  .r. 
44  lines    :  50  lines. 
40  letters  :  45  letters 

Explanation.— The  imporfcct  ratio  is  that  of  16  days  to  an  unknown 
miniber  of  days.  We  plnce  this  ratio  to  the  riy:ht-haiul  ^ide,  as  in  Simple  Pro- 
portion. Now  we  compare  each  pair  of  terms  with  this  ratio,  iu  order  to 
decide  whether  they  constitute  a  ratio  of  )::reateror  less  inequality.  Thu.s, 
if  5  compositors  require  16  days,  will  9  compositors  requite  more  or  less? 
Evidently  less;  therefnre  it  is  a  ratio  of  t:reat<'r  iuoquality.  and  we  must 
write  it  9 : 5.  Next,  if  1 1  hours  to  the  day  require  16  days,  will  1m  himrs  to 
the  day  require  more  days  or  less  ?— more;  therefore  we  mustj'write  ]0:il. 
Next,  if  25  sheets  require  16  days,  will  36  days  require  more  or  less  ?  -more ; 
tlierefore  wo  write  25  :'56.  Next,  if  41  lines  to  a  page  require  16  da,  s,  will 
50  lines  to  a  pa^e  require  more  or  less?— more  ;  tnerefore  we  write  -14  5  50. 
Lastly,  if  40  letters  to  a  line  n^qnire  16  days,  will  45  letters  to  a  line  require 
more  or  less? — more ;  therefore  we  write  10 :  45. 

The  statement  is  now  complete,  and  we  cancel  as  follows :  5  cancels  5.  the 
first  conspqiient,  and  reduces  25.  the  third  antecedent,  to  5,  and  5  cancels 
this  6,  and  reduces  .50,  the  fifth  consequent,  to  lo,  and  10  cancels  this  10  and 
10,  the  second  antecedent.  A>;ain,  9  cancels  the  first  antecedent  and  reduces 
86,  the  third  consequent,  to  4,  and  4  cancels  tiiis  4  and  reduces  4  J,  the  fifth 
antecedent,  toll,  and  11  cancels  this  11  and  11,  the  second  consequent. 
Again,  8  reduces  24  to  3  and  16  to  2,  3  cancels  this  3  and  reduces  45  to 
15.  2  cancels  the  2  resulting  from  the  16  and  I'educes  40  to  20,  and  5reduceR 
this  20  to  4  and  the  15  resulting  from  45  to  4.  Lastly,  4  cancels  this  4  and 
reduces  16,  the  third  term,  to  4.  There  remain  but  3  and  4  which  multi- 
plied together  make  12.  Ans. 

Example  2. — If  34  men  can  saw  90  cords  of  wood  in  6  days, 
when  the  days  are  9  hours  long,  how  many  cords  can  8  men  saw 
in  36  days,  when  they  are  12  hours  long? 


STATEMENT. 

SAME  CANCELLED. 

24  men   :    8  men.   ^ 
6  days  :  36  days.    > 
9 hours:  12  hours.  ) 

cords. 
::  90  :a;. 

r2    1           10 

!?r  l-^ns.  10  X2X12 
12    J      240  cords. 

Here  the  imperfect  ratio  is  90 :  Ans.  If  24  men  saw  90  cords,  will  8  men 
saw  more  or  less  ?— less ;  therefore  it  is  a  ratio  of  greater  inequality,  and 
we  write  24  -.  8.  Next,  if  6  days  saw  90  cords  of  wood,  will  36  days  saw  more 
or  less?— more ;  therefore  it  is  a  ratio  of  less  inequality,  and  we  write  6  J  38. 
Lastly,  if  0  hours  per  day  saw  90  cords,  will  12  hours  per  day  saw  more  or 
lew  ?— more }  therefore  it  is  a  ratio  of  lesa  inequality,  and  we  write  8 :  12. 
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EXAMPLE  3 If  OAa 

trench  of  7  degree/lff  S.es'^as^f '  ^",''°"'»  »««'■.  dig  a 
31  deep?      '''S'^^^  «f  h^fdnes,,  337-  yard/io^g,' 5",? ^^/e'L^i' 

9  -'ll  hours. 
7  :4  degrees. 

332ir337iyds.lonK. 
3|:55  yds.  wide. 
2}:3i  yds.  deep.  ^ 
The  answer  will  heni^syn     ,  \     ^  •  ^       I 


5]  days :  .iw^..  o^^ 


■  J-. 
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6.  If  1  ih  «f  *K  ^^  ^"  8  days  ? 

ho^'XXdsTf't,'  ^f "»  of  >-e„  Of  xt;„lf  4"- 
Dieop  of  i;«/    i.       <^*  thread  woulfl  i.n  ^       /?  yards  wide, 

■■  f~."TS4'ffl^^"'^S',iV3rs.■t,.• 
horses  wm,u^      '^''•^^^  ^^a^v  44  tons  nf  .i  '^''''  25  lb. 

"  masters,  who  have  each  8  annr.,,,-  -^'w-  £(i  15s 

sane  ?      ^  ?  '  ''""-the  wage,  being  i„  boTh  Se'  the" 

Ms.  |44o. 
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11.  if  G  shoemakers,  in  4  weeks,  make  36  pair  of  men's  and  24 
pair  of  women's  shoes,  how  many  pair  of  each  kind  would 
18  shoemakers  make  in  5  weeks? 

jlns.  135  pair  of  men's  and  9L»  pair  of  women's  shoes. 

12.  A  wall  is  to  be  built  of  the  height  of  2  7  feet ;  and  9  feet  high 
of  it  are  built  by  12  men  in  G  days.  How  many  men  must 
be  employed  to  finish  the  remainder  in  4  days?        Jlns.  30. 

13.  If  a  footman  travels  130  miles  in  3  days,  when  the  days  are 

14  hours  long,  in  how  many  days  of  7  hours  each  will  ho 
travel  390  miles?  Jins.  18. 

14.  If  the  price  of  10  oz.  of  bread,  when  the  flour  is  Is.  10  Jd.  per 
stone,  is  Id.,  what  must  be  paid  for  3  lb.  12  oz.  when  the 
flour  is  2s.  Gd.  per  stone  ?  Jlns.  8d. 

15.  If  5  compositors  in  IG  days  of  14  hours  long,  can  compose 
20  sheets  of  24  pages  in  each  sheet,  50  lines  iu  a  page,  and 
40  letters  in  a  line  ;  in  Low  many  days  of  7  hours  long  may 
10  compositors  compose  a  volume  to  be  printed  in  the  same 
letter,  containing  40  sheets,  IG  pages  in  a  sheet,  60  lines  in 
a  page,  and  50  letters  in  a  line  ?  jins.  32  days. 

IG.  If  336  men,  in  5  days  of  10  hours  each,  dig  a  trench  of  5 
degrees  of  hardness,  70  yards  long,  3  wide,  and  2  deep,  what 
length  of  trench  of  6  degrees  of  hardness,  5  yards  wide,  and 
3  deep,  may  be  dug  by  240  men  in  9  days  of  12  hours  each  ? 

jl7is.  36  yards. 

17.  If  a  pasture  of  IG  acres  will  feed  G  horses  for  4  months,  how 
many  acres  will  feed  12  horses  for  9  months? 

^ns.  72  acres. 

18.  If  25  persons  consume  300  bushels  of  corn  in  1  year,  how 
much  will  139  persons  consume  in  7  years  at  the  same  rate  ? 

,^ns.  11G7G  bushels. 

19.  If  32  men  build  a  wall  3G  feet  long,  8  feet  high,  and  4  feet 
wide,  in  4  days  ;  in  what  time  will  48  men  build  a  wall  864 
feet  long,  5  feet  high,  and  3  feet  wide? 

./Ins.  30  days. 

20.  If  a  regiment  of  679  soldiers  consume  702  bushels  of  wheat 
in  336  days,  how  many  bushels  will  an  army  of  22407 
soldiers  consume  in  112  days? 

Jns.  7722  bushels. 

21.  If  12  tailors  in  27  days  can  finish  13  suits  of  clothes,  how 
many  tailors  in  19  days  of  the  same  length,  can  finish  the 
clothes  of  a  regiment  of  soldiers  consisting  of  494  men? 

./Ins.  648  tailors. 

22.  If  17  head  of  cattle  consume  5  acres  2  roods  10  perches  of 
pasture  in  30  days,  how  many  acres  would  be  consumed  by 


40  head  in  51  days? 


Jns.  22  acrea  1  rood, 
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23.  If  180  bricks,  8  inches  long,  and  2  inches  wide,  are  required 
for  a  walk  20  feet  long,  and  6  feet  wide,  how  many  bricks 
will  be  required  for  a  walk  100  feet  long  and  4  feet  wide  ? 

Ms.  600  bricks. 


CONJOINED  PROPORTION. 

48.  Conjoined  Proportion  is  a  kind  of  Compound  Pro- 
portion, in  which  the  ratio  of  one  of  the  terms  to  its  cor- 
responding term  is  made  to  depend  on  equivalencies  among 
the  intermediate  terms  of  the  proportion. 

49.  Conjoined  Proportion  is  sometimes  called  the  Chain 
Rule,  from  the  peculiar  manner  in  which  the  different 
pairs  of  terms  are  linked,  as  it  were,  together.  It  relates 
principally  to  exchanges  between  different  countries,  in 
respect  to  specie,  weights,  and  measures,  but  is  applicable 
to  common  business  transactions. 

50.  Example  1. — Suppose  T  yards  of  velvet  in  Toronto  cost 

as  much  as  9  in  Montreal,  and  16  in  Montreal  as  much  as  24  in 

Paris,  how  many  yards  in  Toronto  will  cost  as  much  as  54  in 

Paris  ? 

Explanation.— This  quostiou  may  bo  stated  as  a  problem  in  Compound 
Proportion,  as  follows: 

The  imperfect  ratio  is  7  yards  Toronto  to  an  unknown 

O-.W)  ..7. ,.    number  of  yards,  Toronto.    Then,  if  9  yards,  Montreal, 

24:5-1  j  ••'•''    nay  for  7  yards  Toronto,  will  16  yards  pay  for  more  or 

less y— more  ;  therefore  wo  write  0 :  16.    Next  if  24  yards 

(i6X7\ 
-rr- 1  yards  Toronto,  will  54  yards  Paris 

pay  for  more  or  lessP— rav>ro;  therefore  wo  write  the  ratio  24: 54.    Now 

(Art.  47)  the  an8wer=  ■  '  °;,  ■    ;  and  it  is  evident  that  we  may  consider  all 

the  factors  of  the  numerator  as  antecedents,  and  all  the  factors  of  the  de- 
nominator as  consequents,  ant'  thon  make  the  statement  thus : 

STATEMENT 

1  yds.  Toronto     =      9  yds.  Montreal. 
10     "    Montreal    =     24     "    Paris. 
4     "    Paris  =      x     "    Toronto. 

Since  the  left-hand  numbers  constik>utea  dividend  and  the  right-hand 
numbers  a  divisor,  we  may  cancel  factors  that  are  common.  Merely  writ- 
ing the  numbers  and  doing  this  wo  have— 

SAME   CANCELLED. 

7  =  5)  . 
4  1^  =  5^^"^ 

I5^i)t  =  a:  =  4x  1  =  28  yds.  Jm. 
From  the  preceding  principles  and  illustrations  wo  de- 
duce the  following 
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RULE  FOR  CONJOINED  PROPORTION. 

Write  the  equivalent  terms,  as  they  occur,  right  and  left  of  the 
si^n  of  equality,  taking  care  that  terms  of  the  same  name  shall 
always  be  on  opposite  sides. 

Multiply  all  the  terms  on  the  same  side  as  the  odd  term  for  a 
dividend  and  all  on  the  other  side  for  a  divisor.  The  quotient  will 
be  the  required  term. 

Example  2. — If  25  sheep  eat  as  much  hay  as  19  goats,  and  33 
goats  as  much  as  10  cows,  and  38  cows  as  much  as  22  horses, 
how  many  horses  will  eat  as  much  as  60  sheep  ? 

eiAXEMENT.  SAM.^  CANCELLED. 

25  sheep  =19  goats   ]      Or  writing  the  f  ^  5}^  =  1^ 
33  goats  =10  cows     I  numbers     merely,  J  9  l^l^  =  1IS| 
38  cows   =22  horses  [cancelling  and  ap-j  ^  1^1^  =  5^^  ^^ 
X  horses=GO  sheep  J  plying  the  rule.      [     x    =  l^l^ 

jlns.  4X2=8  horses. 

Here,  since  the  terra  25  sheep  is  on  the  left-hand  side,  wo  put  the  odd 
term,  60  sheep,  on  the  riKht-hand  side. 

Note.— The  sign  =:  in  such  questions,  merely  means  equal  in  value,  or 
equal  «» time,  or  equal  in  effect,  &c. 

Example  3. — If  19  lbs.  of  tea  in  Guelph  cost  as  much  as  20  lbs. 

in  Hamilton,  and  1  in  Hamilton  as  much  as  9J  lbs.  in  Quebec,  and 

30  lbs.  in  Quebec  as  much  as  29J  lbs.  in  Boston,  and  8J  lbs.  in 

Boston  as  much  as  5J  lbs.  in  London,  and  10  lbs.  in  London  as 

much  as  57  lbs.  in  Hong  Kong  ;  how  many  lbs.  in  Hong  Kong 

are  worth  100  lbs.  in  Guelph? 


2 
11 


STATEMENT. 


19  Guelph  = 

7  Hamilton       = 
30  Quebec  = 

8J  Boston  = 

10  London         = 
X  Hong  Kong  = 


20  Hamilton 
9J  Quebec 
295  Boston 
5J  London 
57  Hong  Kong 
100  Guelph 


b.VME  CANCELLED 
1^  =  %^  10 
Y  =  9i 

m  =  m  u 

iq = ^t  f^ 


? 
n 


x  =  l?)(S( 
Jns.  10x9jX5i  =  506|  lbs. 


EXERCISES. 


4. 


If  17  cords  of  wood  arc  equivalent  to  116  lbs.  of  tea,  and  87 
lbs.  of  tea  to  23  barrels  of  flour,  and  19  barrels  of  flour  to 
34  days'  work,  and  92  days'  work  to  57  baskets  of  peaches, 
and  31  baskets  of  peaches  to  24  dollars,  and  12  dollars  to 
2  tons  of  coal ;  how  many  cords  of  wood  may  be  purchased 
for  35  tons  of  coal  ?  .^ns.  1351. 

.  If  6  lbs.  of  tea  are  worth  29  lbs.  of  sugar,  and  17  lbs.  of 
sugar  pay  for  1  bushel  of  wheat,  and  27  bushels  of  wheat 
are  equivalent  to  4  tons  of  coal,  and  34  tons  of  coal  pur- 
chase 15  cows,  and  29  cows  cost  $1160  j  how  many  pounds 
of  tea  can  be  purchased  for  S20 ?  Jns.  2^^. 
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If  11  bushels  of  barley  pay  for  21  bushels  of  potatoes,  and 
lObuslielsof  potatoes  for 'J9  bushels  of  oats,  and  llSbushels 
of  oats  for  44  bushels  of  wheat,  and  14J  bushels  of  wheat 
for  38  busliels  of  peas,  and  GO  bushels  of  peas  for  55  bushels 
of  rye,  and  75  bushels  of  rye  for  lU  busliels  of  clover  seed; 
for  how  many  bushels  of  barley  will  30  bushels  of  clover 
seed  pay?  Jns.8l^. 

If  IG  baskets  of  pears  pay  for  '^'J  turkeys,  tind  17  turkeys  for 

7  days'  work,  and  7;i  days'  work  for  187  loaves  of  bread,  and 
3i  loaves  of  bread  cost  as  much  as  4  lbs.  of  veal,  and  veal 
is  11  cents  per  pound,  and  $7-f>2  i)ay  for  03  lbs.  of  sugar; 
how  many  pounds  of  sugar  will  21  baskets  of  pears  pur- 
chase? ./i/is.  404]. 

Suppose  A  can  do  as  much  work  in  7  ilays  as  B  can  in  11 
days,  and  B  as  much  in  5  days  as  (!  can  in  8  days,  and  C  as 
much  in  15  days  as  D  can  in  21  days,  and  D  as  much  in  11 
days  as  E  can  in  5  days ;  in  how  many  days  would  A  do  as 
much  work  as  E  can  do  in  42  days?  ^ns.  2Qi. 

If  7  barrels  of  flour  pay  for  23  cords  of  wood,  and  G  cords 
of  wood  pay  for  1 1  cwt.  of  beef,  and  4G  cwt.  of  beef  cost  £28, 
and  jC77  pay  for  9  sheep,  and  5  sheej)  are  worth  as  much  as 

8  tons  of  coal ;  liow  many  barrels  of  flour  may  be  purchased 
for  9  tons  of  coal?  Jlns.  13s. 
If  15s.  in  N.  England  be  the  same  in  value  as  203.  in  N.  York, 
and  24s.  in  N.  York  the  same  as  22s.  6d.  in  N.  Jersey,  and 
30s.  in  N.  Jersey  the  same  as  20s.  in  Canada;  how  many 
pounds  in  N.  England  arc  the  same  in  value  as  ,£240  7s.  Gd. 
in  Canada?                                                          Jns.  i:288  93. 


QUESTIONS  TO  EE  AXSWEREI)  UY  THE  PUPIL. 

Note.— TAc  numbers  foUoivinr/  the  questions  refer  to  the  numbered 
articles  of  the  section. 

1.  In  how  many  ways  may  one  nuniber  be  compared  with  another  with 

respect  to  magTiitudc  V  (1) 

2.  What  is  ratio  ?  (-2,) 

3.  Wliat  is  the  dift'erencc  between  the  Geometrical  and  the  Arithmetical 

ratio  of  numbers  r  (3) 

4.  How  many  ways  have  we  of  expressing  the  ratio  of  one  number  to 

another?  (4) 

5.  Between  what  kind  of  quantities  only  can  ratio  exist  ?  (5) 

6.  When  are  quantities  said  to  be  of  the  same  kind  V  (6) 

7.  What  is  a  couplet  ?  (7) 

8.  What  is  the  antecedent  P— the  consequent?  (8) 
y.  How  many  kinds  of  ratio  are  there  ?  (9) 

10.  What  is  a  direct  ratio  ?  (10) 

11.  What  is  an  inverse  ratio?  (11) 

12.  What  is  the  reciprocal  of  a  quantity  ?  (12) 

13.  What  is  a  reciprocal  ratio  ?  (13) 

14.  How  is  the  reciprocal  ratio  of  two  numbers  expressed  ?  (14) 

15.  Show  that "  recipx'ocal  ratio  "  and  "  u 


terms?  (13) 


'  inverse  ratio  "  are  interchangeable 
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16. 
17. 

18. 

19 

20. 

21. 

22. 

23. 

24. 
25. 
26. 
27. 

28. 

29. 

80. 
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.•52. 
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39. 
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47. 
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no. 

51. 
C2. 
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4) 

erchangeable 


Wliat  is  a  simi)l('  ratio?  (15) 

What  isacompounrlratio?  (16)  . 

Since  a  compound  ratio  docs  not  difler  in  iialuro  IVdin  a  sinip'o  ratio, 
why  is  the  term  nscd?  (17) 

How  are  ratios  compounded  together?  (IS) 

How  docs  multiplying  the  antecedent  or  (iivuluig  tlu!  consequent  of  a 
couplet  bv  any  liumbcr,  alTcct  the  ratio  ?  (i;>) 

How  docs  dividing  the  antecedent  or  multiplymgtlio  consequent  of  a 
couplet  by  anv  number,  alfect  the  ratio?    Why  ?  (19) 

How  docs  multiplviug  or  dividing  both  antecedent  and  consequent  of  a 
couplet  by  anv  innnbor,  affect  tlic  ratio?    Why?  (19) 

How  does  it  happen  that  we  may  cancel  any  factors  common  to  an  an- 
tecedent and  a  consequent,  before  compounding  ratios  together  ?  (20) 

When  is  a  ratio  called  a  rafio  of  cqttality  f  (21) 

When  is  a  ratio  called  a  ratio  of  greater  incquahtii?  (21) 

When  is  a  ratio  called  a  ratio  of  less  incqualitu  !  (21) 

How  arc  ratios  compared  with  one  another  ?  (22) 

When  equal  ratios  are  added  together,  what  is  the  nature  of  the  result- 
ing ratio?  (24)  ..   „  , 

What  efllect  has  adding  tlic  same  number  to  both  terms  of  a  ratio  ?  (25 
and  26) 

What  is  Proportion  ?  (27) 

What  arc  the  terms  of  tlic  two  equal  ratios  called  ?  (28) 

How  many  ways  aro  there  of  expressing  Proportion?  (29) 

What  is  the  supposed  derivation  of  the  sign  ::  ?  (29— Note) 

How  many  terms  must  there  be  in  every  proportion  ?  (30) 

yihcntlwGG  mimtjcrs  constitute  a  proportion,  what  is  the  repeated  terra 
called?— What  is  the  last  term  called?  (31) 

Point  out  the  distinctions  between  ratio  and  proportion.  (32) 

What  are  "  extremes"  and  " means" 'i  (33) 

Prove  that  if  four  quantities  arc  proportional,  the  product  of  the  ex- 
tremes is  equal  to  the  product  of  the  means.  (34) 

What  is  the  test  of  geometrical  ratio  ?  (35) 

Deduce  from  this  principle  a  rule  for  linding  any  one  of  the  tenns  when 
the  other  three  are  given.  (36) 

If  r  -.lo::  X :  y,  what  does  the  proportion  become  ?  1  st,  by  composition . 
2nd,  alternately ;  3rd,  by  conversion ;  4th,  by  division;  5th,  inverse- 
ly. (37) 

What  are  ttie  different  kinds  of  Proportion  ?  (38) 

What  other  names  has  Simple  Proportion  ?~Why  so  called  r  (39) 

Give  the  rule  for  making  the  statement  in  Simple  Proportion  ?  (40) 

Give  the  rule  for  finding  the  unknown  quantity  after  the  statement  is 
made?  (40) 

Show  that  we  may  cancel  any  ffictors  that  are  common  to  the  first  term 
and  either  of  the  others,  before  apnlying  the  rule.  (41) 

If  any  of  tiie  terms  contain  fractions,  what  is  done  ?  (42) 

If  the  first  and  second  terms  aro  not  of  the  same  denomination,  wliat  is 
the  rule?  (43) 

What  is  Compound  Proportion  ?  (44) 

What  other  name  has  Compound  Proportion?  (45) 

How  many  ratios  are  there  in  Componnd  Proportion,  and  how  many  Of 
them  are  perfect  ?  (46) 

In  stating  a  question  in  Compound  Proportion,  what  do  you  make  the 
third  term?  (47) 

How  do  you  know  whether  the  other  ratios  are  ratios  of  greater  or  less 
inequality  ?  (47) 

When  the  statement  is  made,  how  is  the  answer  obtained  ?  (47) 

Show  that  before  applying  the  rule  we  may  cancel  any  factors  that  are 

common  to  any  of  the  first  terms,  and  to  the  second  and  third  terms? 

(47— Note) 
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M.  What  is  Conjoined  Proportion  V  (48) 

87.  Why  ia  it  sometimes  called  the  Chain  Rule?  (W) 

68.  Give  the  rule  for  Conjoined  I'roportion?  (50) 

S9.  In  what  sense  Is  the  sign  =  taken  in  those  statements  ?  (50) 


4. 

5. 
6. 

7. 

8. 

9. 

10. 
11. 

12. 

13. 

14. 
15. 
16. 


17. 
18. 


MISCELLANEOUS  EXERCISES. 

(On  /trecciUng  Rules.) 

"What  is  the  ratio  coini.onnckHl  of  the  ratios  7  :  8,  7  :  11,  23:20, 
319: 119,  and  1G:G9  V 

Reduce  £119  l(3s.  (Jid.  to  dollars  and  cents. 
How  many  days  are  there  Ironi  12th  March  to  the  17th  of  the 
following  February  ? 

Compare  together  (he  following  ratios,  and  point  out  which 
is  greatest  and  which  least,  9  :  13,  21  :  27,  7  :  10,  and  11  :  ir>. 

From  76-::  478  take  19- 1342291. 

Multiply  71324/  undcnary  by  23421  quinary  and  divide  the 
result  by  /4c7  duodenary.     Give  the  answer  in  each  scale. 
If  5-63  cubic  inches  of  water  weigh  3254  ounces  avoirdupois, 
what  will  be  the  weight  of  7*9  cubic  inches  of  nitric  acid 
liaving  a  specific  gravity  of  1-220  ? 

Divide  03  yds.  3  qrs.  2  na.  1  in.  of  ribbon  equally  among  17 
persons. 

What  is  the  value  of -913025  of  an  acre  at  67  cents  per  sq. 
yard  ? 

Multiply  i  of  i?  of  i  of  20  bushels  by  •5x-tix5. 
Of  the  ratios  0:7,  17:8,  23  :  11,  and  88  :  170,  point  out  (1) 
which  is  the  greatest,  (2)  which  is  the  least,  (3)  which  are 
ratios  of  greater  ineqtiality,  (4)  which  are  ratios  of  less  in- 
quality,  (5)  what  is  the  ratio  compounded  of  these  ratios. 
The  population  in  Canada  in  1851  was  1842205,  and  in 
1857  it  was  estimated  at  2571437.  Wliat  was  the  rate  per 
cent,  of  increase? 

From  one  half  of  two  thirds  of  eighteen  twenty-ninths  sub- 
tract one  eighth  of  two  thirds  of  live  sevenths. 
Deduct  7  per  cent,  from  11  feet. 

What  is  the  value  of  79  lbs.  of  tea  at  £-00163  per  ounce  ? 
If  3  men  in  2i  days,  working  12  hours  a  day,  can  cradle  a 
field  of  wheat  containing  20  acres,  in  how  many  days  can 
8  men,  working  10  hours  a  day,  cradle  a  field  of  wheat  con- 
taining 35  acres  ? 

Find  the  value  of  (^  of  fyXMx-''^^''o)~-C{^  of  5  of  i  of  61.) 
A  certain  number  is  divided  by  5,  the  result  is  divided  by  ^, 
this  result  by  ^^,  and  this  last  result  by  4.  The  last  quotient 
is  2  ;  what  was  tho  original  number  ? 
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'  ^ 


20. 
21. 

22. 
23. 

24. 


31. 

32. 
33. 
34. 

35. 


36. 
37. 
38. 


If  50  barrels  of  flour  in  Toronto  arc  worth  126  yards  of  cloth 
in  New  York,  and  80  yards  of  cloth  in  Now  York  6  bales  of 
cotton  in  Charleston,  and  13  bales  of  cotton  in  Charleston 
31  hogsheads  of  sugar  in  New  Orlean.s;  how  nutny  hoj^s- 
heads  of  sugar  in  New  Orleans  arc  worth  lOOO  l)arrel3  of 
flour  in  Toronto?  .    . 

Multiply  73-47  by  -0003,  and  divide  the  result  by  17-2345. 
Reduce  2  roods   7  per.  4  yds.  3  ft.  117  in.  to  the  decimal  of 
7  acres. 
Deduct  -73  of  11  furlongs  from  f  of  },  of  \  of  70  miles. 

From  274312  nonary  take  IIOIOIIOIO  binan/,  and  multiply 
the  result  by  5555  nrptenary.     Give  the  answer  in  all  three 
scales. 
Find  the  1.  c.  m.  of  4  1,  275,  18,  190  209,  and  225. 

If  GO  men  in  G  weeks  of  5  working  days,  of  10  hours  each, 
build  an  embankment  800  yards  in  length,  18  feet  in  mean 
breadth  and  11  ft.  in  mean  height,  how  many  men  will 
make  an  embankment  8742  feet  long,  20  feet  Avide  and  8  ft. 
high,  in  10  weeks,  of  6  days  each,  and  11  working  hotirs 
to  each  day? 

How  many  divisors  has  the  number  172000? 

Multiply  42-7  by  9-7123. 

Deduct  27  per  cent,  from  $73-42. 

What  are  all  the  divisors  of  G300  ? 

If  ^  of  ^  of  3i  lbs.  of  coffee  cost  '^  of  if  of  5'*  of  i  of  a  dollar, 

what  will  ^  of -7  of -G  of  H  of  90  lbs.  cost? 
If  $2739-18  be  divided  among  7  men,  2  women,  and  11  chil- 
dren, so  that  each  child  shall  have  f  of  a  woman's  share, 
and  each*  woman  -^^f  of  a  man's  share,  what  will  be  the 
amount  received  by  each  ? 
What  is  the  reciprocal  ratio  of  'j 


1 .1 
■.i 


the  direct  ratio  of 


93  :  17 ;  and  the  inverse  ratio  of  i  of  |  ? 


and  i  of  A  of 


Add  together  ^  of  6i  yards,  ^  of  |  of  8 J  ft. 
7-j^f  inches. 

What  is  the  ratio  compounded  of  23  :  7,  4  :  11,  6  :  5,  13  :  UJ, 
and  38 J  :3? 

A  pint  contains  9000  grains  of  barley,  and  each  grain  is  one 
third  of  an  inch  long.     How  far  would  the  grains  in  23  bush. 
2  pks.  1  gal.  1  qt.  1  pt.  reach  if  placed  one  after  another? 
Reduce  -I'^i/ZW  to  its  lowest  terras. 
Add  together  1,  §,  ^,  and  *  in  the  odcnary  scale. 
If  17  sheep  cat  as  much  grass  as  6  cows,  and  26  cows  require 
271  acres,  and  12  acres  supply  13  horses,  and  11  horses  eat 
as  much  as  28  goats,  how  many  goats  will  eat  as  much  as 
68  sheep  ? 
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39.  Suppose  thai  r>0  men,  hy  working  r>  hours  ouch  «lny,  can  iHg, 
in  54  days,  24  cellars,  which  arc  each  36  feet  long,  21  feet 
wide,  and  in  feet  dee|),  how  many  men  would  be  required 
to  dig,  in  27  dayp,  18  cellar?!,  which  are  each  48  feet  long, 
2R  feet  wide,  an<l  I)  feot  deep,  provided  they  work  only  3 
hours  each  day?  ./^/jk.  200  men. 
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1.  Practice 
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'ractico  IS  so  called  from  its  boinij  the  mciiiod  ot 
calculation  practised  by  mcrcaritilo  men  ;  it  is  an  abridged 
mode  of  porformino-  processes  dependent  on  the  Rule  of 
Three — particularly  when  one  of  the  terms  is  unit}*. 

The  statemenl  of  a  question  in  practice,  in  general  terms,  would  bo— 
One  quaniity  of  goods :  another  qnan  tity  of  goods : :  price  of  former ;  price 
qf  latter. 

2.  The  simplification  of  the  Rule  of  Throe  by  means  of 
practice,  is  principally  effected,  either  by  dividing  the  given 
quantity  into  "parts,"  and  finding  the  sum  of  the  prices  of 
these  parts;  or  by  dividing  i\\Q  jyrice  into  "  parts,"  and 
finding  the  sum  of  tlve  prices  at  each  of  these  parts ;  in 
either  case,  as  is  evident,  we  obtain  tlie  required  price. 

3.  An  Aliquot  Part  is  an  exact  or  even  part. 

Thus,  2  shillings  is  an  aliquot  part  of  a  pound  ;  12i  cents  is  an  aliquot 
part  of  a  dollar ;  6  months,  4  months,  3  months,  2  mouths,  li  months  are 
aliquot  parts  of  a  year,  &c. 

TABLE  OP  ALIQUOT  PARTS. 


Parts  of  $1. 

Parts  of 
a  year. 

Parts  of  a 
month. 

Parts  of  £1. 

Parts  of 
is. 

Partunf  H  cwt*  1 
of  112  lb..     1 

aOcts 

=    i 

6  m'ths        I 

15  days=    I 

lOs      =    i 

6d  =    J[  56  lb  =    i 

33i 

4            =    I 

10         =    i 

6s  8d  =    A 

id  =    i  28  lb  =    i 

25 

=    i 

3            =    i 

1\      =   A 

5s      =    ^ 

3d  =    J  16  lb  =    \ 

20 

—   -^ 

2                      =       -1; 

5            =     -,1; 

4S       =    4- 

2d=    ^,- 

I4lb=    i 

16* 

=    i 

bi                   =       { 

3          =tV 

3s4d=:    J, 

Ud=    l- 

8  lb  =:  -h 

12^ 
8i 
6t 
6 
4 
2 

1                       =  -h 

2          =  T^,. 
1        =Ti'n 

2s6d=    i 

2s      =,i, 
issd  — ^ijy 
ls4d  =  Jt-, 
ls3d  =  .l" 

ld=-X, 

7  1b  — A 

pnrtsof  •  qr. 
of  -M  lbs. 

14  lb  =    i 

7lb=    1 

3ilb=:    i 

Ulb  =  -JL 

*  Although  we  allow  but  100  lbs.  to  the  cwt.  in  Canada,  it  is  often  neces- 
sary to  make  calculations  with  the  old  cwt.,  of  112  lbs.    This  arises  from  tho 
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^56Ib=  h 
p8Ib=  d 
5  10  lb  =  4 
Ail4lb=  i 
-|81b  =  -,^4 


rl71b  =  lV 

pnrfsof  •  qr. 
of  -M  lbs. 

14lb=       A 

71b=    J 
3Hb=    1 
inb  =  ^ 

often  iieccs- 
•iscsfromtho 


I 


23  c, 


12i  0. 


2783 
3 


ExAMi'LB  1. — Find  llie  i>iice  of  ::783  yards  of  silk  at  $3-37 J 
per  yard. 

OPEUATIO.V. 

The  cost  of  2783  yards  at  $3'37i=co8t  at  $3-|-co8t  at 
37J  ccntM. 

2783  yds,  at  S."  coiiios  to  ;)  timcH  an  much  as  at  81 ;  i.  c., 
to  3  times  «27N'».  or  $f34S».  37i  cts.  p(|Uals  25  ctM.-}-I2i 
cents,  iu-nce,  2783  yds.  at  37i  cents  =  prico  at  20  cent8-|- 
prico  at  li'i  cents. 

Since  2783  yards  at  $1  comes  to  $2783,  and  25  ccnts=i 
of  a  dollar ;  27H3  yards  at  25  iviits  come  to  J  of  (62783 ; 
i.e.,  to  <lfl0575.  Ajrain,  because  2783  yards  at  2.1  centtj 
come  to  $095-75  and  12i  cents  eciuals  J  of  25  cv  uts,  2783  yards  at  12i  cents 
will  come  to  \  of  $095-75;  1.  e,.  to  $347-87i. 

Then  278;$  vards  at  $r37i=rprice  at  $:{-(-   rice  at  25  cents  [-price  at  12i 
cents=$S:J494-$095-75-f-$347-87i=$9;5U2-(l-." 

ExAMi'LB  2. — What  is  the  cost  of  072  oz.  of  gold  dust  at  £3 

Ms.  8 id.  I'Ci'  ^'^^' 


8319 
«'.)5-75 

;;47-s7i 


Aas.  «'J392  02; 


OPERATION. 

10s. 

i 

972 
3 

3s.  4d. 

lOd. 

5d. 

lid. 

1 

£2910 

480 
102 

40  10s. 

20    5 
5    1  3d. 

=  cost  at 
=  cost  at 
=  cost  at 
=  cost  at 
=r  cost  at 
=  cost  at 

£3    0    0 
0  10    0 
0    3    4 
0    0  10 
0    0    S 

0  0  li 

£3029  10  3      ::=costat£3   14    fei 
ExAMi'LK  3. — Find   the  price  of  720  days  work  at  £l  Is.  lid. 
per  day. 

OI'KUATION 


5s. 

Is.  8(1. 

5d. 

id. 


£729    0 

182    5 

60  15 

0 
0 
0 

=:  price 
=  price 
=  price 

at£l 
at    0 
at    0 

0 
5 

1 

0 
0 

8 

15 

3 
15 

9 

3i 

=  price 
=  price 

at 

at 

0 
0 

0 
0 

5 
Oi 

£887  18  Hi  =  prico  at  £1    7    li 
Example  -i.— AVhat  is  the  cost  of  623  bush.  1  pk.  1  gal.  3  qt. 
r*"  wheat  at  $2-87|  per  bushel  ? 

OPERATION. 
SOcts.  i        624 


25  cts, 
12i  Cts. 


$1248  =  prico  of  632  bush,  at  $3'00 
312  =  price       "       "     at       50 
166  =  price       "      "     at       25 
83  =  price       "      "     at       124 

$1809  =  price  of  632  bush,  at  52-87i 


fact  that  the  latter  is  still  in  common  use  in  Great  Britain,  several  of  the 
States  of  the  American  Union.  &c.  The  aliquot  parts  of  the  new  cwt„  of 
100  lb3.,  are  the  game  as  the  aliquot  parts  of  $1. 
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IHii 


Ipk. 

Igal 
2(|t. 
Iqt. 


$'J'^i    =  pricii  ol'  1  buBli. 

•7U    =:  price  of  1  pk. 

•35^5  =  price  of  1  gal. 

'17  H  =  priori  of  2  qt. 

'S'ii  =  prico  of  1  qt. 


<&l'34^';{  =  prico  of  1  pk.  1  giU. 3  »(t. 
Tlicn  $  1800  =  prico  of  632  bushels  at  $2-874  per  bushel. 

Vii^^i  =  price  of  1  pt.  1  gal.  at  $2*87i  por  bush. 

$1810*34J»  =  price  of  (J32  bush.  1  pk.  1  gal.  2  qt.  at  $2-87i  per  bush. 

Example  5. — What  is  the  price  of  96  acres  1  rood  14J  per.  at 
XI  lis.  5icl.  per  acre  ? 


lOs.  i 


Is.  3d. 

lid. 
id. 


9t5 

7 


£672    0=pricoof9«a(M'esat  £7    0  0 
V  I       48    0=    "  "      "      at    0  10  0 

A?        0    0="         ••      "     :it    0    1  ;i 
A  !  12  =    "  '•      "     at    0    0  li 

(J  =    •'  ••      "     at    0    0  Oi 


1  rood 

10  per. 
4  per. 
jper. 


£7  11    5J 


£726  18  —prk'o  of  96  acres  at  £7  11  5i 


1  17  lOJ  +  J       =  prico  of  1  rood. 
9    6i  +  i^jf    =  prico  of  10  perches. 
3    9J  4-  lit)    =  prico  of  4  pei'ches. 
5J  4-  i^^ii  =  prico  of  i  perch. 

£2  11    62  4-  J ;» J  =  price  of  1  rood  145  por.  at  £7  lis.  Hd.  per  acre. 

£726  18  n  1  =  P^'^ce  of  96  acres. 

2  11  6J  -|-  3  2  0  =  price  of  1  rood  14i  porches. 

Aus.  £729  9s.  7Jd.+  ^^^  =  price  of  96  acres  1  rood  14i  per. 

Example  6. — What  is  the  coat  of  964]  ,i  square  yards  of  plaster- 
ing at  22i  cents  per  square  yard  ? 


20  cts. 
2^  cts. 


964 


$192*80  =  cost  of  yt]4  yds.  at  20  cts. 
24*10  =  cost  of  961  yds.  at  2i  cts. 

$216*90  =  cost  of  004  yds.  at  22]  cts. 
*J6i=  cost  of  ]l  of  a  yd.  at  22i  cts. 


M2iH  =  16i  cents, 


15 


Alls.  $217*06i  =  cost  of  964|^  yds.  at  22i  cts.  per  yd. 

EXERCISES. 

1.  Required  the  value  of  9264*7  lbs.  of  tea  at  35  cents  per  lb. 

Jns.  $32426-45. 
8.  What  is  the  cost  of  94937  pails  at  Is.  5d.  each? 

Ans.  £6724  14g.  Id, 


1.SK11.  \  I, 
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y   What  is  the  worth  of  95972  boxes  at  ti  cents? 

Jns.  $7l97-90. 

10.  AVhat  is  the  cost  of  02  acres  at  $2880  per  acre? 

Jlns.  ^ntS-OO. 

11.  Fiiul  the  price  of  2310  lbs.  at  32i  cunts  per  lb?  Jns.  $750-75. 

\1.  Find  tliepriceof  21l7bag3at  37J  cents  each.    Jns.  793-87J. 

i;!.  Find  the  price  of  7500  pair  of  shoes  at  Is.  9:{d.  a  pair. 

Jlns.  X'080  4s.  7id. 

11.  What  is  the  valne  of  1217  lbs.  of  coffee  at  17J  ceuts  per  lb? 

Jus.  $2 12-97 i. 
15    Find  tlio  price  of  2103  cords  of  wood  at  $3-07J  per  cord  ? 

^Ms.  $G46G-72i. 

1(3.  Wluit  is  thi;cost  of  2090  O'^.  of  gold  dust  at.t'3  183.  lOJd.pcr 

o/.?  Jns.  £8200  29.0(1. 

17.  Re»iuirod  the  value  of  0  oz.  18  dwt.  20  grs.  of  silver  at  $1-55 
peroz.?  ^n.s-.  $10-75:^'. 

18.  What  is  the  cost  of  98  yds.  3  qrs.  1  na.  of  cloth  at  .£1   15s. 

per  yard  ?  Jus.  .£172  183.  5id- 

19.  What  is  the  rent  of  344  acres  3  roods  15  per.  at  £4  Is.  Id.- 

per  acre?  Jns.  £1398  Is.  L\p. 

20.  What  is  the  price  of  5  oz.  Gdwt.  17  grs.  of  mercury  at  5s.  lOd. 
per  07,.?  Jins.  £1  lis.  l^d. 

21.  Find  tlie  price  of  4  yards  2  qrs.  3  nails  of  satin  at  £1  2s.  4d. 
per  yard  ?  Jns.  £5  43.  Sid. 

22.  Find  the  price  of  32  acres  1  rood  14  perches  at  £i  10s.  per 
acre?  Jns.  £58  4s.  IU\. 

23.  Find  tlic  price  of  3  gals.  5  pts.  of  spirits  of  wine  at  7s.  Od.  per 
gallon?  Jns.  £l  7s.  2id. 

24.  How  much  will  724  bushels  of  apples  come  to  at  $1-67  J  per 
bushel?  Jns.  $1212-10. 

25.  What  is  the  cost  of  721  bush,  of  wheat  at$l-935  per  bush  ? 

Jns.  $1390-933. 

20.  What  is  the  cost  of  4514  rods  of  fencing  at  £2  17s.  7jd.  per 

rod  ?  Jns.  £13005  19s.  3d. 

27.  What  is  the  price  of  3749§  acres  at  £3  15s.  6d.  per  acre? 

Jns.  £14153  17s.  93d. 
Allowing  112  lbs.  to  the  cwt.,  find  the  value  of — 

28.  17  cwt.  1  qr.  17  lbs.  at  £1  4s.  9d.  per  cwt. 

Jns.  £21  10s.  8id. 

29.  78  cwt.  3  qrs.  12  lbs.  at  $11-55  per  cwt.  Jns.  $910-80. 

30.  20  tons  19  cwt.  3  qrs.  211  Ihs.  at  £10  10s.  per  ton. 

Jns.  £220  9s.  lljd.  nearly. 

31.  219  tons  16  cwt.  3  qrs,  at  $4550  per  ton.     Jns.  $10002  60| 
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BILLS   OP   PARCELS. 


BILLS  OF  PARCELS. 


[Sect,  vi. 


(No.  1.) 


Me.  Jous  Day, 


QuEBKO,  16th  April,  1859. 
Bought  of  Richard  Jones. 


13}  iirds  of  fiuc  broadcloth,  at 13 

•Jl  yards  of  superfine  ditto,  at 18 

•^7  yards  of  yard  wide  ditto,  at 8 

1 J  yards  of  drugget,  at G 

12  yards  of  serge  at 2  10 

3  J  yards  of  shalloon,  at 1 


d. 

£    s.  d. 

m 

6  per  yard 

10     2     G 

M 

9        " 

22   10     0 

• 

4        '' 

11     5     0 

3         " 
10         " 

5     0     0 
1   14     0 

8         " 

2   13     4 

.f/w. 

£53     4  10 

vf 

(No.  2.) 

Montreal,  24tk  June,  1859. 
Mr.  James  Paul, 

Bought  of  Thomas  Norton. 

9  pair  of  worsted  stockings,  at 4    6  per  pair 

G  pau' of  silk  ditto,  at 15    9      " 

1 7  pair  of  thread  ditto,  at 34       " 

"J  pair  of  cotton  ditto,  at 4  10       " 

14  pair  of  yarn  ditto,  at 2     4       " 

18  pair  of  women's  silk  gloves,  at. . .     4     2       " 

10  yards  of  flannel,  at 1     Tj  per  yard 

Jns.  £23  15  4J 


(No.  3.) 

Toronto,  lOtk  May,  1859. 
Mr.  Wm.  Filbert, 

Bought  of  George  Price. 

75j  lbs.  of  sugar,  at 11  cents  per  lb. 

63    lb3.  of  tea,  at 93  " 

12G    lbs.  of  butter,  at 13  " 

35^  lbs.  of  raisins,  at 18  J  '' 

It    lbs.  of  sago  at 15  '' 

23    lbs.  of  rice,  at 9  " 

58J  lbs.  of  starch,  at 22  " 

$105-t)3t 


[SUCT.  VI. 


I  April,  1859. 

CHABD  Jones. 

iJ    s.  d. 

•d     10     2  G 

22  10  0 

11     5  0 

5     0  0 

1  14  0 

2  13  4 


r.  i:53     4  10 


'■  June,  1859. 

HAS  Norton. 
I- 


•d 


£2Z  15  4j 


abt.3.<  practice.  221) 

(No.  4.) 

Hamiltos,  12M  August,  1859. 

Mr.  John  James, 

Bought  of  Jame.s  TnoMA';. 

$  cts. 

198  Sangater's  National  Arithmetic,  at 0-60 

197  Robertson's  Philosophy  of  Grammar,  at 0'50 

83  Hodgins'  Geography,  at l-OO 

57  Sangster's  Algebraic  Formula,  at 0-12| 

2l7.Strachan's  Canadian  Penmanship,  at 0-375 

143  Hodgins'  Geography  of  British  Provinces,  at. .   0-45 
227  Sangster's  First  Arithmetic,  .at 0-30 

$521-2-. 

(No.  5.) 

NrAGABA,  l7//j  Sept.,  1850. 
Mr.  Alrx.  Leith, 

Bought  of  Lawrence  Mercer. 

a.  d. 

nj  yards  of  silk,  at 12  9  per  yard 

13  yards  of  flowered  ditto,  at 15  6  '•' 

115  yards  of  lustring,  at C  10  " 

14  yards  of  brocade,  at 11  3  " 

12  J  yards  of  satin,  at 10  8  " 

11 5  yards  of  velvet,  at 18  0  " 

./Ins.  X44  15  Ri 


May,  1859. 
RGB  Price. 


$105-t)3f 


(No.  G.) 

Kingston,  llth  July,  185!>. 

Dr.  Alex.  Hamilton, 

Bought  of  Timothy  Pestlk  . 

14  oz  ipecacuanha,  at $0-67 

23  "  laudanum,  at 0-89 

17  "  emetic  tartar,  at 1'26 

25  "  cantharides,  at 2-17 

27  "  gum  mastic,  at 0-61 

66  "  gum  camphor,  at 0-27 

$136-94 


230  TARE   AND  TRET.  [Srct.vi, 

(No.  Y.) 

London,  0.  W.,  isl  May,  1859 
Mr.  Jas.  Grky, 

Bought  of  MiciiAEi.  Lewis. 

?.  (1. 

1 5^  lbs.  of  currants,  at 0  4    per  lb. 

ni  lbs.  of  Malaga  raisins,  at 0  5^       " 

195  lbs.  of  sun  raising,  at 0  (>         " 

17    lbs.  of  rice  at 0  .3^       " 

8i  lbs.  of  pepper,  at 1  6         " 

?>    loaves  of  sugar,  weight  32^  lbs.,  at.  0  8|       " 

13    oz.  of  cloves,  at 0  0  per  oz. 

Jns.  £3  13     b;i 

TARE  AND  TRET. 

4.  Tare  and  Tret  is  the  name  given  to  a  rule  by  means 
of  which  merchants  calculated  the  amount  of  certain 
allowances  which  were  formerly  made  in  buying  and  sell- 
ing  goods  by  weight  in  large  quantities.  They  were  as  fol- 
lows : 

1.  Tret,  an  allowance  for  waste  in  weighing. 

2.  Tare,  an  allowance  for  the  actual  or  supposed 
weight  of  the  hox,  hag^  barrel,  (fee,  containing  the 
goods.    And 

^  .^3.  Cloff,  an  allowance  of  2  lbs.  in  every  336  for  the 

turn  of  the  scale  in  retailing  goods. 
'^  Of  these  the  only  one  known  in  Canada  is  Tare ;  and  as 
this  is  always  set  down  in  full  in  the  invoice,  Tare  and  Tret, 
as  a  rule,  has  no  existence  in  Canadian  mercantile  trans- 
actions, and  has  therefore  been  altogether  omitted. 


.1  .-^ 


QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

NoTE.~2Vw  numbers  after  the  questions  refer  to  the  articles  qf  the 
section, 

1.  What  is  Practice  P(l) 

2.  Why  is  it  so  called?  (1) 

3.  Of  what  rule  is  Practice  merely  a  modification  P  (1) 

4.  What  would  be  the  general  statement  of  a  question  in  Practice?  (1) 

6.  How  is  the  process  for  finding  the  price  of  a  number  of  articles  simpli* 
fled  by  Practice?  (2) 

6.  What  is  ar  aliquot  part?  (3) 

7.  What  are  the  aliquot  starts  of  a  dollar  ?  (3) 
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8.  Wliat  arc  the  aliquot  parts  of  a  year  f  (3) 
0.  What  aro  the  aliquot  parts  of  a  mouth  ?  (3) 

10.  Wliat  are  the  aliquot  parts  of  a  £?  (3) 

11.  What  are  the  aliquot  parts  of  a  shilllnR?  (3) 

12.  What  are  the  aliquot  parts  of  a  cwt.  (112  lbs.)  P  (.1) 

MISCELLANEOUS  QUESTIONS. 
(On  preceding  Rules.) 

1.  Take  the  number  T0204,  and,  by  removing  the  dechnal  point, 

(1)  multiply  it  by  100000;  (2)  divide  it  by  10000;  (3) 
make  it  thoumndths;  make  it  tenths  ofbUlionths;  (5)  mnko 
it  tenths ;  and  (6)  make  it  hundredths  ofbUlionths. 

2.  Divide  427-1  by  -000003 V. 

?,.  What  will  10  tons  19  cwt.  3  qrs.  27^  lbs.  of  hops  cost,  at 
£19  19g.  Hid.  per  ton? 

4.  Add  together  73-723, 11-342,  lG-713,  19-034,  713-213437,  and 

12-.345678. 
r>.  Of  the  ratios  .5  :  7,  9  :  13,   12:17,  and  7 :  10,  point  out  (1) 

which  is  greatest,  (2)  which  is  least,  (3)  what  is  the  ratio 

compounded  of  these  ? 
G.  If  1  acre  of  land  cost  $80-50,  what  will  25  acres  2  roods 

35  rods  cost  ? 

7.  What  is  the  G.  C.  M.  of  144,  485,  and  63. 

8.  What  is  the  price  of  7439  cords  of  wood  at  $3-685  a  cord? 

0    Reduce    'j'Azo^.    i\A".^b   .iQ',t3.ifi.  and  sn.ivcu   to  their  lowest 

terms. 

10.  If  34i  bushels  of  turnips  are  worth  17  bushels  of  potatoes, 
and  9  bushels  of  potatoes  59^  lbs.  of  tea,  and  6  lbs.  of  tea  Hi 
stone  of  flour,  and  13  stone  of  flour  $3-60,  and  38  cents  pay 
for  12  lbs.  of  bread  ;  how  many  bushels  of  turnips  are  worth 
119  loaves  of  bread? 

11.  If  27  men  in  7  days,  working  8  hours  a  day,  paint  42  floors, 
each  20  feet  long'and  16  feet  wide,  with  3  coats  of  paint  to 
each;  in  how  many  days,  of  11  hours  each,  will  54  men 
paint  77  floors,  each  24  feet  long  and  22  feet  wide,  giving 
each  5  coats  of  paint  ? 

12.  Take  the  number  7449164  and  by  removing  the  decimal  point, 
make  it  (1)  Ten  thousand  times  greater. 

One  million  times  less. 
Hundredths  of  quintillionths. 
Thousandths. 
Tenths  of  billionths. 
Tenths. 

13.  Reduce  72342  nonary  to  equivalent  expressions  in  the  duo- 
denary, senary,  and  ternary  scales,  and  prove  the  results  by 
reducing  all  four  numbers  to  the  decitnal  scale. 


(2) 
(3) 
(4) 
(5) 
(6) 


232 


i'KUCENTAGK. 


.>r.(.T.  vii. 


M.  Kxprcsd  in  tlic  dcciiuul  scale  the  grcalcct  und  Icasl  luuubor.^ 
Hiat  can  be  formed  with  six  digits  in  the  binary,  qualcrnflvy, 
senary,  octcnary,  and  duodenary  scales. 

I'k  Write  down  all  the  divisors  of  1728. 

1(5.  What  is  (lie  1.  c.  in.  of  llie  firjl  fifrcon  rrrn  ninnl>cr.-,  'J,  1,  C. 
S)  «^'t>.  ?       .    . 

n.  From  97-D1:M-J  take  18-12?,4r)GT. 

18.  "What  would  l)e  the  cost  of  painting  a  coiling  20  ft.  Tin. 
long  and  19  ft.  5  in.  T  wide,  at  S287J  per  square  yard? 

19.  Divide  91G  acres  :^  roods  17  per.  7  vards  In-  4.'>  acres  1  rooil 
2  per.  1  7  yds. 


SECTION  \  11. 


PKRCENTAGE,  COMMISSION,  BROKERAGE, 

STOCKS,  INSURANCE,  CUSTOM-HOUSE 

BUSINESS,  ASSESSMENT. 

1.  Tho  term  Per  Cent,  is  derived  from  tlie  Latin  word 
jper,  "by"  or  "for"  and  ccntmn^  "a  luindred,"  and  means 
"for  a  hundred."  The  term  is  usually  employed  to  indi- 
cate the  allowance  paid  for  the  use  of  money,  but  may  plso 
be  used  to  express  so  much  tho  lumdred  units  of  any  other 
quantity. 

_  Thus,  tho  terra  5  per  cent,  on  sC>  many  dollars,  gallons,  miles,  days,  &r., 
siRnifles  $5  on  every  $100,  or  5  gallons  on  every  100  gallons,  or  5  miles  on 
every  100  miles,  or  C  days  on  every  100  days,  &c. 

2.  When  the  rate  per  cent,  is  known,  the  rate  per  unit 
is  easily  obtained  by  clividing  tlie  rate  per  cent  by  1 00. 

Thus,  1  por  cent,  is  equal  to  -j-,\^  or     '01  per  unit. 


2  per  cent. 

7  por  cent. 
.  9  per  cont. 

10  per  cent. 

18  per  cent. 

89  por  cent. 

95  per  cent. 
125  per  cent. 
378  per  cent. 


TOD  °*'  '02  per  unit. 

jJiTf  or  '07  per  unit. 

tI^it  or  '09  per  unit. 

l'(f(T  or  '10  per  unit. 

T^*^  or  '18  per  unit". 

■^^  or  '39  por  unit. 

V(T  or  '95  per  unit. 

_  \  or  1*25  per  unit, 

ifo^  or  3'78  per  unit. 


/i 


^afe?=» 


I.Skct.  vji. 

y,  qua/rrnanj. 
il»cr,-,  *J^  '],  {]. 


r  20  ft.    Tin. 
!irc  yard  ? 
acres  1  rood 
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i  por  cent,  is  oqual  to  — --  or  •005pcrunit, 


\  per  cent . 

J  per  con  t. 

i  per  cent. 

CA  per  ecu  1. 


— ^    or   •0023  per  niiit. 
1(U) 

-i-    or  '0075  per  nnit . 
100 

_?_    or   •0iM2r)  nor  unif. 
KM) 
«i 

._-_.    or  '0  J.'  pf^r  nmt,  Ac. 
100 


EXERCISES.     . 

1.  What  rate  per  unit  is  eiiuivalcnt  to  1-0  per  cent.,  11  percent., 

17  per  cent.,  G3  ]>cr  c.Mit.? 

2.  What  rate  per  nnit  is  equivalent  to  G  percent.,  25  per  cent., 

137  per  cent.? 
n.  What  rate  per  uniti-;  e(ir.ivaiciil  to  Ri  per  ccnt.,Oj  percent., 

2^  per  cent.? 
4.  What  rate  per  nnit  is  equivalent  to  ^  per  cent?  {  por  cent.? 

85  per  cent.? 
f).  At  OJ  per  cent.,  how  much  is  it  for  1  ? 
0.  At  18.?  per  cent.,  how  much  is  it  for  1  ? 

7.  At  23|  per  cent.,  how  much  is  it  for  1  ? 

8.  At  2-734  per  cent.,  how  much  is  it  for  1  ? 

9.  At  82-7  per  cent.,  how  much  is  it  for  1  ? 

10.  At  19J  per  cent.,  how  much  is  it  for  1  ? 


Jns.  -0025. 

.4ns.  -186. 

Ms.  -23025. 

./Ins.  -02734. 

.ilns.  -827. 

.4ns.  -193. 


3.  To  find  l.Iic  percentage  of  any  given  number —    - 

RULE. 

Multiply  the  given  number  by  the  rate  per  unit  expressed  flcci- 
mally,  and  point  off  the  product  as  directed  in  Art.  53,  See.  II. 
Example  11.— What  is  7  per  cent,  on  $673-93? 

OrEKATIOX. 

$673-93  X -07  =  $47-1731 

EXrLA.yATl0N.--7  per  cent,  is  equivalent  to  -07  per  unit ;  or,  in  other 
words,  the  porcentajre  on  each  dollar  is  7  cents.  It  is  obvious  thou  that  the 
percentage  on  the  whole  sum  will  bo  as  mauj'  times  7  cents  as  tlie  sum  con- 
tains dollars;  that  is  -07X673-93. 

Example  12. — What  is  Ci  per  cent,  on  $2934? 

./Ins.  $2934X-0G5  =  $190-71. 

ExAMPLis  13. — What  is  47^  per  cent,  on  7893  gallons  of  molasses? 

Ans.  7893  gal. X '4775  ==  3768-9075  gallons. 

EXERCISES. 

14.  What  is  5  per  cent  cf  $742-10?  Ans.  $57-10^. 

15.  What  is  11  per  cent,  of  $1000?  Ans.  $110. 

16.  How  much  is  10  per  cent,  of  $734-19?  .^ns.  $73-419. 


I 


i 


2:U 
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.'Ins.  $1421-4;!Vr). 

.Ins.  Sj;  124- 33 75. 

Ans.  $68.03i. 


./Ins.  $100-5555. 


17.  How  much  is  87i  per  ccnl.  ot$lG24-5(> ' 

18.  Wliat  is  12J  per  cent,  on  $991'70  ? 

19.  What  is  8^  per  cent,  on  $77750? 

20.  What  is  2^  per  cent,  of  $7135-80? 

21.  A  merchant  import.'?  2740  boxes  of  orange.'^,  and  Ihuh,  upon 
receiving  them,  that  20  per  cent,  of  the  wliole  qiuintity  nrc 
decayed.     To  how  many  boxor<  was  his  loss  equivalent? 

./l7is.  548  boxes. 

22.  A  gentleman  purchases  a  farm  for  $7490,  agreeinji;  to  pay 
10  per  cent.  dowH,  17  per  cent,  at  the  end  of  the  first  year, 
27  per  cent,  at  the  end  of  the  second  ycr,  and  4G  per  cent, 
at  the  end  of  (!ie  third  year.  What  is  the  amount  of  eaoii 
paynjcnt?  ./?//s.  $749  down. 

$1273-30  at  the  end  of  1st  year. 
$20-22-30  at  the  end  of  2nd  year. 
$3445-40  at  the  end  of  3rd  year. 

23.  What  is  the  difference  between  ^  per  cent,  of  $740  and  2  J 
per  cent,  of  $1680  ?  Jns.  $8-70. 

24.  If  I  purchase  729  gallons  of  brandy  and  lose  11  per  cent,  by 
leakage,  &c.,  how  much  have  I  remaining? 

Jns.  $648  iVo  gallons. 

25.  Add  together  25  per  cent,  of  $763-22,  16  per  cent,  of  $847-10, 
and  Gi  per  cent,  of  $1234-17.  Jlns.  $403-486225. 

26.  A  person  dying  leaves  an  estate  worth  $17429*40  to  be 
divided  among  his  three  sons.  The  eldest  is  to  receive  43 
per  cent,  of  the   whole,  the  second  37  per  cent,   of  the 

>    whole,  and  the  youngest  son  the  remainder  ;   what  is  the 
share  of  each  ? 

Jlns.  The  eldest  receives  $7494,64!,  the  second  $6448.8 7|, 
and  the  youngest  $3485.88. 

27.  A  merchant  purchases  vinegar  to  the  amount  of  689  78  gallons 
and  finds,  upon  receiving  it,  that  36  per  cent,  had  leaked 
away.     What  was  his  loss?  .4ns.  24832.08  gallons. 

28.  A  brick  kiln  contains  29800  bricks,  and  it  is  found  after 
burning  tliat  17  per  cent,  of  the  entire  quantity  are  worth- 
less ;  how  many  good  brick  were  there  in  the  kiln  ? 

Jns.  24734. 


COMMISSION. 

4.  Commission  is  the  percentage  charged  by  agents, 
or  commission  merchants,  for  their  services  in  purchasing 
or  selling  goods,  collecting  bills,  &c. 

The  person  who  buys  or  sells  goods  for  another  is  ca11«d  an  Agent,  a 
Commission  Merchant,  a  Factor,  or  a  Correspondent, 
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5.  To  liiui  the  commission  or  any  snm  at  u  given  rate 
per  cent,  is  simply  to  find  the  percentage  on  that  sum, 
and  the  rule  employed  is  the  satne  as  that  in  Art.  3,  viz : 

Multiply  the  given  amount  by  the  rate  per  unit  expressed  deei- 
mally. 

Example  1. — What  is  the  commission  on  $700.80  at  3  per  cent.? 

Jlns.  $790.80 X -03  =  $23,724. 

KxAMi'LE  2. — A  connnission  mcrclianl  sells  goods  to  the  amo«nt 
of  $7982-75;  what  is  hig  commission  at  2.^  per  cent.? 

.dns.  $7982-75x-0275  =  $219-525625. 

EXERCISES. 

3.  What  13  the  commission  on  $1000  nt  4J  per  cent.  ?  Jns.  $45. 

4.  What  is  the  commission  on  $1678-30  at  2.1  per  cent.? 

./?/is.  $37-76175. 

5.  What  is  the  commission  on  $7531-19  at  3i|  per  cent.? 

Ans.  $282-419625. 
0.  Find  the  commission  on  $508-60  at  1  i  per  cent.  ? 

.dns.  $6-3575. 

7.  Find  the  commission  on  $7863-50  at  l^  per  cent.? 

Jns.  $137-61125. 

8.  An  agent  collects  debts  to  tlie  amount  of  $878-30 ;  what  is 
his  commission  at  2 J  per  cent.?  ./?««.  $21-9575. 

9.  A  correspondent  purchases  teas  for  me  to  the  amount  of 
$7193-16;  what  have  I  to  pavhim  for  commission  at  3^  per 
cent.?  '  ./?7is.  $224-78625. 

10.  A  commission  merchant  sells  goods  to  tlic  amount  of  $6734- 10 ; 
what  is  his  commission  at  17  per  cent.  ?       Ans.  $1144''797. 

11.  An  agent  sells  718  barrels  of  flour  at  $7-13  a  barrel ;  what  is 
his  commission  at  4:}  per  cent.  ?  Ans.  $217-57195. 

12.  A  commission  merchant  disposes  of  8243  bushels  of  wheat 
at  $1-85  per  bushel ;  what  is  the  amount  of  his  commission 
at  5t  per  cent  ?  Ans.  $857-7871875. 


BROKERAGE. 


Y  agents, 
irchasinff 
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6.  Brokerage  is  the  percentage  charged  by  money 
dealers,  called  Brokers,  for  negotiating  notes,  mortf/ages,  hills 
of  exchange,  &c.,  or  for  buying  or  selling  stocks,  &c. 

7.  Brokerage  is  merely  another  name  for  commission, 
and  is  computed  by  the  same  rule. 
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13.  What  is  the  brokerage  on  $7893-87  at  2  per  cent.? 

Jins.  $158-8774. 

14.  What  is  tlio.  brokerage  on  $8000  at  i  per  cent.  ?     ./Ins.  $70. 

15.  Wliat  is  the  brokerage  on  $8043-22  at  li  per  cent.  ? 

./Ins.  $108-04025. 
IG.  Wliat  is  the  brokerage  on  $78903-80  at  I  per  cent.? 

./Ins.  $090-03325. 
17.  What  is  tlie  brokerage  on  $1987-27  at  3 J  per  cent.  ? 

./Jns.  $74-522025. 


8.  Commission  an  J  IJrokcrng-c  sliould  both  be  coniputcd 
on  tlic  amount  of  money  collected  or  invested. 

For  example  :  If  I  receive  $10000  to  invest  and  charge  G  per 
cent.,  my  brokerage  would  be  $500  if  I  in-vested  the  whole 
$10000  ;  but  if,  a3  is  usually  the  case,  T  nva  requested  to  deduct, 
from  the  amount  sent,  my  l)rokcrage  or  commission,  and  invest 
the  remainder,  it  would  obviously  be  unjust  to  charge  commission 
on  the  whole  amount, — 1.  o.,  on  the  sum  invested  and  also  on  the 
sum  I  retain  for  commission.  Hence,  in  all  cases,  the  sum  actu- 
ally expended  is  the  proper  basis  upon  wliich-  lo  compute  the 
commission,  brokerage,  &c. 

9.  To  compute  commission  or  brokerngc  when  it  is  to 
be  deducted  in  advance  from  a  givK  imount,  and  llie 
balance  invested — 

RULE. 

1.  Divide  the  given  amount  by  $\,  jdus  the  commission  on  $1, 
and  the  result  will  be  the  sum  to  be  invested. 

2.  Subtract  the  part  to  be  invested  from  the  given  amount^  and 
the  remainder  xcill  be  the  commission  or  brokerage. 

Example  18. — A  correspondent  receives  $10,782,  with  instruc- 
tions to  deduct  his  commission  at  35  per  cent.,  and  invest  the 
balance  in  sugar  at  9J  cents  per  pound.  IIow  much  sugar 
does  ho  ship  to  his  employer,  and  wliat  is  his  commission? 

orEBAiioy. 

$107S2-f-t-035  =  $10214-49275  =  sum  to  be  invested, 
$16782— $16214-49275  =  $507-50725  =  commission. 
$16214-49275-'-9i  cents  =  170678-871  lbs.  Ans, 

Explain ATiON.— The  commission  on  $1,  at  the  rate  of.3|  per  cent.,  is 
$ft-035.  Henco,  for  every  time  ho  receives  $1-035,  he  keeps  $0-035  for  com- 
mission and  invests  $1.  It  is  plain,  then,  that  if  wo  divide  the  given  amount, 
$WM,  by  $ro35,  or,  in  other  words,  flr,  '  ow  often  the  latter  sum  is  con- 
tained  in  the  former,  we  shall  find  how  ott  .m  he  invests  $1 ;  i.  e.,  how  many 
dollars  he  investii. 
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The  work  may  be  proved  by  finding  the  comiuiss^ion  on  Ike  aunt 
invented  {Art.  5),  and  comparing  it  with  the  commission  as  found 
by  deducting  the  sum  invested  from  the  xohole  sun  sent.  If  these 
are  equal,  the  work  is  correct. 

EXERCISES. 

An  agent  receives  $4000,  with  instructions  to  purchase  Great 
Western  Railway  Stock.  After  deducting  his  brokerage  at 
li  per  cent.,  how  much  money  liad  lio  to  invest  and  what 
v/as  his  brokerage?  ^Ins.  Invested  $3950-01728. 

Commission  $49-38271. 
A  merchant  sends  his  agent  $7500,  with  instructions  to  de- 
duct liis  commission  at  4i  per  cent,  and  purchase  laces  with 
the  remainder.  Whatis  the  commission,  and  what  sum  was 
exneuded  in  laces?  .'ins.  Commission  $322-9GG51. 

Invested  $717703349. 

21.  A  commission  merchant  receives  $8470,  with  instructions  to 
purchase  the  best  brand  of  Canadian  superfine  Hour  at  $0-40 
per  barrel.  He  is  to  receive  out  of  this  sum  5  per  cent,  ou 
ihc  amount  he  invests,  ilov/  many  barrels  of  flour  does  ho 
purchase?  '  ^ins.  $1200^^.,. 

22.  A  brokv "  receives  $11000,  with  instructions  to  invest  it  in 
Bank  Stock — deducting  his  brokerage  at }  per  cent.  What 
sum  had  he  to  invest?  Jus.  $10904-584882. 

23.  If  I  remit  to  my  agent  $13000,  instructing  him  to  purchase 
broadcloth  at  $3-G3  per  yard,  and  he  keeps  4^  per  cent  on 
the  sura  invested,  for  commission ;  how  much  cloth  doea 
he  send  me,  and  what  is  his  commission  ? 

Jns.  3427-0499  yds.  of  cloth. 
$559'808'J3  commission. 


STOCK. 

10.    Stocr.   is   a  terra  used   to  denote  the   Capital  of 

moneyed  inst'tutions,  as  Banks,  Railroad  Companies,  Gas 

:|  Companies,  Insurance  Companies,  Manufactories,  <S:c. 

•|      11.  Siock  is  usually  divided  into  portions  of  llOO  or 

'  £100  each,  called  shares,  and  the   different  individuals 

owning  these  are  called  shareholders  or  stockholders. 

13.  The  Association  of  Shareholders,  is  called  a  Com- 
pany  or  Corporation;  and  the  Act  of  Parliament  specify- 
ing their  corporate  pov/ers,  rights,  and  privileges  is  called 
a  charter. 

18.  The  nominal  ov  par  value  of  a  shkve  is  its  original 
cost  or  valuation. 
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14.  The  uiaiket  or  veal  value  of  a  s^Iiaro  is  tho  sum 
for  whicli  it  can  bo  sold. 

15.  Tlio  rise  and  fall  in  tho  value  of  stock  is  reckoned 
at  a  certain  per  cent,  on  its  no)ninul  ov  2J(U'  value. 

16.  When  ftocks  sell  for  their  orii^inal  cost  or  valua- 

lion,  they  are  said  to  be  at  p(ir;  wlien   they  sell  for  more 

than    their  original  valuation,  they  are  said  to   bo  at  a 

preiniiuii  or  advance^  or  above  ^xti'i  when  they  do  not  bring 

their  original  cost  or  Vctluation,  they  are  said   to  be  at  a 

discount^  or  bcloio  intr. 

Note. — Par  is  a  Latin  word,  and  iiit'aus  equal  or  a  stale  of  cqualifj/. 
Stock  is  at  par  when  a  lunidrdd-dolliir  ahnrv,  sells  lur  $\W) ;  it  is  above  par 
whon  it  briiij?s  more  than  $100,  and  below  par  wlicn  it  will  not  bring  as 
much  an  $100. 

17.  Persons  who  deal  in  Stocks  are  called  stockbrokers 
or  stock-jobbers. 

18.  To  find  how  much  stock  either  above  or  below  par 
a  given  sum  will  purchase  : — 

RULE. 

Divide  the  given  amount  by  the  amount  of  stock  $1  wilt  purchase, 
and  the  result  will  be  the  slock  required. 

Example  1, — How  much  stock  at  10  per  cent,  below  par  can 
be  purclmsca  for  $25000.  Jns.  ^rloOOO-^O-dO  =  '$21111-111. 

Explanation.— When  stock  is  lO  per  cent,  bcloio  par,  each  share  of 
$100  sells  for  only  $90.  i.e.  .$90  money  will  purchase  ^^100  stock,  therefore 
$0.90  money  will  purcliaso  $1  stock  and  tho  given  sum  will  purchase  $1 
stock  as  often  as  it  (the  Riven  sum)  contains  $0'W). 

Example  2. — IIoav  mucli  stock  at  1.")  per  cent,  premium  may 
be  purchased  for  $7000?     Jns.  $tOOO  -f-  Mo  =  $G086.95G5. 

Explanation.— When  stock  is  13  per  cent,  above  par,  it  requires  §115 
money  to  purchase  $100  stock,  or  .$1.15  money  to  purchase  $1  stock.  Hence 
if  we  divide  tlio  whole  sum  to  bo  invested  by  the  value  of  $1  stock,  it  is  evi- 
dent wo  must  get  tho  amount  of  stock  produced. 

Example  3. — I  own  $16400  stock  of  the  Bank  of  Montreal, 

and  sell  out  at  13  per  cent,  premium.    What  do  I  receive? 

./5ms.  $16400X1.13  =  $18532. 

Explanation.— Each  .?100  stock  bring  mo  $113  money,  or  $1  stqck 
brings  $1.13  money,  therefore  $16400  stock  must  bring  §18iOOXl.l3  money. 

EXERCISES. 

4.  A  person  has  $9000  which  he  wishes  to  invest  in  Grand 

Trunk  Railway  shares,  then  selling  at  1 7  per  cent,  discount, 
what  amount  of  stock  can  he  purchase?        jins.  $10843-3*73. 

5.  If  I  invest  $8500  in  Upper  Canada  Bank  Stock,  which  is  sell- 

ing 1 1  per  cent,  above  par,  what  amount  of  stock  do  I  receive  ? 

Jns.  $t657-65t6. 
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If  1  remit  lu  luy  agent  .tS175uo,  with  iuhimcliouti  lu  deduct 
hi.s  brokerage  lit  1 1  per  cent,  and  invest  the  remainder  in  Great 
Western  Railroad  Stock,  then  scllinRat  7  per  cent,  premium, 
what  amount  of  stock  do  I  receive  ?  Jus.  $l6l33-2'2. 

If  I  receive  $20000,  with  instructions  to  deduct  my  commis- 
sion at  IJ  per  cent.,  and  invest  the  balance  in  stock,  which 
is  then  selling  at  3  per  cent,  discount,  what  aujount  of 
stock  do  I  remit  to  my  employer?  Jm.  $20203[)37. 

Mr.  A.  owns  200  shares  in  the  Canada  Life  Assurance  Com- 
pany. Tlie  par  value  is  $100  a  share,  the  stock  at  a  premium 
of  5i  per  cent. ;  if  I  purchase  it  through  a  broker  who  charges 
me  I  per  cent,  for  the  transaction;  how  much  do  my  200 
shares  cost  me  ?  Jns.  $21284620. 


INSURANCE. 

19.  Insurance  is  h  written  agreement  by  which  an  indi- 
vidual or  an  incorporated  company  bintis  itwelf,  in  con- 
sideration of  a  certain  sum  paid  in  advance,  to  exempt 
the  owners  of  certain  kinds  of  property,  as  liouses,  house- 
hold furniture,  merchandise,  ships,  cfec,  from  loss  by  fire, 
shipwreck,  or  other  calamity, 

20.  The  Written  Instrument,  or  contract  between  the 
parties,  is  called  a  FoUcij  of  Insurance. 

21.  The  sum  paid  for  the  insurance  is  called  the 
Premium,  and  is  usually  a  certain  per  cent,  on  the  sum  for 
which  the  property  is  insured. 

22.  Houses,  merchandise,  furniture,  tfec,  are  usually  in- 
sured against  risk  of  fire  for  the  year,  or  other  specified 
time. 

NoTii.— The  rate  of  insurance  on  dwelling  liouses,  stores,  goods,  house- 
hold furniture,  &•,  vary  from  i  to  2  per  cent,  per  annum  on  the  sum 
insured,  accordinfi-  to  the  character  and  position  or  the  tenement :  vessels 
are  insured  for  the  voyage  or  the  year. 

23.  To  compute  the  premium  for  insurance  for  1  year, 
or  a  specified  time,  we  use  the  same  rule  as  for  Commission 
or  Brokerasre. 

Example  1. — If  I  insure  my  house  and  furniture  for  $7389,  at 

the  rate  of  \\  per  cent,  per  annum,  what  premium  must  I  pay 

yearly?  Ans.  $7389X-0125  =  $92-3325. 

Explanation.— 1 J  per  cent.,  i.e.  $1*25  per  $100,  is  equal  to  $'0125  per 
dollar.  The  premium  therefore  will  be  as  many  times  $0*0125  as  the  sura 
insured  contams  .$1 ;  i,  e.,  the  premium  will  be  $0'0125X7389, 
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EXERCISES. 

2.  What  Is  the  premium  for  insurance  on  $7500,  at  IJ  per  cent.? 

Jns.  $131-25. 

3.  What  is  the  premium  for  iusurance  on  $8375,  at  5  per  cent.? 

Jns.  62-8125. 

4.  AVhat  is  the  premium  for  insurance  on  .'^GOOO,  at  1|  per  cent.  ? 

Jns.  $112-50, 

5.  What  is  the  premium  for  insurance  on  $5000,  at  $1*17  per 

cent.  (i.  e.  per  $100)?  Jns.  $58-50. 

6.  What  is  the  premium  for  insurance  on  $C400,  at  $0-90  per 

cent.?  ^//s.  $57-60, 

7.  What  is  the  premium  for  insurance  on  $-1500,  at  $0-35  per 

cent.?  Jns.  15'75. 

8.  What  premium  must  I  pay  for  insuring  a  cargo  of  flour  Avorth 

$36000,  from  Quebec  to  Liverpool,  at  $3  per  cent.? 

Jns.  $1080. 

9.  A  firm  ov/ning  four  steamers  running  on  Lake  Ontario,  effect 

an  insurance  with  a  company  in  Toronto  on  each,  to  the 
amount  of  $27000,  paying  $4-82  per  cent.  (i.  c.  4e-i\^  per 
cent.)    What  is  the  total  premium  on  the  four  steamers  ? 

Jns.  $5205-60. 

10.  What  is  the  annual  premium  on  an  iusurance  for  $39000, 
at  21  per  cent.?  Jns.  $858. 

1 1 .  A  farmer  insures  his  barns  and  their  contents  to  the  amount  of 
$17800.     What  premium  does  he  pay  at  a  per  cent.  ? 

Jns.  $89. 

12.  A  vessel  running  between  Hamilton  and  Oswego  is  insured 
for  $12350,  at  the  rate  of  1^  per  cent,  per  month.  To  what 
does  the  premium  of  insurance  amount  for  7  months,  begin- 
ning with  the  10th  of  April  and  ending  with  the  10th  of 
November?  Jns.  $1235. 


24.  To  tind  what  sum  must  be  insuredibu  property  so 
that,  if  destroyed,  its  value  and  the  prsmium  may  both  be 
recovered : — 

RULE. 

Divide  the  value  of  the  property  by  $1,  minus  the  premium  on 
$1  at  the  gioca  rate  per  cent. 

Example  13. — A  ship-owner  wishes  to  insure  a  vessel  valued 
at  $17,450,  so  that  if  it  be  wrecked  he  may  recover  both  the 
value  of  the  vessel  and  the  premium.  In  order  to  do  so,  for  what 
sum  must  he  insure,  at  $4*60  per  cent.  ? 

Jifis.  $l7.450-f  954  =  $18,291-40461. 
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will  require  as  many  dollars  to  be  iusured  as  ^-Oj-i  is  contained  times  in 

«17450. 

Peoof.~$18291-40461  X -040= $841-40461  =  the  premium,  and  $18291-40461 
—$841-40461  =  117450  =  value  of  the  vessel. 

Example  14. — What  sum  must  be  insured  on  a  house  valued 
at  $6000,  at  3  per  cent.,  so  that  in  case  of  fire  tlie  value  of  both 
premium  and  property  may  be  secured  ? 

Jns.  $6000-f-97  =$6185-567. 

Exi'iiAN ATioN.~For  every  dollar  1  lose  (taking  my  premium  into  account) 
I  receive  97  cents ;  that  is,  in  order  to  receive  97  cents,  I  must  insure  for 
$1,  and  in  order  to  receive  $6000,  without  any  loss,  I  munt  insure  for 
$6000-f--97  =  $0185-567. 


EXERCISES. 


15 


For  what  sum  must  I  insure  a  cargo  valued  at  $17000,  so 
that  in  case  the  whole  is  lost  I  may  recover  both  the  value 
of  the  property  and  the  premium  of  3|  per  cent. 

Jns.  $17616.58. 

16.  For  what  sum  must  I  insure  on  $22750  in  order  to  cover 
both  the  premium  of  6  per  cent,  and  the  value  of  the  property 
insured?  ./?ns.  $24202.127. 

17.  What  sum  must  be  insured  at  2i  per  cent,  on  property 
worth  $15000  so  that  the  owner  may  be  secured  against  all 
loss?  .4ns.  $15345-2685. 
A  steamer  worth  $33000  is  insured  at  5|  per  cent,  for  such 

a  sum  that  iu  case  of  its  becoming  a  total  wreck,  the 
owners  recover  both  the  worth  of  the  vessel  and  the  pre- 
mium of  insurance.     For  what  sum  is  it  insured  ? 

.^rts.  $35013-2625. 


18 


CUSTOM  HOUSE  BUSINESS. 

25.  All  gooUs  coming  into  Canada  from  foreign  coun- 
tries are  required  by  law  to  be  landed  at  certain  places  or 
ports  called  Ports  of  Entry. 

26.  At  every  Port  of  Entry  in  Canada  the  Government 
has  an  establislKnent  called  a  Custom  House,  with  one  or 
more  oflScers  attached  to  it,  called  Custom  House  Officers. 

27.  A  certain  charge  called  a  Duty,  fixed  by  Act  ol 
Parliament,  is  made  upon  nearly  all  goods  entering  Canada 
from  foreign  countries. 

28.  It  is  the  business  of  the  Custom  House  Offi,cer$  to 
inspect  the  cargoes  of  all  vessels  entering  at  any  of  thesQ 
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portf«,  to  examine  the  invoice  of  goods,  collect  the  duties, 
(fee,  &c. 

20.  Besides  the  duties  on  merchandise,  all  vessels  en- 
gaged in  commerce  are  required  to  pay  certain  charges  for 
the  privilege  of  entering  the  port,  &c. ;  these  charges  are 
(tailed  harbor  dues. 

30.  The  duties  levied  by  law  on  goods  imported  into 

Canada  are  of  two  kinds : 

1st.  Specific  duties. 
2nd.  Ad  Valorem  duties. 

31.  A  ^specific  duty  is  a  certain  sum  levied  on  ''  'on, 
cwr.,  lb.,  gallon,  square  yard,  &c.,  of  a  particular  ,.  >.'  of 
mercliandise,  as  so  much  per  square  yard  on  woollens, 
tlannels  or  cloths,  so  much  per  lb.  on  tea,  so  much  per  gal- 
lon on  brandy,  wine,  &c. 

32.  An  ad  valorem  duty  is  a  certain  per  centage  on  the 
actual  cost  of  the  goods  in  the  country  in  which  tliey 
were  purchased. 

Thus  an  ad  valorem  duty  of  10  per  cent,  on  satin  purchased  in  France 
is  a  charge  for  duty  of  10  per  cent,  of  the  sum  tlie  invoice  of  satin  cost  in 
France. 

Note  1  .—The  term  ad  valorem  is  from  the  Latin,  and  means  according  to 
the  value,  i.e.  upon  the  value. 

Note  2.— An  invoice  is  a  written  statement  of  the  goods,  showing  the 
quantity  of  eacli  sort  and  its  value  or  price. 

33.  In  the  United  States  Custom  Houses  certain  legal 
allowances  are  made  for  draft,  tare,  leakage,  &c.,  before 
specific  duties  are  imposed.  In  Canada,  however,  as 
before  remarked,  (Art.  4.,  Sec.  VI.,)  these  are  not  known, 
the  tare  being  found  by  actually  weighing  one  or  more  of 
the  boxes,  &c.,  containing  the  goods,  and  the  leakage  by 
guaging  the  cask. 

Note.— At  present  (1859)  the  various  kinds  of  spirits  are  the  only  articles 
upon  which  specific  duties  are  charged  by  the  Canadian  Tariff. 

34.  To  calculate  the  specific  duty  on  an   invoice   of 

goods — 

RULE. 

Deduct  the  tare,  leakage,  SfC,  and  multiply  the  remainder  by 
the  given  duty  per  gallon,  lb.,  yard,  ifc. 

Example  1. — At  4i  cents  per  lb.  what  is  the  specific  duty  on 
1  bags  of  coffee  weighing  13  lbs.  each,  allowing  4  lbs.  per  100 
for  tare. 
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OPEEATIOX. 

73X   7  =  511   lbs.  =  gross  weight. 
511 X -04  =  20 J  lbs.  =  tare. 

490J  =  net  at  4i  cents  per  lb.  =  490iX4i  =  $20-8Wl.  Aii/f 
Example  2. — What  is  the  specific  duty  on  10  chests  often,  the 
net  weight  78^  lbs.,  at  11  cents  per  lb.  ? 

OPERATIOX. 

783 X  11  =  8613  cents  =:  ?80-13.  .7/).^. 
EXERCISES. 

3.  What  is  the  specific  duty,  at  3i  cents  per  lb.,  on  5  hhds.  of 
sugar,  each  weighing  1347  lbs.,  allowing  tare  Gibs*,  per  100  ? 

Jns.  $221-r)8. 

4.  What  is  the  specific  duty,  at  $1*20  per  100  lbs.,  on  1 1  bags  of 
rice,  each  weighing  127  lbs.,  allowing  3  lbs.  per  100  for  tare  ? 

Jlns.  $1G-2G. 

5.  What  is  the  specific  duty,  at  13  cents  per  gallon,  on  129  gal- 
lons of  oil?  '  ./?«s.  $18-77. 

G.  What  is  the  specific  duty,  at  51  cents  per  lb.,  on  207  drums 
of  figs,  each  weighing  31  lbs.,  allowing  2^  lbs.  a  drum  for 


tare? 


Jns.  $342-19i 


What  is  the  specific  duty,  at  47  cents  per  yard,  on  2 14  yards 
of  black  silk  velvet?  Jns.  §100-58. 


35.  To  find  tlu^  ((d  valorem  duty  on  nn  invoice  of  mcr- 

cliandise — 

RULE. 

Multiply  the  value  of  the  goods  at  the  place  in  which  they  were 
purchased  by  the  per  cent,  charged,  expy'essed  decimally,  and.  the 
result  will  be  the  duty  required. 

Example  8. — What  is  the  ad  valorem  duty,  at  27  per  cent.,  on 
an  invoice  of  brandy  which  cost  $7493-70.? 

OPERATIOK. 

$7493-70 X -027  =  $2023-299.  Ans. 

Example  9. — What  is  the  ad  valorem  duty,  at  19  per  cent,  on 
a  quantity  of  broadcloth  which  cost  $4116*40? 

OPEUATIOX. 

$411G-40X-19  =  $782-116.  ./fws. 

EXERCISES. 

10.  What  is  the  ad  valorem  duty,  at  21  per  cent.,  on  an  invoice 
of  silks  which  cost  $17429-80  ?  Ans.  $3660-2580. 

11.  What  is  the  ad  valorem  duty,  at  7 J  per  cent.,  on  40  boxes 
of  tea  which  cost  $2920-16?  Ans.  $219-012. 

12.  What  is  the  ad  valorem  duty,  at  25  per  cent.,  on  an  invoice 
of  jewellery  which  cost  $71342-90?  Ans.  $17835-725. 
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What  is  the  ad  valorem  duty,  at  20  per  ceut.,  on  an  invoice 
of  boots  and  shoes  which  cost  $913-73  ?         ^ns.  $182-746. 
14.  What  is  the  ad  valorem  duty,  at  33  per  cent.,  on  an  invoice 
of  French  silks  which  cost  $14713.10  ?  Jns.  $4865-3527. 


ASSESSMENT  OF  TAXES. 

36.  A  Tax  is  a  certain  sum  required  to  be  raised  by  a 
municipality  for  local  improvement,  payment  of  officers, 
and  other  general  purposes.  It  is  collected  from  each 
citizen  in  proportion  to  the  value  of  his  property. 

37.  In  levying  taxes  the  first  thing  to  be  done  is  to 
make  a  complete  inventory  of  the  value  of  all  the  property 
in  the  citv,  town,  township,  <fec.,  in  which  the  tax  is  to  be 
raised.  This  inventory  is  made  by  officers  called  Assessors, 
appointed  by  the  municipality. 

38.  To  calculate  the  amount  of  taxes  any  one  indivi- 
dual has  to  pay — 

RULE. 

Divide  the  whole  value  of  rateable  property  in  the  town,  town- 
ship, Sfc.j  by  the  whoh  sum  to  be  levied:  the  quotient  will  he  the 
sum  to  be  paid  on  each  dollar. 

Multiply  the  rate  per  dollar  by  the  amount  of  the  person'' s  pro- 
perty, and  the  product  will  be  the  amount  of  his  tax. 

Example  1. — A  certain  township  requires  to  raise  the  sum 
of  $14729-00  for  general  purposes;  the  whole  amount  of  rateable 
property  in  the  municipality  being  set  down  at  $2743500,  what 
proportion  must  I  bear  if  my  property  is  assessed  at  $7490-00. 

OPERATION. 

$2743500  -r  14729-00  =  $0-006365  =  rate  per  dollar. 
$0-005365  X  7490  =  $40*18385.  Ans. 

EXERCISES. 

2.  The  assessment  rolls  of  a  town  show  the  value  of  the  rateable 

property  to  be  $7142300.  A  tax  of  $23900  is  to  be  levied 
for  general  purposes,  how  much  is  my  proportion,  my  pro- 
perty being  set  down  at  $14729-50.        Jlns.  $49-28J  cents. 

3.  A  tax  of  $100000  is  to  be  levied  on  a  county  having  rateable 

property  to  the  value  of  $5793000,  what  is  the  amount 
borne  by  A,  whose  property  is  valued  at  $18600  ? 

j^ns.  $321-0732. 

4.  In  the  last  example  what  would  be  the  amount  of  B's  tax, 

the  value  of  his  property  being  $7500  ?        Jlns.  $129-4725. 

6.  In  the  same  example  what  would  be  the  amount  of  C's  tax, 

his  property  being  assessed  at  $11400.         Jns.  $196- 7982. 
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QUESTIONS  TO  BE  ANSWEEED  BY  THE  PUPIL. 
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Note.— TAe  numerals  after  the  questions  refer  to  themtmbered  articles 
of  the  section. 

1.  What  is  the  meanin)?  and  derivation  of  the  torm  per  cent.  P  (1) 

2.  Svheii  the  rate  per  cent,  is  known,  how  is  the  rate  per  unit  obtained  ?  (2) 

3.  How  do  we  ascertain  the  per  centage  on  anj'  given  number?  (3) 

4.  What  is  commission  ?  (4) 

5.  What  is  the  person  who  sells  goods  for  another  called  ?  (4) 
e!  How  do  we  find  the  commission  or  any  given  sum  P  (5) 

7.  What  is  Brokerage  P  (6) 

8.  How  is  the  brokerage  on  any  sum  computoa  ?  (?) 

9.  Upon  what  sura  should  Commission  and  Brokerage  bo  computed  V  (8) 
to.  Explain  this  by  an  example. 

11.  How  do  we  compute  commission  or  brokerage  whun  it  is  to  be  deducted 

in  advance  from  a  given  amount,  and  the  balance  invested  P  (9) 

12.  How  is  this  rule  proved  P  (9) 

13.  what  is  understood  by  the  term  Stock?  (10) 

14.  How  is  Stock  usually  divided?  (11) 

15.  What  is  meant  by  the  terms  Shareholders,  Corporation,  and  Charter  P 

(11  and  12) 

16.  what  do  you  understand  by  the  nominal  or  par  value  of  Stock  P  (13) 

17.  What  is  meant  by  the  market  or  real  value  of  Stock  P  (14) 

18.  When  is  Stock  said  to  be  at  par?  when  at  a  premium  or  above  par  ? 

and  when  at  a  discount  or  below  par  /  (16) 

19.  What  is  the  meaning  of  the  term  par  I  (16,  note.) 

20.  What  are  persons  who  deal  in  Stocks  called  P  (17) 

21.  When  Stock  is  either  above  or  below  par,  how  do  we  find  how  much  of 

it  a  given  sura  will  p\irchase  ?  (18) 

22.  What  is  Insurance  V  (19) 

23.  What  is  a  Poin-y  of  Insurance  P  (-20) 

24.  What  is  meant  by  the  Premium  of  Insurance  P  (21) 

25.  For  what  le  igth  of  time  is  property  usually  insured?  (22) 

2G.  How  do  we  compute  the  premium  of  insurance  on  any  amount  of  gooda, 
property,  &c.  P  (23) 

27.  How  do  we  compute  the  amount  for  which  we  must  insure  in  order  to 

cover  both  the  value  of  the  property  and  the  premium  paid  P  (24) 

28.  How  may  the  truth  of  this  rule  be  proved  P  (24) 

29.  What  are  Ports  of  Entry  ?  (25) 

30.  What  is  the  duty  of  Custom  House  Officers  ?  (28) 
31  What  are  duties  P  (-27) 

82.  What  are  harbor  dues  P  (29) 

33.  What  different  kinds  of  duties  are  levied  on  goods  in  Canada  P  (30) 

34.  What  are  specific  duties?  (31) 

35.  What  is  an  ad  valorem  duty  ?  (32) 

36.  What  is  the  meaning  of  the  term  ad  valorem  ?  (32) 
87.  What  is  an  invoice  P  (32) 

38.  What  is  the  rule  for  computing  specific  duties  P  (31) 

39.  What  is  the  rule  for  calculating  ad  valorem  duties  P  (35) 

40.  What  is  a  tax  P  (36) 

41.  How  are  taxes  imposed  P  (37  and  38) 
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SECTION  VIII. 


INTEREST,  DISCOUNT,  EQUATION  OF  PAYMENTS, 
AND  PARTNERSHIP. 

1.  Interest  is  the  sum  allowed  for  tbe  use  of  money, 
and  is  usually  reckoned  at  a  certain  rate  per  cent,  per 
annum;  that  is,  so  many  pounds  for  the  use  of  £100  for 
one  year,  so  many  dollars  for  the  use  of  $100  for  one 
year,  &c. 

Note.— Tlio  term  imr  cent,  moans  pei'  hundred ;  per  annum  moans  per 
year. 

2.  Interest  differs  from  Commission,  Brokerage,  &c.,  in 
that  the  latter  are  computed  at  a  certain  per  cent,  without 
regard  to  time,  while  interest  is  calculated  at  a  certain 
rate  per  cent,  for  one  year,  and  consequently  for  longer  and 
shorter  periods  in  like  proportion. 

3.  The  Principal  is  the  sum  lent. 

4.  The  Rate  per  cent,  is  the  sum  paid  for  the  use  of  each 
hundred  dollars,  pounds,  «fec. 

5.  The  Rate  per  unit  is  the  sum  paid  for  the  use  of  each 
dollar,  pound,  (fcc. 

6.  The  Interest  is  the  whole  sum  received  for  the  use  of 
the  principal. 

7.  The  Amount  is  the  sum  obtained  by  adding  together 
the  principal  and  tlic  interest. 

Thus,  if  I  lend  $20(>  for  a  year,  on  the  agreement  that  I  am  to  receive 
interest  at  the  rate  of  7  per  cent,  {per  anmim,  understood),  at  the  end  of 
the  year  I  receive  back  the  $200,  and  in  addition  $14  for  interest.    Horo, 

$200.00  is  the  principal. 
7.00  is  the  rate  per  cent. 
0'07  is  the  rate  per  unit. 
14.00  is  the  interest. 
214.00  is  the  amount  =  principal  -j-  interest. 

8.  Interest  is  either  Simple  or  Compound. 

9.  Money  is  lent  at  Simple  Interest  when  the  interest  is 
not  added  to  the  principal  so  as  to  bear  interest. 

Thus,  if  $100  be  letit  at  simple  interest  at  5  per  cent,,  the  principal  remains 
unchanged,  being  always  $100,  and  the  interest  for  each  successive  year  is  $5. 
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10.  Money  is  lent  at  Compound  Interest  when  the  in- 
terest, as  it  falls  duo  from  time  to  time,  is  added  to  the 
principal ;  the  sum  thus  obtained  constituting  a  new  prin- 
cipal lor  the  ensuing  year,  half  year,  quarter,  &c.,  as  the 
case  may  be. 

Thus,  if  $100  bo  lent  at  6  per  cent,  por  annum  compound  interest,  the 
priocipal  changes  at  the  end  of  each  year;  being  $100  for  the  first  year, 
$106  (i.  0.  former  principal  +  its  interest)  for  the  second,  $110'26for  the 
tliird,  &c.  Tiie  interest  is  consequently  $5  for  the  first  year,  $6"25  for  tlio 
second,  $5-5125  for  the  tliird,  &c. 
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11.  Questions  in  interest  are  dependent  on  Proportion, 
and  may  all  readily  be  solved  by  one  or  more  statements  in 
the  Rule  of  Three ;  but  in  order  to  deduce  special  rules,  we 
shall  represent  the  different  quantities  by  their  initial  let- 
ters, and  thus  obtain  a  series  of  algebraic  formulas,  which, 
translated,  become  the  common  arithmetical  rules  for  in- 
terest. 

It  is  to  be  presumed  that  the  pupil  has  made  suHlciont  progress  in  Algebra 
before  he  arrives  at  this  point,  to  readily  understand  what  follows.  The 
operations  involved  are  of  the  simplest  kind,  and  may  without  difficulty  be 
comprehended,  even  by  those  wholly  ignorant  of  Algebra.  The  only  part, 
however,  absolutely  necessary  for  workinjj  any  problem  in  interest,  is  the 
interpretation  of  the  for7nula,  i.e.  the  arithmetical  rule,  and  this  we  have 
always  appended.  A  glance  at  the  formulas  and  the  corresponding  rules 
will  show  how  much  less  labor  is  necessary  to  remember  the  former  than 
the  latter ;— and  indeed  the  pupil  should  be  required  to  deduce  from  time 
to  time  any  formula  he  may  find  it  necessary  to  use. 

Note. — When  two  or  more  letters  are  writlen  together  thus, 
prt,  the  meaning  is  that  the  values  of  these  letters  are  to  he  mul- 
tiplied together.  Thus,  Prt  means  that  the  value  of  P  is  to  be 
multiplied  by  the  value  of  r,  and  that  by  the  value  of  t. 

A-P 

When  letters  are  written  in  the  form  of  a  fraction,  thus  — =r— 

Pr 

the  meaning  is  the  same  as  in  common  arithmetical  fractions  ; 

i.  e.,  that  the  part  constituting  the  numerator  is  to  be  divided  by 

the  part  constituting  the  denominator. 

A-P 
Thus,  -=r—  means  that  the  value  of  P  is  to  be  subtracted  from 
Pr 

the  value  of  .4,  and  this  difierenco  is  to  be  divided  by  the  value 

of  P  multiplied  by  the  value  of  r. 
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(VI.) 


=  -^(vn.) 


n  = 


Pr 
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Let  P  =:  Principal,  I  =  Intet'eat,  A  =  ^j«om»^,  r  =  rate  per  unit, 
=  time  (i.  c,  number  of  years). 

Then  because  r  =  interest  of  $1  for  1  year,  and 
t  ==  number  of  years,  rt  =  interest  of  $1  for  the 
given  time,  ana  Prt  =  interest  of  given  princi- 

?al  for  given  time  and  at  given  rate.  Therefore 
=  Prt  and  dividing  each  of  these  equals,  1st  by 
rt,  2nd  by  Pt,  and  3rrt  by  Pr,  wo  get  formulas 
(II.),  (lit)  and  (IV.)  in  the  margin. 

Again,  because  rt  =  interest  of  $1  at  given  rate 
and  for  given  time,  1+rt  =z  the  amount  of  $1  at 
given  rate  and  time,  and  P  times  \-\-rt ;  that  is, 
JPd-f-***)  =  amount  of  given  principal  at  the  given 
rate  and  time.  Therefore  A=:P  (l-fr^,  which  is 
formula  (V.)  in  the  margin,  and  dividing  each  of 
their  equals  by  1-f  ^'f^,  we  get  formula  (Vi.)  in  the 
martsin.  Taking  (V.)  and  actually  multiplying 
as  indicated,  the  i)art  within  the  brackets  by 
P,  we  get  A  =  F+Prt;  and  subtracting  P  from 
each  of  these,  wo  get  A—P  =  Prt.  Dividing 
those  equals,  1st  by  Pt  and  2nd  by  Pr,  wo  get 
formulas  (VII.)  and  (VIII.)  in  the  margin. 

Lastly,  if  we  are  required  to  find  in  what  time 
any  sum  of  money  will  amount  to  any  given 
number  of  times  itself  at  a  given  rate  per  cent., 
or,  in  other  words,  in  what  time  any  principal  will 
amount  to  n  times  that  principal  where  n  sim- 
ply stands  for  the  required  number  qf  times,  we 

have  in  formula  (Vllf)  in  the  mai-gin 
^ p       ^ip p 

i':zz  — s — =  —7i —  because  the  amount  is  to 
—     Pr  Pr    > 

be»P;  and  dividing  both  numerator  and  de- 
nominator of  this  fraction  by  P.we  get  formula 
(IX)  inthemare-in. Multiplying  (IX.)byrweget 
tr=i  n-\ ;  and  dividing  these  equals  by  t,  we  get 
formula  (X.) ;  and  again,  adding  1  to  each  of 
these  same  equals,  we  get  formula  (XI.) 

APPLICATIONS. 

13.  "When  the  principal,  rate  per  cent.,  and  time  are 
given,  io  find  the  interest — 

RULE.  I=Prt.(i.) 

Intrrprbtation. — The   interest  is  found  by  multiplying    the 
prindp  il  by  the  rate  per  unit,  and  the  resulting  product  by  the  time. 

Example  1.— What  is  the  interest  on  S342-20  for  Y  years  at  8 
per  cent.  ? 

OPERATION. 

Here  F  —  ;53-12'20,  r  =  '08,  and  t  —  7. 

Then  /  =  Prt  =  $342-30X-08X7  =  $191-(}32.  Am. 

14.  When  the  interest,  rate  per  cent.,  and_tirae  are  given, 
to  find  the  principal — 

RULE.  P  =  -4  (»•) 
rt  ^ 

Interpretation.— TAc  principal  is  found  by  dividing  the  inttr^ 

est  by  the  product  of  the  rate  per  unit  and  the  time. 
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Example  2.— What  principal  will  give  $207-50  intereet  in  6i 
years  at  4}  per  cent.  ? 

OPBBATION. 
Here  /=  $207-60,  t  =  6'6,  and  r  =  '0475. 


Then  P 


_  7  __    g207-5()     _1 


?'^07'50 


=  $6«'i-0tf4.  Ans. 


rt  ~~  6-5X'0175        -30876 

15.  When  the  interest,  principal,  and  time  are  given,  to 
find  the  rate  per  cent — 

RULE.    r=y^  (\u.) 

Interpretation. — The  rate  per  unit  is  found  by  dividing  the 
interest  by  the  product  of  the  principal  and  time,  and  the  rate  per 
cent,  is  found  from  the  rate  per  unit  by  multiplying  the  latter  6y  100. 

Example  3. — At  what  rate  per  cent,  will  $729-18  give  $109-11 
interest  in  9  years  ? 

OPERATION, 


Here  P  =:  $729-18,  7=  $109-11.  and  <  =  9. 

I  109-11  109-11        „«,«,„ 

Then  r=-jj-^  =  ^--^g^g  =  ^^^^  =  0  01662 


:  rate  per  unit. 


Therefore  the  rate  per  cent.  =  0-1662X100  =  1-662  =  If  nearly.  Ans. 

18.  When  tlie  interest,  principal,  and  rate  per  cent,  are 
given,  to  find  the  time — 

RULE,   t  zz  —  (iv.) 
Pr 

Interpretation. — The  time  is  found  by  dividing  the  interest  by 

the  product  of  the  principal  and  rate  per  unit. 

Example  4.— In  what  time  will  $850  give  $89-75  interest,  at 

13  per  cent.? 

Here  P  =  $850,  /  =  $89-75,  and  r  =  -IS. 

/  89-75  89-75         897*5 


T^«"^^1^.  =  850X-13 


=  TT^  =  TT;^  =  0-812217  years  =  9mos. 


110-5  1105 

22  days. 

17.  When  the  principal,  rate  per  cent.,  and  time  are 
given,  to  find  the  amount — 

RULE,    ji  =  P(l+rO  (V.) 

Interpretation. —  The  amount  is  found  by  multiplying  the  prin- 
cipal by  the  amount  o/$l  for  the  given  rate  and  time. 

Example  5. — To  what  sum  will  $789-80  amount  in  11  years, 
at  3  per  cent.  ? 

operation. 
Here  P  =  $789*80,  r  =  '03,  and  t  =  11. 

Then  A  =  P(l+rt)  =  $789*80X1-33  =  $1060*434.  Ana. 

Note,— (1+rO  in  this  question  =:  l+'SXll  —  l+*a3  =  1'88. 
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18.  When  the  amount,  rate  per  cent.,  and  time  are 
given,  to  find  the  principal'^ 

RULE.    P=-^(vi.) 

Intbrpbbtation. —  The  principal  is  found  by  dividing  the 
given  amount  by  the  amount  of  $1  for  the  given  time  at  the  given 
rate. 

Example  G. — What  principal  put  to  interest  at  7J  per  cent, 
will  amount  to  $2000  in  8  years  ? 

OPERATION. 

Here -4  =  $2000,  y  = 'OTS  and  <  =  8. 

mi,       n_      ^  2000         20000        ^,„_    / 

^^'""^-l+H  =-r60-  =  -16"  =  ^1250  Ans. 

19.  When  the  amount,  principal,  and  time  are  given,  io 
find  the  rate  per  cent. — 

RULE.    r  =  ^^^(vii.)' 

Interpretation. — The  rate  per  unit  is  fouml  by  subtracting 
the  principal  from  the  amount^  and  dividing  the  difference  by  the 
principal  multiplied  by  the  time.  The  rate  per  cent,  is  found  by 
multiplying  the  rate  per  unit  by  100. 

Example  1. — At  what  rate  per  cent,  will  $730  amount  to 
$2783-80  in  23  years? 

OPERATION. 

Here ^  =  $278380    P  =  $730    tz=2X 

A—P       $2783-80— $730      $2053-80.       ,„,.  .  ., 

Then  r=.y^  =  ^-Jm^-W  =  Jwm    = '''''  =  ^"*°  ^^^  ^""*- 

Hence  i-ate  per  cent.  =  12-23  =  12i  nearly. 

20.  When  the  amount,  principal,  and  rate  per  cent,  are 
given,  to  find  the  time — 


RULE,    t  =  "^-^  (viii.) 
Pr 

Interpretation. —  The  time  is  found,  by  subtracting  the  princi- 
pal from  the  amount  J  and  dividing  the  difference  by  the  principal 
multiplied  by  the  rate  per  unit. 

Example  8.— -In  what  time  will  $666-33  amount  to  $983-73  at 
14  per  cent.  ? 

OPERATION. 

Here  A  =:  $983-73    P  =  $666-38  and  r  =  '12. 

_,       ^  _  A—P  _  983-73-666-33  _  317-40   _  3174000      „.„^„, 

Then  <  =  -]^-=eo6-33x-i2  ='i^^'=^mm=^^^''^'^''^ 

=  3  years  11  months  19  days  Ans, 
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21.  To  find  the  time  in  which  any  jum  will  amount  to 
any  given  number  of  times  itself  at  a  given  rate  per  cent. — 

n — 1  ,.    . 

RULE,    t  =  (IX.) 

r 

Interpretation. — To  find  the  time  in  xohich  a  given  sum 
will  amount  to  n  times  itself  at  a  given  rate  per  cent.,  subtract 
[from  n,  and  divide  the  remainder  by  the  .ate  per  unit. 

Example  9. — In  what  time  will  any  sura  of  money  amount  to 
eleven  times  itself  at  8  per  cent? 

OPERATION. 

Here  «  =  11  and  r  =  "08, 

^      n— 1       11— 1_10   _1000_„^ 
Then  tz=  --  =-^  __  __  =i25j-cars. 

Example  10. — In  what  time  will  $07*83  quadruple  itself  at  4J 
per  cent.  ? 

OPERATION. 

Here  n  =  4,  since  the  money  is  to  quadruple  itself,  and  r  =  '0478. 


Then  t  = 


n— 1 


4r-l 


30000 


=  — --—  =  — — -  =  -7;r—  =63'157  years.  Ana. 


•0476        -0475        475 

22.  To  find  the  rate  ^kt  cent,  at  which  any  sum  will 
amount  to  a  given  number  of  times  itself  in  a  given  time — 


RULE,    r 


—1 


/ 


(X.) 


Interpretation. —  The  rate  per  unit  is  found  by  subtracting  1 
from  n,  the  number  of  times  itself  to  which  the  given  principal  is  to 
amount,  and  dividing  the  remainder  by  the  given  number  of  years. 

Example  11. — At  what  rate  per  cent,  will  a  given  sum  amount 
to  25  times  itself  in  12  years  ? 

operation. 
Here  n  =  25  and  <  =  72. 

»—l  —25— 1_  24  _,_.„„,  _     ,  .. 

Then  r  =  — r-  =  — ^  =  -=^  =  1  =  *33i  =  rate  per  unit. 

Hence  rate  per  cent.  =  331.  Ans. 

23.  To  find  to  hoiv  many  times  itself  &  given  sum  will 
amount  in  a  given  time  at  a  given  rate  per  cent. — 

RULE.    n=ztr+l.  (xi.) 

Interpretation. — The  number  of  times,  or  n,  is  found  by  mul- 
tiplying the  time  by  the  rate  per  unit,  and  adding  1  to  the  product. 

Example  12. — To  how  many  times  itself  will  four  cents 
amount  in  20  years  at  1 7  per  cent.  ? 
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OPERATION. 

Here  t  =  20  and  v  =  '17. 

Then  h=  tr  -|-  1  =  2«  x  -17  +  1  =  3'1  +  1  =  V4  =  ii  times  itself.  Am, 

EXERCISES. 

13.  What  is  the  interest  ou  $723'19  for  732  ycurs  at  G-7  per  cent. 

Am.  $354-G81303G. 

14.  To  what  aiim  will  8857*19  amount  in  Gi  years  at  GJ  per  cent  V 

Alls.  $1219-352775. 

15.  To  how  many  times  Itself  will  Jt."2  10s.  9^(1.  amount  in  11 
years  at  72J  per  cent.  Ans.  8*975,  or  nearly  9  times. 

IG.  In  what  time  will  $G54*32  give  $234*5G  interest  at  7  per 
cent?  Am.  5*121 12,  or  5  years  1  m.  7  days. 

17.  At  what  rate  per  cent,  will  $700  amount  to  $1200  in  5 
years  ?  Ans.  14^  per  cent. 

18.  In  what  time  will  any  aura  of  money  quadruple  itself  at  23 
per  cent?  Ans.  13  years  15  days. 

19.  Find  the  time  in  which  $270  will  give  $87  interest,  at  7  per 
cent.  .'/'IS.  4  years  7 /i  months. 

20.  To  what  sum  will  $080  amount  in  1 1  i  years,  at  1 1  per  cent.  ? 

Ans.  $1540-20. 

21.  What  principal  will  amount  to  $2000  in  20  years,  at  8  per 

cent.  V  Ans.  .$709*23/3. 

22.  At  what  rate  per  cent,  will  any  sum  of  money  amount  to  21 
times  itself  in  24  years  ?  Ans.  83J  per  cent. 

23.  In  what  time  will  a  given  sum  of  money  amount  to  23  times 
itself,  at  IG  per  cent.?  Ans.  137J  years. 

24.  Find  the  interest  on  $679*18  at  7J  percent.,  for  11*73  years? 

Am.  $617-421. 

25.  At  what  rate  per  cent,  will  $950  amount  to  $1763.42  in  10 
years?         Ans,  8-562  per  cent.,  or  rather  over  8 J  per  cent. 

26.  In  what  time  will  $666  amount  to  $134750,  at  6  per  cent.? 

Ans,  17-054+years,  or  17  years  19  days. 

27.  In  what  time  will  $273  give  $100  interest,  at  9  per  cent.? 

Ans.  4  years  25  days. 

28.  At  what  rate  per  cent,  will  $476-30  amount  to  $500  in  2  years  ? 

Ans.  1\}^  per  cent. 

29.  At  what  rate  per  cent,  will  $740*49  give  $257  interest  in  7 
years?  Ans.  4-898  per  cent. 

30.  What  principal  will  amount  to  $1111*11  in  11  years,  at  11 

per  cent.  ?  Ans.  502*7647. 

31.  Find  the  interest  on  £167*47,  at  11  per  cent,  for  9  years. 

Ans,  £172  128.  1\^.  nearly. 

SPECIAL  RULES. 

24.  The  interest  of  $100  at  6  per  cent.,  for  one  year.  Is  $6 ;  hence  the  in* 
terest  on  (1  at  6  per  oent.,  for  one  year,  is  $0.06.  and  for  two  monthi  it  is  ^ 
of|0.06 ;  i.e.,1  C0n^. 
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Ilence,  to  find  tlie  interest  of  $1  for  any   number  of 
months,  we  deduce  the  fo!  lowing 

aULF. 
Divide  the  number  of  months  by  '■   and  rail  the  quotient  cents. 

Example  32. — What  is  the    ntcresi  >)!'  $1  a'.   '  per  cent,  for  7 
years  and  9  months. 

OPKRATION. 
7  years  and  »  months  =  ua  months,  nnd  f  ^  '  i>  .=  i«J  cents—  /  0"465.  Avs. 

fixAMPLK  33. — Find  the  interest  o  i  SI-'OS  for  "7  years  and  8 
months  at  6  per  cent. 

OPKIIATION. 

7  years  8  mo.  =  02  months,  half  of  »2  =  46  ci'.\ts  =  interest  of  $\  for  given 
rate  and  time. 

Then  $0-4fly  72-ft3  =  $33-5478.  Ans. 

EXERCISES. 

34.  Find  the  interest  on  $1  for  11  months  at  6  per  cent.  ? 

^m.  5J  cents. 

35.  Find  the  interest  on  $1  for  16  months  at  6  per  cent, 

jlns.  $0-08,  or  8  cents. 

36.  Find  the  interest  c;    -:  for  9  years  8  months  at  6  per  cent. 

Ans.  $0-58. 
3Y.  What  is  the  interest  on  $1  for  IG  yrs.  3  months  at  6  per  cent.  ? 

Jlns.  $0-97i. 

38.  What  is  the  interest  on  $1  for  11  yrs.  7  months  at  6  per  cent.  ? 

Ans.  $0-695. 

39.  What  is  the  interest  on  $1  for  12  yrs.  5  months  at  6  per  cent.  ? 

Ans.  $0-745. 

40.  Find  the  interest  on  $279-40  for  3  yrs.  2  mo's  at  6  per  cent. 

Ans.  $53-086. 

41.  Find  the  interest  on  $189-70  for  6  yrs.  7  rao's  at  6  per  cent. 

Ans.  $74-9315. 

42.  Find  the  interest  on  $1463  for  3  yrs.  11  mo's  at  6  per  cent. 

Ans.  $343-805. 

43.  Find  the  interest  on  $28967.50  for  11  years  1  month  at  6 
per  cent.  Ans.  $19263-3875. 

26.  Since  in  computing  interest  the  month  is  taken  as  80  days,  two 
months  will  contain  60  days,  and,  by  Art.  24,  the  interest  on  $l  at  6  per 
cent,  for  2  months  or  60  days  is  one  cent,  the  interest  on  $1  at  6  per  cent, 
per  annum,  lor  6  days,  will  therefore  be  -^  of  one  cent ;  1.  e.,  one  mill  or 

Twir  of  $1. 

■    Hence,  to  find  the  interest  on  %\  at  6  per  cent,  per  an- 
num for  days,  we  have  the  following — 


i|; 


nil 


254 


SIMPLE   INTEREST. 
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RULE.* 

Call  one-sixth  of  the  number  of  days  mills  or  thousandths  of  a 
dollar. 

Example  44. — What  is  the  interest  on  $1  at  6  per  cent,  for 
16  days? 

OPERATION. 
IG-^C  =  2|  mills  =  $0-002fi.  Ans. 

EXERCISES. 

45.  What  is  the  interest  on  $1  for  2  days  at  6  per  cent.? 

Ans.  $0-0003. 
40.  What  is  the  interest  on  $1  for  Y  days  at  6  per  cent.  ? 

Ans.  $0-001 V. 

47.  What  is  the  interest  on  $1  for  11  davs  at  6  per  cent.? 

Ans.  $0-00 1{;. 

48.  Wliat  is  the  interest  on  $1  for  27  days  at  6  per  cent.? 

Ans.  $0-0041. 

49.  What  is  tlie  interest  on  $1  for  47  days  at  6  per  cent  ? 

Ans.  $0-00 7§. 

50.  Required  the  interest  on  $1  for  8  months  12  days  at  6  j)er  cent. 

Ans.  $0-042. 

51.  Required  the  interest  on  $1  for  66  days  at  6  per  cent. 

Ans.  $0-011. 

52.  Required  the  interest  on  $1  for  2  years  2  months  19  days  at 
6  per  cont.  Ans.  !;;;o-133^. 

53.  Find  the  interest  on  $1  for  7  years  8  months  9  days  at  G 
per  cent.  ?  Ans.  $0-46U- 

54.  What  is  the  interest  on  $1  for  17  years  11  months  23  days 
at  6  per  cent.  ?  Ans.  $1-078^. 

55.  Required  the  interest  on  $1  for  12  years  7  months  17  days 
at  6  per  cent.  Ans.  $0-757§. 

26.  To  find  tho  interest  on  any  anm  of  money  at  C  per 
cent,  per  annum  fv)r  any  time — 

liULE. 

Find  the  interest  on  $1  for  the  given  time,  by  Arts.  24  and  25, 
and  multiply  this  by  the  given  principal. 

Example  56.— What  is  the  interest  on  $763-20  at  6  per  cent, 
for  6  years  7  months  and  26  days  ? 

*  This  is  the  method  in  common  use  for  computing  interest  for  days ; 
but,  since  it  considers  the  year  as  containing  only  360  days  instead  of  '366, 

the  result  is  too  large  by  -^^t'  or  tV  of  itself.  Hence,  when  perfect  accu- 
racy Ib  desired,  the  interest  for  the  days  when  obtained  by  the  rule  must  be 
diminished  by  Vy  part  of  itself. 


[Sect.  VIII. 
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ns.  $0-00 IV. 

cent.  ? 

ns.  $0-001(1. 
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OPERATION. 

Interest  on  $1  for  0  years  7  months        =  $0-39.') 
luter.'st  on  $1  for  26  days  =         4^ 

Therefore  interest  on  $1  for  6  yrs.  7  months  26  days  =  $0*399^ 
Then*  ,«»-399^x763-20  =$304  -7712  Ana. 

EXERCISES. 
5Y.  Find  the  interest  on  $917-30  for  7  months  17  dayb  c-  6  per 


cent. 


^ns.  $34.704516. 
s  at  6  per 


58.  Find  the  interest  on  $842-50  for  3  months 
cent.  Ans.  $14-4629'l6. 

59.  Required  the  interest  on  $573.83  at  6  per  cent,  for  2  years 
11  montlis  10  days.  Ans.  SlOl-3766. 

60.  Required  the  interest  on  $642-30  at  G  per  cent,  for  6  years 
9  months  19  days.  Ans.  $262-16545. 

61.  Required  the  interest  on  $1427-87|  at  6  per  cent,  for  5  years 
6  months  7  days.  Ans.  $465-72529. 

62.  Find  the  interest  on  $709.63  for  4  years  7  months  16  days 
at  6  per  cent.  Ans.  $197-040596. 

63.  Find  tlie  amount  of  $2463-20  at  6  per  cent,  for  7  years  7 
months  22  days.  Ans.  $3592-9877. 
What  is  the  interest  on  $999.99  at  6  per  cent,  for  9  years  9 
months  9  days?  ^ns.  $586*494135. 
What  is  the  interest  on  $68-70  for  3  years  4  months  27  days 
at  6  per  cent  ?  Ans.  $14-04915. 

66.  Find  the  interest  on  $742-63  at  6  per  cent,  for  3  years  28 

days.  Ans.  $137-139. 

67.  To  what  sura  will  $200  amount  in  7  years  4  months  11  days 
at  6  per  cent?  ./2ns.  $288,366. 

68.  To  what  sum  will  $743*63  amount  in  9  years  3  months  9 
days  at  6  per  cent  ?  Ans.  $1157*460095. 


64 
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27.  1V)  iiiKl  the  interest  on  any  sum  at  any  other  rate 
per  coiit,  for  any  given  time — 

RULE. 

Find  the  interest  on  the  given  principal  for  the  given  time  at  6 
per  cent,  by  Art.  26. 

Then  add  to  or  subtract  from  this  interest  such  a  fractional 
part  of  itself  as  the  given  rate  exceeds  or  falls  short  of  Q  per  cent, 
per  annum. 

The  amount  is  obtained  by  adding  the  interest  and  the  principal 
together. 

*In  order  to  obtain  the  correct  answer,  this  fraction  when  it  occurs  must 
be  retained  in  the  form  of  a  vulgar  fraction ;  and  in  that  case  it  is  better  to 
make  tlie  interest  of  $1  for  tlie  given  time  the  multiplier. 


"  I 
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£xAHPLB  69. — What  is  the  interest  on  $450  for  3  years  6 
months  II  days  at  8  per  cent? 

OPERATION. 

Interest  on  $1  at  6  per  cent  for  given  time  =  $0*211^. 

Interest  on  $430  at  6  per  cent  for  given  time  :=  $0'211§  X  450  =  $95"825. 

Hence  interest  on  §450  at  8  per  cent,  for  given  time  =  $95'325  +  one  third 
of  $95*325  =  $127*10.  Ans. 

NoTB.— Since  8  =  6  +  2  =  6  + iof  6  we  And  the  interest  at  6  per  cent., 
and  increase  it  by  one  third  of  itself  for  tlie  interest  at  8  per  cent. 

So  for  interest  at  9  per  cent,  we  should  find  the  interest  at  6  per  cent, 
and  increase  it  by  one-halfof  itself;  for  7  por  cent.,  increase  the  interest  at 
6  per  cent  by  one-»ixth;  at  14  per  cent,,  double  the  interest  at  6  per  cent. 
and  increase  it  by  \  of  the  interest  at  6  per  cunt. ;  at  5  per  cent.,  find  the 
interest  at  6  per  cent,  and  deduct  one-sixth ;  at  4J  per  cent.,  find  the  inter- 
est at  6  i)er  cent,  and  deduct  one-fourth,  &c.,  &c. 

EXERCISES. 

70.  Required  the  interest  on  $1234-56  for  8  years  9  months  10 

days  at  7  per  cent.  Jlns.  $758*5685. 

71.  Required  the  interest  on  $9876-54  for  2  years  1  month  11 

days  at  3  per  cent.  jins.  $626-337245. 

72.  Required  the  interest  on  $715-30  for  3  years  7  months  10 
days  at  8  per  cent.  Jns.  $206-6422. 

73.  To  what  sum  will  $555-55  amount  in  2  years  4  months  8 
days  at  12  per  cent?  Jns.  $712.58546. 

74.  To  what  sum  will  $7766-55  amount  in  100  days  at  5  per 

cent?  ^ns.  $7874-41875. 

75.  To  what  sum  will  $500  amount  in  8  years  8  months  8  days 
at  16  per  cent?  ^ns.  $1195-111. 

76.  What  is  the  interest  on  $576  for  3  years  5  months  7  days 

at  5  per  cent  ?  jlns.  $98.96. 

77.  What  is  tlie  interest  on  $2478-91  for  2  years  6  months  11 

days  at  4i  per  cent.  Jns.  $282,286. 

78.  What  is  the  interest  on  $780  from  May  9th  to  December  11, 
at  6  per  cent?  ^ns.  $27,695. 

79.  What  is  the  interest  on  a  note  of  $1830-63  from  August  16, 

1851,  to  June  19,  1852,  at  7  per  cent.  Jns.  $107-854. 

80.  What  is  the  amount  of  a  note  of  $6200  from  Sept.  3,  1858, 
to  January  9,  1859,  at  6  per  cent?  Jns.  $6547-20. 

PARTIAL  PAYMENTS. 

38.  To  compute  the  interest  on  notes  or  bonds,  when 
partial  payments  hav^e  been  made — 

RULE. 
If  the  interest  be  paid  by  days : 

Multiply  the  sum  by  the  number  of  days  xohich  have  elapsed  before 
any  payment  teas  made.     Subtract  the  first  payment,  and  multiply 


Art.  28.] 
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the  remainder  by  the  number  of  days  which  passed  between  the  first 
and  second  payments.     Subtract  the  second  payment,  and  multiply 
this  remainder  by  the  number  of  days  which  passed  between  the 
second  and  third  payments.     Subtract  the  third  payment,  8fc. 
Add  all  Ihe  products  together,  and  find  the  interest  of  their  sum 

for  one  day. 

If  the  interest  is  to  be  paid  by  the  week  or  month,  substitute 
weeks  or  months  for  days,  in  the  above  rule. 

Example  81. — How  much  principal  and  interest  have  I  to  pay 
on  the  following  note  on  the  10th  November,  1859? 

Toronto,  11th  October,  1858. 
Foi'  value  received.  I  promise  to  pay  to  Timothy  Thomas,  or 
order,  the  sum  of  six  hundred  and  twenty  dollars,  on  demand, 
with  interest  at  6  per  cent. 

Thomas  Williams. 
The  following  endorsements  were  made  on  this  note : 
1858. — November  25th,  there  was  endorsed  $  4'7-50 


<'        December  28tb, 

i( 

(( 

(( 

108-93 

1850.— February  11th, 

(( 

(( 

(( 

216-18 

"         June  6th, 

i( 

(( 

<( 

60-10 

"        September  2nd, 

(( 

t( 

(< 

183-26 

OPERATION. 

From  17th  October  to  26th  November  there  are  38  days. 
"      2oth  Nov.  to  28th  December  "        33    " 

"      28thDec.  tollthFiibruary  "        45    " 

"      llthFebruary  tofith  June  "       115    " 

"       6th  June  to -^nd  September  "        88    " 

"       2nd  September  to  10th  Nov.  "        69    " 

Whole  sum  $620  for   38  days  =  $23560  for  1  day. 

First  endorsement         47"50 

Balance  $57250  for  33  days  =:  $18892-50  for  1  day. 
Second  endorsemeat     108*93 


Balance  $463  67  for  45  days  =  $20S60'66  for  1  day. 
Third  endorsement       216*18 

Balance  $247*39  for  115  days  =  $28449*85  for  1  day. 
Fourth  endorsement       60-10 


Balance  $187*29  for  88  days  =  $16481*62  for  1  day. 
Fifth  endorsement        183*25 


Balance     $4  O-i  for  69  days  =      278'76  for  1  day. 

Whole  interest  =  that  of  $108523-28  for  1  day. 

Interpst  on  $108623-28  at  6  per  cent,  for  1  year  =:  $6511*3968 
>lence  interest  for  1  day  =  $('«5U-3968-r366  =  $17*8394 

Then  interest  due    =$17-8394 

Balance  on  Note      =     4-o4 


Principal  and  interest  due  =  $21-8794 


I  I 
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82.  What  principal  and  interest  was  due  on  the  following  note 
on  the  7ili  October,  1860  ? 

GuELPH,  June  2nd,  1859. 
For  value  received,  I  promise  to  pay,  on  demand,  to  James 
George,  or  order,  the  sum  of  twelve  hundred  and  seventeen  dol- 
lars and  thirty  cents,  wi<'  interest  from  date  at  6  per  cent. 

Joseph  Job^is. 


(( 


On  this  note  there  were  endorsed  the  following  payments : 

received  $207-80 
$209-60 
$320-90 
$421-83 

Jns.  $98-6816. 


1859.— July  nth, 
«'         Oct.  6th, 
"         Dec.  nth, 

I860.— March  29th 


83.  What  principal  and  interest  was  due  on  the  following  note 
on  the  1st  May,  1863? 

Port  Hopb,  June  17M,  1860. 
For  value  received,  I  promise  to  pay,  on  demand,  to  Messrs. 
Henly  &  Jubson,  or  order,  the  sum  of  seven  thousand,  three  hun- 
dred and  forty  eight  dollars  and  twenty-five  cents,  with  interest 
from  date  at  8  per  cent. 

Henry  Goodpay. 

On  this  note  there  were  endorsed  the  following  payments : 

I860.— September  5th,  received  $2463-80 

♦♦        December  7th,        "  392-20 

1861.— June  1 1th,  "  982-20 

1862.— February  7th,         "  2842-90 

*'        December  19th,      "  317-23 

ji7is.  $1003-1333. 


COMPOUND  INTEREST. 

29.  I"  tlie  pr  'spnt  article  wo  shall  merely  take  some  of  the  simpler  pro- 
bleuid  m  Outapoiuid  Interest,  leaving  the  full  discussion  of  thb  rule  uutil 
after  thu  pupil  is  lauiiliar  with  the  use  of  Logarithms.    (See  See.  XI.) 

30.  We  have  seen  (Art.  10)  that  when  money  is  lent  at 
conij-ound  interest,  the  interest  is  added  io  the  principal  at 
tli'*  close  of  each  period,  and,  with  it,  constiiutos  a  new 
piiiicipal  for  the  next  term. 

Htnce  to  find  the  compound  interest  of  any  budi  for  any 
given  time  at  a  given  rate  per  cent.  ;-^ 
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RULE. 

Find  the  interest  an  the  given  principal  for  one  period,  t.  e. 
ONE  TEAR,  HALF  YBAB,  or  QUARTER,  US  the  cose  may  be,  and  add  it  to 
the  principal. 

Then  find  the  interest  on  this  amount  for  the  next  period  and 
add  it  to  the  principal  used  for  that  period,  as  before. 

Proceed  in  this  manner  with  each  successive  year  or  period  of 
the  proposed  time. 

Then  the  last  result  will  be  the  amount  of  the  given  principal, 
at  the  given  rate,  for  the  given  time.    Subtract  the  given  principal 
from  this,   and  the   remavider  will  be   the   Compound  Interest 
required. 

Example  1. — What  is  the  Compound  Interest  on  $1000  for  4 
years  at  5  per  cent  per  annum  ? 

operation. 
$1000  Principal. 

50  Iniierest  for  Ist  year. 

11050      Amount  for  1  year  =  principal  for  2nd  y«ar. 
5'2'60  Interest  for  2ud  year. 


$H02'50    Amount  for  2  years  = 
56'125  Interest  for  3rd  year. 


.  principal  for  3rd  year. 


$1157*625     Amount  for  3  years  =  principal  for  4th  year. 
67'88125  Interest  for  4th  year. 


$1215*60626  Amount  for  4  years. 
1000  given  Principal. 


Ans.  $215*50625  =  Compound  Interest  I'equired. 

EXERCISES. 

3.  What  is  the  Compound  Interest  of  $1800  for  5  years  at  6  per 
cent  per  annum  ?  Jns.  $608*8068. 

3.  What  is  the  amount  at  Compound  Interest  of  $700  for  3J 

years  at  7  per  cent,  half-yearly.  jlns.  $424*046. 

Note.— Since  the  payments  arc  made  half-yearly,  and  boar  interest  at 
the  i-atc  of  7  per  cent,  per  half  year,  we  simply  find  the  amount  of  tha 
given  principal  at  7  per  cent,  for  7  payments. 

4.  What  are  the  amount  and  Compound  Interest  of  $673*40  for  2 

years  at  3  per  cent,  quarterly  ? 

Ans.  $853-0429  =  Amount.     $1 79*6429  =  Interest, 

5.  What  are  the  amount  and  Compound  Interest  of  $860  for  3 

years  at  4  per  cent,  half-yearly  ? 

Ans.  $1088*1 743  =  Amount.     $2 18*  1 743  =  Interest. 

31.  Compound  Interest  is  most  expeditiously  calculnted 
by  the  following—* 
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SHEWING  THE  AMOUNTS  OP  $1  or  £l  AT  COMPOUND  INTEE- 
EST,  FOR  ANY  NUMBER  OP  PAYMENTS  PROM  1  TO  50. 
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2 '52695 

3  02560 

44 

3 '67145 

5 -61681 

8  -66716 12  -93548 

20 

1 '80611 

2  19112 

2 '65330 

3 '20713 

45 

3  '78160 

5-84118 

8-9850113-76461 

21 

1 '86029 

2-27877 

2 '78596 

3.39956 

46 

3  '89504 

6  07482 

9-4342614-59049 

22 

1  '9161012  "36992 

2  '92626 

3 '60364 

47 

4  0)190 

6-31782'  9.9059716*46692 

23  1  97359  2  46472 

2  07152 

3 '81975 

48 

4  13225 

6  -57053 10  -40127 16  39387 

24  2. 03279  2  "SeSSO 

3  '22510 

4  04893 

49 

4-25622 

6  -83335 10. 92133 17  •87700 

25  2 '09378  2 -66584 

3  38635 

4 '29187 

60 

4 '38391 

7  10668 11  '46740 18  -42616 

32.  To   Compute   Compound   Interest  by   the  above 

Table— 

RULE. 

Find  by  the  table  the  amount  of$l  for  the  given  time  and  at  the 
given  rate. 

Multiply  the  sum  thus  found  by  the  given  principal,  and  the  result 
will  be  the  required  amount. 

Subtract  the  principal  from  this  amount,  and  the  remainder  will 
be  the  Compound  Interest. 

Example  6. — What  are  the  amount  and  compound  interest  of 
$3400  at  5  per  cent  for  15  years. 

OPERATION. 

By  the  table  the  amount  of  ^1  at  5  per  cent,  for  16  years  ==  $2*07898, 


Byt 

Then  $207893  X  8400  =  $7068 362  =  Amount. 


3400 


Principal. 


$3668  862  =:.Interest, 


III 
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6 
per 
cent. 


3  55567 

3  73346 
3 -92013 

4  11614 
4 '32194 

4*53804 
4  '76494 
B  00319 
5 -26335 
6 -51601 

6  79182 

6  08141 
6*38548 
6*70476 

7  03999 


6 

per 
cent. 


' 


4*64938 
4 '82235 

5  11169 
6*41839 

6  74349 

6  08810 
6*45339 
6*84059 

7  26102 
7*68609 

8  14725 
8*63609 

9  15425 
9*70351 

10  28672 


7*39169,10*90286 

7  ^eiSOll  -55703 

8  14967 112*25045 
8  -56716 12  *93548 
8*9850113*76461 

9*4342614*59049 
9.9059716*46592 
0*4012716*39387 
0.9213317*37700 
1  4674018*42616 


J  the  above 

ima  and  at  the 

and  the  result 

remainder  will 

nd  interest  of 
=  $2-07898, 


ExAicPLB  7. — What  ia  the  amount  and  compound  interest  of 
£47  lOs.  for  6  years,  at  3  per  cent,  half-yearly  ? 

OPERATION. 

£47  108.  =  £47. 6. 
We  find  by  the  table  that 

£1.42576  is  tho  amount  of  £1  for  the  given  time  and  rate. 
47.6  is  themiiltipUer. 

£  8.   d. 

£67  7236  =  87  14    5}  is  the  required  amount. 
47  10    0    is  the  givon  principal. 

And  £20    4    5}  is  the  required  intorc-sti 

EXERCISES. 

8.  What  are  the  amount  and  compound  interest  on  $875  for  11 
years  at  6  per  cent.  ?  Ans.  Amount  =  $1661-0125. 

Interest  =  $786*0125. 

9.  What  are  the  amount  and  compound  interest  on  $643-98  for 

13  years  at  4  per  cent,  half-yearly? 

Ans.  Amount  =  $1785-41523. 
Interest  =$1141-43523. 

10.  What  are  the  amount  and  compound  interest  of  1  cent  at  6 
per  cent,  per  annum  for  45  years  ?  Ans.  Amount  =  $-137646. 

Interest  =  $-127646. 

11.  What  are  the  amount  and  compound  interest  of  $78-20  for  7 
years  at  3  per  cent,  quarterly?    Ans.  Amount  =  $178-916. 

Interest  =  $100-716. 

12.  What  are  the  amount  and  compound  interest  of  $777*77  for  9 
years  at  5  per  cent,  half-yearly  ? 

Ans.  Amount  =  $1871-7968. 
Interest  =  $1094-0268. 

13.  What  are  the  amount  and  compound  interest  of  jG44  5s.  9d. 
for  11  years  at  6  per  cent,  per  annum  ? 

Ans.  Amount  =  £84  Is.  5id. 
Interest  =  £39  15s.  8ld. 

14.  What  are  the  amount  and  compound  interest  of  £32  4s.  95d. 
for  3  years  at  £2  10s.  half-yearly  ? 

Ans.  Amount  =  £37  7s.  9id 
Interest  =£6  2s.  lljd. 

33.  Given  the  amount,  time,  and  rate — to  find  the 
principal ;  that  is,  to  find  the  j^r^sent  worth  of  any  sum  to 
be  due  hereafter — a  certain  rate  of  interest  being  allowed 
for  the  money  now  paid  : — 

RULE. 

Find  by  the  Table  the  amount  of  %].  at  the  given  rate  and  for 
the  given  time,  and  divide  it  into  the  given  amount.  The  quotient 
mill  be  the  principal.  


2«2 


mecouNT. 


[Sfct.  vnr. 


Example  15.— What  principal  will  amount  to  $10000  in  1'^ 
jears  at  6  per  cent,  compound  interest  ? 

OPERATION. 

Amount  of  $1  for  12  years  at  6  por  cent.  =  $2*0122. 
$10000-r2-0122  =  $4i9C9-«84.  Ans. 

EXERCISES. 

IG.  What  principal  will  amount  to  $'7439'8'7  in  7  years  at  4  per 
cent,  compound  interest?  jins.  $5653-697. 

17.  What  principal  will  amount  to  $9193-90  in  20  years  at  5  per 
cent,  compound  interest?  jins.  $3465-081. 

18.  What  ready  money  ought  to  be  paid  for  a  debt  of  £629 1 73. 1 J  d., 

to  be  due  3  years  hence,  allowing  8  per  cent,  compound 
interest?  ^tis.  £500. 

19.  What  ready  money  ought  to  be  paid  for  a  debt  of  $7111*11, 
to  be  due  7  years  hence,  allowing  6  per  cent,  compound 
interest?  ./Iris.  $4729*295. 

20.  What  principal,  put  to  interest  for  6  years,  would  amount  to 

£268  Os.  4id.,  at  5  per  cent,  per  annum  ?  ^/is.  £200. 


DISCOUNT. 

54.  Discount  is  an  allowance  made  for  the  payment  of 
a  debt  before  it  is  due. 

85.  The  present  worth  of  a  debt,  payable  at  some  future 

time,  without  interest,  is  that  sum  of  money  which,  being 

put  out  at  legal  interest,  will  amount  to  the  debt  by  the 

time  it  becomes  due. 

Thus,  if  I  owe  a  man  $100  and  give  him  a  note  for  that  amount, 
payable  one  year  hence,  without  interest,  the  present  value  of  my 
note  is  less  than  $100,  since  $100  being  put  out  at  interest  for 
1  year  at  6  per  cent,  will  amount  to  $106. 

86.  From  Art.  18  it  is  evident  that  to  find  the  present  worth  of  a  note, 
pa^ble  at  some  future  time,  without  interest,  is  simply  to  llnd  what  prin- 
oipali  put  to  interest  at  the  rate  specified,  will  amount  to  the  sum  named 
on  the  face  of  the  note  in  the  given  time ;  i.  e.,  by  the  time  the  note  becomes 
due. 

Hence,  to  find  the  present  worth  of  any  sum,  to  be  paid 

at  some  future  time,  without  interest,  we   have  (Art.  18) 

the  following 

RULE.    P==Tr-T 
l+rt 

iKTBBPBaTATiON. —  JTie  present  worth  is  found  by  dividing  the 
amount  of  the  note^  debt,  ^c,  by  the  amount  of  $1,  at  the  specified 
rate  per  cent,  for  the  given  time. 
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iRfa.3i4<l.j  DISCOUNT.  26d 

NoTK. — The  discount  U  found  by  diducting  thi  preteni  valut 
from,  the  notCf  debt,  ^c. 

ExAiCPLB  1. — What  is  the  present  value  of  a  note  for  15860 
payable  3  years  hence,  allowini^  discount  at  the  rate  of  6  per 
cent,  per  annum  ? 

OPERATION. 
Here  A  =  $8W.  r  =  '00,  and  t  =  3.    Whouce  l+r<  =  1*18. 

Then  ^  =  fipj  =  PTS  =  *7=^8'^^'*  ^'**- 

Pboop.— Interest  on  $728'8l|i  for  3  years  at  6  per  cent.  =  $1!51'18^. 
Added  principal =    7-28'8l4i- 

Amount =  $^60 

BxAMPLB  2. — What  is  the  discount  on  a  note  for  $728-63  due 
9  months  hence,  allowing  discount  at  7  per  cent,  per  annum? 

OPERATION. 
Here  A  =  $728-03.  r  =  -07,  and  t  =  -75  year.    Whence  l-\-rt  =  1-0628. 

Then  P  =  -^  =  J-^?  =  $692-2858    present  worth, 
l-\-rt        1  U5i5 

Then  Amount  on  face  of  note $72S*63 

Present  value 692-286 

Discount $  38'344  An*. 

EXERCISES. 

3.  What  is  the  present  -worth  of  a  note  for  $962,  payable  in  one 
year,  at  4  per  cent,  discount?  .ins.  $925. 

4.  What  is  the  present  worth  of  $2202,  payable  in  6  years  and 
9  months,  at  6  per  cent,  per  annum  discount? 

w?n«.  $1637-174. 
6.  What  sum  will  discharge  a  debt  of  $1003-50,  to  be  due  in 

8  months  hence,  allowing  6  per  cent,  per  annum  discount? 

Jins.  $964-9it38. 

6.  What  ready  money  w^ill  now  pay  a  debt  of  $716,  due  7monthg 
hence,  allowing  discount  at  8  per  cent.  ?     ./ins.  $i384.0764. 

7.  What  ready  money  will  now  pay  a  debt  of  $1342-50,  duo 
125  days  hence,  at  6}  per  cent.  ?  .Ans.  $13 1 3.266. 

8.  If  a  legacy  of  $2400  is  left  to  me  on  the  3rd  of  May,  to  be 
paid  on  the  Christmas  day  following,  what  must  I  receive 
as  present  payment,  allowing  5  per  cent,  per  annum  discount? 

^/ts.  $2324.84. 

9.  Find  the  discount  on  a  bill  of  $2202  at  5  i)er  cent.,  payable 

9  months  hence.  Ans  $79-59036. 

10.  What  is  the  present  worth  of  a  note  for  $4360,  payable  one 
year  and  5  months  hence,  at  6  per  cent.?     Am.  $4  '18-43J. 

11.  What  is  thepresent  worthof  «autefor$lu47.  1  .(•  11  luoii  hs 
hence,  at  6  per  cent.  ?  Am.  $idt}i-i3?4i. 
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12.  Required  the  present  worth  of  a  note  for  $2000,  duo  3  years 
7  months  hence,  at  6  per  cent.  ^m.  $164609053. 

13.  What  is  the  discount  on  a  note  for  $2070*90,  payable  1  year 

7  months  hence,  at  B  per  cent.  ?  ^ns.  $151'919. 

14.  What  is  the  present  worth  of  a  note  of  $970-63,  payable  in 

II  months,  at  8  per  cent.?  ^ns.  $904-313. 

Note.— WhcM  the  ^aymont•.  are  to  be  made  at  different  timoi,  find  the 
present  value  of  the  suuis  soparately  ;  their  sum  will  bo  the  presotit  value 
of  the  note,  and,  as  before,  this  Hubtractod  from  the  whole  amount  will 
give  the  discount. 

15.  What  is  the  discount  on  $3024,  the  one-lialf  payable  in  G,  and 
the  remainder  in  12  months,  7  per  cent,  per  annum  being 
allowed?  .4/is.  $150-8416. 

16.  A  merchant  owes  $440,  payable  in  20  months,  and  $896, 
payable  in  24  months ;  the  first  he  pays  in  5  months,  and 
the  second  in  one  month  after  that.  What  did  he  pay,  al- 
lowing 8  per  cent,  per  annum?  Jlns.  $1200. 


BANK  DISCOUNT. 

37.  Bank  Discount  is  a  cliarge  marie  by  a  bank  for  the 
payment  of  money  on  a  note  before  the  note  is  due,  and 
ditfeis  materially  from  discount  as  commonly  calculated. 

38.  Banks  consider  the  discount  to  be  the  s  ime  as  the 
interest  on  the  whole  amount  of  the  note,  fiom  the  time  it 
is  disitounted  until  the  lime  it  becomes  due.  Bank  Dis- 
count is  therefore  greater  than  the  true  discount  by  the 
interest  on  the  discount. 

89.  The  three  days  of  grace  which,  by  mercantile  u^age, 
are  allowed  to  elapse  after  a  note  falls  due,  before  it  is  pay- 
able, are  always  included  by  banks  in  the  time  for  which 
they  calculate  the  discount. 

40.  Two  kinds  of  notes  arc  discounted  at  banks : 

Ist.  Business  notes,  or  business  paper.  These  are  notes  actually  given 
by  one  individual  to  another  for  property  sold  or  value  received. 

2ud.  Accommodation  notes,  called  also  accommodation  paper.  These 
are  notes  made  for  the  purpose  of  borrowing  money  from  the  banks. 

41.  To  find  the  bank  discount  on  a  note — 

RULE. 

Add  3  days  to  the  time  which  the  note  has  to  run  before  it  becomes 
due,  and  calculate  the  interest  for  this  time  at  the  given  rate  per  cent. 

EXAMPLH  17. — What  is  the  bank  discount  on  a  note  of  $700, 
payabU  in  70  days,  allowing  discount  at  6  per  cent.  ? 
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OPERATION. 

Here  the  time  the  note  hat  to  run  is  73  days  =:^  2  months  12  days. 

Interest  of  $1  at  6  per  cent,  for  2  months  12  days,  is  $0-012. 
Interest  of  $700  at  6  per  cent,  for  2  months  in  days  =  $0'012X700  := 
$8,40.  Ana, 

•EXERCISES. 

18.  What  is  the  bank  discount  on  a  note  for  $98G,  having  2  years 
and  3  raonth.s  to  run,  allowing  dJHCOunt  at  1  per  cent.? 

Jnx.  $156-8701. 

19.  If  I  have  a  note  for  $C40,  payable  in  100  days,  and  get  it 
discounted  at  the  rate  of  8  per  cent,  per  annum,  what  dis- 
count am  I  charged  ?  Jns.  $14-6488. 

20.  I  sell  a  horse  and  carriage  for  $503-80,  and  receive  a  note 
for  that  sum,  payable,  without  interest,  91  days  hence. 
Now  if  I  get  this  discounted  at  the  rate  of  6  per  cent,  per 
annum,  what  sum  do  I  receive  ?  .dns.  $554967. 
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42.  It  is  often  necessary  to  make  a  note  of  which  the 
present  value  shall  be  a  certain  sum. 

Thus,  suppose  I  require  to  receive  from  the  bank  $1000,  and 
wish  to  give  my  note,  payable  in  7  months,  at  6  per  cent,  what 
amount  must  I  put  on  the  face  of  the  note  ? 

Now  the  interest  on  $1  at  6  per  cent,  for  7  months  and  3  days  (i.  e.  days 
of  grace)  is  50'0355,  and  this  will  be  tliehauk  discount  on  $1  lor  7  months 
at  6  per  cent. 

To  get  the  present  value  of  $1,  we  subtract  $0'0355  from  $1,  which  gives 
us  $0-9645. 

Hence,  for  every  $0*9645  I  receive,  I  must  put  61  on  the  face  of  the 

note ;  and  therefore  to  receive  $1000,  I  miist  put  --— ,  i.  e.  $1036-806,  on 

the  face  of  the  note. 

Pbooi.— Face  of  note $1036"806 

Bank  discount  on  $1036806  at  6  per  cent,  per  an.  for  7  m .         36*800 

Present  value $1000 

Hence  to  find  the  face  of  a  note,  due  at  some  future 
time  and  discounted  at  a  given  rate  per  cent,  per  annum, 
that  shall  have  a  known  present  value,  we  have  the  fol- 
lowing— 


♦  These  examples  are  worked  by  the  rule  given  in  Arts.  26  and  27.  If  the 
absolutely  correct  answer  is  required,  it  must  be  obtained  by  deducting 
ftrom  these  results  ^  of  the  interest  for  the  days  used,  as  before  explained. 

In  example  10,  it  will  be  observed,  it  makes  a  difference  of  20  cents. 
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RULE. 

Find  the  present  value  of  $1  for  the  same  time  (adding  the 
three  days  of  grace)  and  at  the  same  rate ;  divide  the  required 
present  value  of  the  note  by  this^  and  the  quotient  will  be  the  face 
of  the  note. 

ExAMi'LE  2 1 . — For  what  sum  must  a  note  be  drawn  at  8  months 
18  days,  so  that  discounted  immediately  at  6  per  cent,  it  shall 
produce  $670? 

OPEnATION. 


Interest  on  $1  for  8  months  21  days  at  0  per  cent.: 
from  $1  gives  us  $()'95rt5  =  present  worth  of 

Then  r-::^  =  $700-17.  Ans. 


oanos 
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23. 
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What  sum  must  I  put  on  the  face  of  a  note  payable  in  90 
days  so  that  I  may  obtain  $37^5  when  discounted  at  a  bank 
at  7  per  cent.  Jns.  $3824-15. 

For  what  sum  must  a  note  be  drawn  payable  in  6  months, 
in  order  that  its  proceeds  at  5  per  cent.  Bank  discount  may 
be  $1147-80.  ^ns.  $1177.734. 

For  what  sum  must  a  note  be  drawn  payable  in  45  days  so 
that  its  proceeds  at  3^  per  cent.  Bank  discount  may  be 
$713-90?  ^ns.  $717.2471. 


EQUATION  OF  PAYMENTS. 

43.  Equation  of  Payments  is  the  process  of  finding  the 
equated  or  average  time  when  two  or  more  payments,  due 
at  different  times,  may  be  made  at  once  without  loss  to 
either  party. 

44.  The  average  time  for  the  payment  of  several  sums 
due  at  different  times  is  called  the  mean  time  or  equated 
time. 

45.  To  find  the  equated  time  for  any  number  of  pay- 
ments— 

RULE.t 

First  multiply  each  debt  by  the  lime  before  it  becomes  due ;  then 
divide  the  sum  of  the  products  thus  obtained  by  the  sum  of  the 
payments,  and  the  quotient  %oill  be  the  equated  time  required. 

•  Work  by  Arts.  26  and  27. 
■  it  Tbia  rule  is  based  upon  the  BUppositiou  that  what  Ih  ^ined  by  keep' 
Ing  certain  payments  after  they  become  due,  is  equal  to  what  is  lout  by  pay* 
ing  other  payments  before  they  become  due.    This,  however,  is  not  exactly 
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Son. When  there  ate  both  days  and  months,  thej  mnit  all  be 

reduced  to  the  same  unit ;  t.  «.,  the  payments  must  all  be 
reckoned  for  so  many  days,  or  so  many  luonths  or  parts  of 
a  month.  If  one  of  the  payments  is  due  on  the  day  from 
which  the  equated  time  is  reclconed,  the  corresponding  pro- 
duct will  be  nothing  ;  but  in  finding  the  ftuin  of  the  debts, 
this  payment  must  bo  added  with  the  others.  (See  Exam- 
ple 3  below.) 
ExAMPi.R  1. — A  merchant  purchases  a  vessel  for  $7000,  $2000 

to  be  paid  in  3  months,  $2000  in  5  months,  and  the  balance  in  11 

months.     Now  if  he  wishes  to  make  the  whole  in  one  payment, 

for  what  time  must  his  note  be  drawn  ? 


OPERATION. 

«2000X  3  =  $  flOOOXl 
2000X  8=  10000 XI 
3000X11=    83000X1 


7000) 


$49000(7  months.  Arts. 


BlxpLANATiON.— The  intereat  of 
$2000  for  a  months  is  equal  to  the 
interest  of  $6000  for  one  month. 
Similarly,  the  interest  of  the  second 
payment  is  equal  to  the  interest  of 
$10000  for  one  month,  and  the  inter* 


«8t  of  the  third  payment  Is  equal  to  the  interest  of  $33(»00  for  one  month. 
Hence,  the  interest  of  the  several  payments,  at  the  given  times,  will  be  equal 
to  that  of  $49000  for  one  month;  and  if  wo  divide  this  $49000  by  the  sum 
of  the  payments,  $7000,  we  obtain  7  months  for  the  equated  time. 

That  is,  $7000 :  $49000 : ;  1  month :  Am.  =  ^!^^^^^  —  7  months. 

$7000 

Example  2. — A  person  owes  another  £20,  payable  in  6  months  ; 
X50,  payable  in  8  months  ;  and  £90,  payable  in  12  months.  At 
what  time  may  all  be  paid  together,  without  loss  or  gain  to  either 
party? 

OPERATION. 

£  £ 

20X  6=  120 
COX  8=  400 
90X12=1080 

160     160)1600(10  months.  ^«s. 

160  

true ;  for  the  gain  is  the  interest,  while  the  loss  is  equal  only  to  the  dis- 
count, which  (Art.  88)  is  always  less  than  the  interest ;  but  the  discre- 
pancy is  so  trifling  as  not  to  make  any  material  difference  in  the  result. 

\\'ith  this  exception,  the  rule  is  true,  and  may  be  demonstrated,  as  fol- 
lows :— Let  p  =  first  payment,  and  t  =  the  time  before  it  becomes  due ; 
p'  =  other  payment,  and  f  =  the  time  before  it  becomes  due ; 
a?  =  equated  time,   and  r  =  rate  of  interest  per  unit. 
And  since  x,  the  equated  time,  lies  between  t  and  t\  the  time  between  t 

and  a?  is  =  x—l,  and  that  between  t'  and  a?  is  =  t—x. 
The  interest  of  39  for  the  time  x—t  is  (from  Art.  13)  pr  {x—t). 
Also  interest  of  p'  for  time  t' — x  is  p'r  {V — x). 
Hence  pr  {x—t)  —p'r  (i'—x). 

And  a?  **  ■■  %   y,  which  U  the  rule,  and  may  be  similarly  prdv^  for 
t  jP  +  F 

any  number  of  payments. 


\m\ 


\ 
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Example  3. — A  debt  of  $450  is  to  be  paid  thus  :  $100  immedi- 
ately, $300  in  four,  and  the  rest  in  6  mouths.  When  should  it 
b*  paid  altogether  ? 

OPERATION. 

J100X0=       0 

300X4  =  1200 

50X6=    300 


430 


450)1500(31  months. 
1350 


Ana. 


SO') 

50 ; 


150 

450 


6. 


EXERCISES. 

A  owes  B  $600,  of  which  $200  is  payable  in  3  months,  $150 
in  4  months,  and  the  rest  in  6  months ;  but  it  is  agreed 
that  the  whole  sum  shall  be  paid  at  one  payment.  When 
should  the  payment  be  made  ?  Ans.  In  4J  months. 

A  debt  is  to  be  discharged  in  the  following  manner :  ^  at 
present,  and  \  every  three  months  after  until  all  is  paid. 
What  is  the  equated  time  ?  ^ns.  4J  months. 

A  debt  of  $120  will  be  duo  as  follows :  $50  in  2  months,  $40 
in  5,  and  the  rest  in  7  months.  When  may  the  whole  be 
paid  together  ?  Jlns.  In  4 J  months. 

7.  I  owe  $1000,  to  be  paid  down,  $1500  in  1  month,  $600  in  3 
months,  $700  in  5  months,  and  $1400  in  7  months.  For 
what  time  must  my  note  be  drawn  so  that  the  whole  may  be 
paid  in  one  payment  ?  ^ns.  3^  months. 

8.  Bought  of  Messrs.  Hendrie  &  Robarts,  goods  to  the  following 

amounts,  on  a  credit  of  six  months  : 

15th  of  January,    a  bill  of  $3750, 

10th  of  February,  a  bill  of    3000, 

6th  of  March,       a  bill  of    2400, 

8th  of  June,  a  bill  of    2250. 

I  wish  on  1st  of  July  to  give  my  note  for  the  amount ;  at  what 

tine  must  it  be  made  payable  ?  jlns.  Ist  September. 


PARTNERSHIP  OR  FELLOWSHIP. 

46.  Partnership  or  Fellowship  is  the  joining  toge^'.  "r  of 
two  or  more  persons  for  the  transaction  of  businesb,  a  ree- 
ing  to  share  the  profits  and  losses  in  proportion  to  the 
amount  of  money  each  invests  in  the  business. 

47.  The  persons  thus  associated  are  called  Partners^ 
and  the  association  itself  a  Company  or  Firm, 

48.  The  money  employed  is  called  the  Capital  or  Stock. 

49.  The  gain  or  loss  to  be  shared  is  called  the  Dividend. 


AfiTS.  46-61.] 


SIMPLE    PARTNERBHIf. 


269 


lesfc,  J  ree- 


SIMPLE  PARTNERSHIP. 

60.  When  the  partners  employ  their  shares  of  the 
capital  for  the  same  period  of  time,  the  partnership  is  called 
Simple  Partnership. 

It  18  also  called  Single  Partnership,  or  Partnership  Without  Time. 

61  It  is  evident  that  the  whole  stock  which  suffers  the  gain  or  loss  must 
boar  the  same  proportion  to  the  stock  of  each  partner  that  the  whole  gain 
or  loss  bears  to  his  share  of  the  gain  or  loss. 

Hence,  for  partnership  without  time,  we  have  the  fol- 
lowing 

RULE. 

jis  the  whole  stock  is  to  each  man's  share  of  the  stock,  so  is  the 
whole  gain  or  loss  to  each  man's  share  of  the  gain  or  loss. 

Example  1. — A  and  B  enter  into  trade  with  a  capital  of  $3 TOO, 
of  which  A  contributes  $2000  and  B  the  remainder.  They  gain 
$1200.    What  is  each  man's  shave  of  the  profits  ? 

OPEEATIOK. 

"Whole  stock :  A's  stock  : :  whole  profit :  A's  profit. 

■   i  2000X1200 

r    r    That  is,  $3700 :  #2000  : :  $1200 :  -^:rr—  =  $648'64i8  =  A's  share. 

Again,  whole  stock  :B's  stock 
That  is,  $3700:  $1700 


8700 
; :  whole  profit :  B's  profit. 

$1200 :  '^^5?!^  =  $551-351  =  B's  share. 


S700 

Note.— After  A's  share  has  been  found,  B'a  share  may  be  obtained  by 
subtracting  A's  profit  from  the  whole  profit. 

EXEECISES. 

2.  Two  merchants  enter  into  partnership  with  a  stock  of  $4300, 

of  which  A  contributes  $3000.  They  gain  $111T  ;  how 
should  this  be  divided  between  them? 

Jns.  A's  share  =  $7t9-302. 
B's  share  =  $337-697. 

3.  Three  persons,  A,  B,  and  0,  agree  to  form  a  company  for  the 

manufacture  of  woollen  cloths.  A  puts  in  $6470,  B  $3780, 
and  C  $9860.  By  the  end  of  the  year  they  find  that  they 
have  gained  $7890.  What  portion  of  this  profit  belongs  to 
each  ?  Jns.  A's  share  =  $2538-453, 

B's  share  =  $1483-053, 
C's  share  =  $3868-493. 

4.  B  and  C  buy  cortain  merchandize,  amounting  to  $320,  of 

which  B  pays  $120,  and  C  $200  ;  and  they  gain  $80.  How 
is  it  to  be  divided  ?  jlns.  B  $30  and  C  $50. 

5.  B  and  0  gain  by  trade  $728  ;  B  put  in  $1200,  nnd  C  $1600. 

What  is  the  gain  of  each  ?  jlns.  B  $312  and  C  $416. 

6.  Two  persons  are  to  share  $100  in  the  proportions  of  2  to  B 

At^d  1  to  0.    What  19  the  share  of  each? 

Jlnt.  B  f66-66§  and  C  $33-33J. 
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1.  A  merchant  failing,  owes  to  B  £500  and  to  C  i)900;  but  has 
only  JEllOO  to  meet  these  demands.  How  much  should 
each  creditor  receive  ?  Ans.  B  i)392f  and  C  £10l}. 

Three  merchants  load  a  ship  with  butter;  B  gives  200  casks, 
C  300,  and  D  400  ;  but  when  they  are  at  sea  it  is  found 
necessary  to  throw  180  casks  overboard.  How  much  of 
this  loss  shoTild  fall  to  the  share  of  each  merchant? 

Jlns.  B  should  lose  40  casks,  C  60,  and  D  80. 
Three  persons  are  to  pay  a  tax  of  $100,  according  to  their 
estates.    B's  yearly  property  is  $800,  C's  $600,  and  D's  $400. 
How  much  is  each  person's  share  ? 

Jlns.  B's  $44-44^,  C's  $33-33 J,  and  D's  $22-22f. 

Divide  120  into  three  such  parts  as  shall  be  to  each  other  as 

1,  2,  and  3.  Jns.  20,  40,  and  60. 

A  ship  worth  $900  is  entirely  lost ;  i  of  it  belonged  to  B, 

i  to  C,  and  the  rest  to  D.     What  should  be  the  loss  of  each, 

$540  being  received  as  insurance  ? 

Ans.  B  $45,  C  $90,  and  D  $225. 
Three  persons  have  gained  $1320  ;  if  B  were  to  take  $6,  C 
ought  to  take  $4,  and  D  $2.     What  is  each  person's  share? 

Atis.  B's  $660,  C's  $440,  and  D's  $220. 
Three  persons  join  ;  B  and  C  put  in  a  certain  stock,  and  D 
puts  in  £1090  ;  they  gain  £110,  of  which  B  takes  £35,  and 
C  £29.  How  much  did  B  and  0  put  in  ;  and  D's  share  of 
the  gain?  Jns.  B  put  in  £829  68.  ll|}d., 

0       "      £68'7  33.    5i?,d.j 
and  D's  part  of  the  profit  is  £46. 


10. 
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COMPOUND  PARTNERSHIP. 

62.  When  the  partners  employ  their  capital  for  diflferent 
periods  of  time,  the  partnership  is  called  Compound  Part- 
nership or  Compound  Fellowship. 

It  is  likewise  called  Double  Partnership,  or  Partnership  With  Time. 

For  example :  Suppose  A  puts  in  $200  for  3  years,  and  B  $300  for  4  years, 
and  they  make  a  certain  gain  or  loss.  This  would  give  a  case  of  Compomid 
Partnership. 

In  such  cases  it  is  plain  that  each  man's  share  of  the  profits  depends  upon 
two  circumstances : 

Ist.  The  amount  of  his  stock ;  and 

2nd.  The  period  for  which  it  is  continued  in  the  business. 

Also  that  when  the  times  are  equal,  the  shares  of  the  gain  or  loss  are  as 
the  stocks ;  when  the  stocks  are  equal,  the  shares  are  as  the  times ;  and 
when  neither  the  times  nor  the  stocks  are  equal,  the  shares  are  as  their 
products. 

Hence,  for  Compound  Partnership  we  have  the  following 

RULE. 
Multiply  each  man^s  stock  by  the  time  he  continues  it  in  trade ; 
then  say,  as  the  sum  of  the  products  is  to  each  particular  product, 
so  is  the  whole  gain  or  lose  to  each  ma7i^s  share  of  the  gain  or  loss. 


JECT.Vm. 
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BxAMPLB  1. — A  contributes  $120  for  5  months,  B  $336  for 
11  months  and  C  $384  for  8  months  ;  and  they  lose  $56.  What 
is  C's  share  of  the  loss  ? 

OPEEATIOIT. 

A120X  6  -rr^TZO  for  one  raonth^ 
3;56Xll  =  369S  for  one  month  >  =  $7488  for  one  month. 
384X  8  :=  3072  for  ono  month  J 

$7488 :  $3072  =  $56 :  C's  share ;  or  —j^—  =  522-974. 

Explanation.— It  is  clear  that  $120  contributed  for  6  months  are,  as  far 
as  the  Kain  or  loss  is  concerned,  the  same  as  6  times  §120,  or  $720,  contri» 
buted  for  one  month.  Hence  A's  contribution  may  be  taken  as  |720  for  1 
mouth-  and,  for  the  same  reason,  B's  as  ft36'J6  for  the  same  time;  and  C's 
»s  $;?072.  also  for  the  same  time.  This  reduces  the  question  to  one  in  Sim- 
ple Fellowship. 

EXERCISES. 

2.  Three  merchants  enter  into  partnership;  B  puts  in  $357  for 
6  months,  C  $371  for  7  months,  and  D  $154  for  11  months ; 
and  they  gain  $347-20.     What  should  be  each  person's  share 


of  it? 


Jns.  B's  $102,  C's  $148-40,  and  D's  $96-80. 


3.  B,  C,  and  D  pay  $160  as  the  year's  rent  of  a  pasture.  B  puts 
40  C0-W3  on  it  for  6  months,  C  30  for  5  months,  and  D  50  for 
the  rest  of  the  time.  How  much  of  the  rent  should  each 
pei3on  pay?     Jns.  B  87-27i\,  C  $54-54ifij-,  ^^^  ^  $18-18t2i-. 

4.  Three  dealers.  A,  B,  and  C,  enter  into  partnership,  and  in  a 
certa  n  time  make  £290  13s.  4d.  A's  stock,  £150,  -was  in 
trade  6  months  ;  B's,  £200,  3  months;  and  C's,  £125,  16 
months.    What  is  each  person's  share  of  the  gain  ? 

Jns.  A's  is  £75,  B's  £50,  and  C's  £166  13s.  4d. 

5.  Throe  persons  have  received  $665  interest ;  B  had  put  iu 
$4000  for  12  months,  C  $3000  for  15  months,  and  D  $5000  for 
8  months.     How  much  is  each  person's  part  of  the  interest? 

Jns.  B's  $240,  C's  $225,  and  D's  $200. 

6.  Three  troops  of  horse  rent  a  field,  for  which  they  pay  $320  ; 
the  first  sent  into  it  56  horses  for  12  days,  the  second  64  for 
16  days,  and  the  third  80  for  18  days.    What  must  each  pay  ? 

Jns.  The  first  must  pay  $  70, 
The  second  "  100, 
The  third         "         150. 

1.  Three  merchants  are  concerned  in  a  steam-vessel ;  the  first, 
A,  puts  in  $960  for  6  months ;  the  second,  B,  a  sum  unknown 
for  12  months  ;  and  the  third,  0,  $640,  for  a  time  not  known 
when  the  accounts  were  settled  A  received  $1200  for  his 
Btock  and  profit,  B  $2400  for  his,  and  C  $1040  for  his  ;  what 
was  B's  stock,  and  C's  time  ?    Jns.  B's  stock  -was  $1600  ; 

and  C'ii>  time  was  15  mont]bs| 


112 


QlE.SriONH. 


[Bjicr.  VIII. 


Note.— If  A  gain  $240  in  6  months,  he  would  gain  $480  in  13  mouths ;  that 
is,  A's  stock  and  profit  at  the  end  of  12  months  would  be  $960  -f  $480 

=  $1440. 

Then  $1410 :  $2400  : :  $9t50 :  B*8  stock ;  or  —^^]^  =  $1600  B's  stock. 


Again,  B's  stock 
12  months 


C's  stock 


14iO 


8 


;  B'a  profit :  C's  profit  for  same  time,  viz  : 

That  is  $1600  :  $(>10  : :  $800  :  ^H^l^  —  ^320  =r  C's  pro- 

fit  for  12  months. 

Lastly,  C's  profit  for  12  months  :  C's, given  piofit  : :  12  months  :  C's 

400  y  1  i 
time ;  that  is,  $320  :  $400  : :  12  months  :  -    ■;    ■-  z=  15  mo.  =  C's  time. 

o20 

In  the  foregoing  question  A"s  gain  was  $240  during  6  months, 

B's  $800  during  12  months,  and  C's  $400  during  15  months  ; 

and  the  sum  of  the  products  of  their  stoclis  and  times  is 

34560.     What  v/ere  their  stocks  ?         ^'Ins.  A's  was  $  960, 

B's      "       1600, 

C's     "         640. 

9.  In  the  same  question  the  sum  of  the  stocks  is  $3200 ;  A'a 

stock  was  in  trade  G  months,  B's    12  months,   and  C's  15 

months  ;  and  at  the  settling  of  accounts,  A  is  paid  $240  of 

the  gain,  B  $800,  and  C  $400.     What   was  each  person's 

stock  ?  Jns.  A's  was  $960,  B's  $1600,  and  C's  $640, 


QUESTIONS  TO  BE  ANSWEEED  BY  THE  PUPIL. 

Note,— r^e  numbers  following  the  questions  refer  to  tlte  Articles  of  J,.^ 
Section. 

1.  What  is  interest  ?  (I) 

3.  What  is  the  meaning  of  the  terms  per  cent,  and  per  annum '!  (1) 

8.  In  what  respect  d jes  interest  difi'er  from  Commission  and  Brokerage  ? 
(2) 

4.  What  is  the  principal  ?  (3) 

5.  What  is  meant  by  the  rate  per  cent.  ?  (4) 

6.  What  is  meant  by  the  rate  per  unit  1  (5) 

7.  What  is  the  interest  P  (6) 

8.  What  is  the  atnount?  (7) 

y.  Of  how  many  kinds  is  interest  ?  (8) 

10.  Explain  the  distinction  between  Simple  and  Compound  Interest  P  (n 

and  10) 

11.  In  using  formulas  for  interest,  what  is  the  meaning  of  the  letters  P,  A, 

/, «,  andr/  (12) 

12.  Deduce  algebraically  a  full  set  of  rules  for  Simple  Interest  ?  (12) 

13.  How  is  the  interest  found  when  Va&  principal,  rate  per  cent.,  and  time 

are  given  P  (13) 
NoTE.—Answer  this  and  succeeding  similar  questions  by  giving 
the  formula. 

14.  Interpret  this  formula.  (13) 

15.  When  the  interest,  rate  per  emit.,  and  time  are  given,  what  is  the  rule 

for  finding  the  principal?  (14) 

16.  Interpret  this  formula.  (14) 

17.  How  is  the  rate  per  cent,  found  when  the  interest,  principal,  and  tim>e 

are  given  ?  (16) 

18.  Interpret  this  formula?  (15) 

V19.  When  the  interest,  principal,  and  rat^  fti"§  given,  how  is  the  time 
found  PU6) 
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13 months;  that 
d  be  $960  4-  $480 

:$  1600  B's  stock. 
■  same  time,  viz  : 
$320  =  C'spro. 

12  months :  C*s 
mo.  =  C'stime, 

•ing  6  months, 
g  15  months; 

and  times  is 
's  was  $  960, 
3  "  1600, 
8  "  640. 
I  $3200;  A's 
,  and   C's  15 

paid  $240  of 
ach  person's 
md  C's  $640, 

JPIL. 

irticles  of  i,-.^ 

\iin '!  (1) 

id  Erokerage  P 


I  Interest  P  (o 

B  letters  P,  A, 

t?  (12) 

ent.,  and  time 

ons  by  giving 

at  is  the  rule 

pa?,  and  time 

is  the  tim^ 


20.  Interpret  this  formula.  (16) 

21.  When  the  principal,  rate,  and  tinw  are  given,  how  is  the  amount 

found?  (17) 

22.  Interpret  this  formula.  (17) 

23.  When  the  amount,  rate,  and  titne  are  given,  how  do  we  find  the  prin- 

cipal? (18) 
24  Interpret  this  formula.  (18) 

25.  When  the  amount,  principal,  and  thue  are  given,  liow  do  we  And  the 

rateP  (1<0 

26.  Interpret  this  formula.  (19) 

27.  When  the  amount,  principal,  and  ra(e  are  given,  how  do  we  llnd  the 

timeP  (20) 

28.  Interpret  this  formula.  (20) 

29.  How  do  we  find  the  time  in  which  any  sum  of  money  will  amount  to 

any  given  number  of  times  itself  at  a  given  rate  P  (21) 

30.  Int«^rpret  this  formula.  (21) 

31.  How  do  we  find  the  rate  at  which  any  sum  will  amount  to  a  given  num- 

ber of  times  itself  in  a  given  time  P  (22) 

32.  Interpret  this  formula.  (22) 

33.  When  the  time  and  rate  are  given,  how  do  we  find  to  how  many  times 

itself  a  given  sum  will  amount  P  (23) 

34.  Interpret  this  formula.  (23) 

35.  How  do  we  find  the  interest  on  $1  at  6  per  cent,  per  annum  for  any  num- 

ber of  months  P  (24) 

36.  How  do  we  find  the  interest  on  $1  at  6  per  cent,  for  any  number  of 

days?  (25) 

37.  How  do  we  find  the  interest  of  any  sum  for  any  given  sum  at  6  per 

cent.  P  (26) 
3S.  How  may  ve  (ihd  the  interest  at  any  other  rate  tlian  6  per  cont.P  (27) 
Vj.  How  do  we  compnto  interest  on  notes,  &c.,  when  partial  payments  are 

made?  (28) 

40.  What  is  the  n;le  for  citiculating  Compound  Interest?  (30) 

41.  How  is  Compoand  Interest  calculated  by  the  table  given  in  Art.  31 P  (82) 

42.  How  do  we  ascertain  the  present  worth  of  a  debt  due  some  given  time 

hence,  allowing  Compound  Interest  at  a  given  rate?  (33) 

43.  What  i'  Discount?  (.14) 

44.  What  i  t  meant  by  the  present  worth  of  a  debt,  note,  Ac.  ?  (36) 

45.  How  o    we  compute  the  present  worth  of  a  debt  or  note?  (36) 

46.  What  Id  Bank  Discount?  (S7) 

47.  WJiat  is  the  distinction  between  Bank  Discount  and  True  Discount  P 

(38  and  35) 

48.  What  are  da^    of  grace?  (39) 

49.  What  are  the  two  kinds  of  notes  discounted  at  banks?  (40) 

50.  How  do  we  calculate  the  bank  discount  on  notes,  &c.P  (4l) 

61.  How  do  we  find  what  amount  to  put  on  the  face  of  a  note  so  that  its 
present  value  shall  be  a  certain  sum?  (42) 

52.  What  is  meant  by  the  Equation  of  Payments?  (43) 

53.  What  is  meant  by  the  mean  time  or  equated  time  of  payment?  (44) 

54.  How  do  we  find  the  equated  time  of  pa.yment?  (45) 

55.  "What  is  Partnership  or  Fellowship  ?  (46) 

56.  What  aiv  the  persons  associated  together  in  partnership  called?  (47) 

57.  What  is  thj  money  employed  in  the  business  called?  (48) 

68.  What  is  meant  by  the  dividend?  (49) 

69.  What  id  the  distinction  between  Simple  and  Compound  Fellowship  P 

(50  and  52) 

60.  By  what  other  names  is  Simple  Partnership  known?  (50) 

61.  What  is  the  rule  for  Simple  Partnership?  (.51) 

62.  Wha^  is  the  rule  for  Compound  Partnership  ?  (62) 

B 


II 


274 


FRorrr  and  loss. 


SECTION  IX. 


[ajBCT.  JX 


PROFIT  AND  LOSS,  BARTER,  ALLIGATION, 
CUSUIENCIES,  EXCHANGE,  &c. 

PROFIT  AND  LOSS. 

J,  Profit  nnd  Loss  is  a  rule  by  which  we  are  enabled  to 
nsryrtaiii  what  we  g.iin  or  lo?c  in  mercantile  tran«<action8. 
1l  also  iusiructs  118  how  much  we  must  increase  or  diminish 
the  pri .e  of  our  goods  in  oider  that  our  gaiu  or  loss  may 
bo  pj  much  per  ciut. 

CASE  I. 

2.  To  find  the  total  (/ain  or  loss  on  a  certain  quantity 
of  goods  when  the  prime  cost  nnd  selling  price  are  given  : 

FIRST  RULE. 

Fini  the  price  of  the  goods  at  prime  cost  and  also  at  the  selling 
price.     The  difference  wilt  be  the  whole  gain  or  loss. 

Example  1. — What  do  I  gain  if  I  buy  207  cords  of  wood  at 
$3-78  per  cord  and  sell  it  at  $4.25? 

OPEUATION. 

207  cr  '1<?  0>,  $  l"25  =  $S7975  =  whole  sum  for  which  goods  were  sold, 
2U7  cords  1^  $  i  78  =  $77li"25  =  whole  cost. 

Difference  =  $ I0:i'o0  =  whole  gain  =  Ans. 
Example  2. — If.  I  purchase  900  bushels  of  wheat  at  $1'47  per 
bushel  and  sell  it  at  $1-25,  what  do  I  lose  upon  the  whole  trans- 
aciion? 

OPKRATIO:^. 

000  bushels  (S)  *Ti7  =  $1283  =  whole  cost. 

0<jO  bUbhola  @  $1*25  =  $1125  =  whole  sum  received  for  wheat. 

$158  =:  whole  loss.  Avjt, 

SECOND  RULE. 

FiTvi  the  difference  between  the  buying  and  selling  price  of  c 
bushe!,  lb.,  yard,  Str 

Multiply  the  ga..  j-r  loss  per  bus^d,  lb.,  yard,  ifc,  by  the  number- 
of  bushels,  lbs.,  or  yardsj  and  the  result  will  be  the  whdle  ^  a-i    r  loss 
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Example  3, — Bought  211  yardsof  flaunelata'Zi  cents  per  yard, 
and  sold  it  at  45  ceuta ;  required  my  total  gain  ? 

OPERATION. 

$0-S75  =:  buying  price, 
$^r45   zrz  selling  price. 

fO  (175  :=  gain  por  yard. 

{0075X211  =  $15-825.  Am. 

XoTE.— This  second  rule  affords  the  shorter  method  of  finding  the  gain 
or  loss. 

EXERCISES. 

4.  Bought  317  lbs.  of  butter  at  9  cents  per  lb.,  and  sold  it  at  12J 

cents  ;  what  was  my  gain  on  the  whole?         Jlns.  $11095. 

5.  Bouglit  2138  bushels  of  potatoes  at  87§  cents  per  bushel,  and 

sold  them  at  $1-20  ;  what  was  ray  gain  on  the  whole? 

Jns.  $694-85. 

Bought  13  barrels  of  sugar,  each  weighing  317  lbs.  net,  at  16 
cents  per  lb.,  and  sold  the  whole  for  $735 ;  how  much  did  I 
gain  or  lose  on  the  transaction?  Ans,  Gained  $116-85. 

Bought  17  kegs  of  wine,  each  containing  22  gallons,  at  $3-15 
per  gallon,  and  paid  in  addition  $2633  for  carriage,  &c., 
and  an  ad  valorem  duty  of  37J  per  cent.  I  sold  the  whole 
for  $1625;  what  was  my  gain  or  loss?    ,>5n«.  Loss  $21-2175. 


6. 


CASE  II. 

3.  Let  it  be  required  to  find  for  what  sum  I  must  sell  a  house 
which  cost  $2900  so  that  I  may  gain  15  per  cent. 

Here  for  every  $100  the  house  cost  me  I  am  to  receive  $116,  or  for  every 
$1  cost  F  am  to  receive  $ri5. 

The  selliiiir  virice  must  evidently  be  as  many  times  $1'15  as  the  buying 
price  contains  -51 ;  i.  e.,  $1-15X2900  =  $'m5  00.  Ans. 

A8;ain :  If  a  T»ersori  buys  a  horse  for  $  I'-iO,  and  afterwards  sells  it  so  as  to  lose 
11  per  (nmt. ;  how  mncii  does  he  receive  for  it  ? 

Here  for  evf-ry  ^l  ho  paid  for  the  horse  he  receives  only  $0*89  (since  he 
loses  11  per  cent.,  i.  e.,  11  cents  on  the  $1). 

Tlion,  th(3  selliuK  price  will  obviously  be  $0'89X230  =  $024)-70.  Ans. 

liencp,  to  Jin d  at  what  price  an  article  must  be  sold  so 
as  to  iiffiin  or  lose  a  specified  per  centage,  the  cost  price 
being  c^iven — 

RULE. 

Find  (Art.  3,  Sect.  VIL)  how  much  must  be  received  for  each 
dollar  of  the  buying  price,  and  multiply  this  by  the  whole  buyinsf 
■price.     The  result  will  be  the  selling  price. 

Example  8. — Bought  a  quantity  of  oatmeal  for  $1793-80.  For 
«'h  t  must  I  sell  it  so  as  to  gain  8  per  cent.  ? 

OPBRATION. 

Here  for  every  $1 1  expend  I  desire  to  receive  $1*08 ;  henoe,  the  selMn 
price  will  be  $l-08X1793-80  =  $1987-30*.  Ans. 
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Example  9. — Bought  a  lot  of  sheep  for  $7000,  and  am  willing 
to  lose  3  per  cent.     For  what  sum  must  I  sell? 

OPERATION. 

Here  for  every  $i  I  expend  I  am  willing  to  receive  $()"97,  and  hence  the 
selling  price  will  be  $0-97X7000  =  $67U0.  Ang. 

EXERCISES. 

10.  Bought  cordwood  at  $3.26  per  cord  ;  at  what  rate  per  cord 
must  I  sell  it  in  order  to  gain  30  per  cent.?      jlns.  $4.22J. 

11.  Bought  a  stock  of  goods  for  $13420  ;  for  how  much  must  it 
be  sold  in  order  to  gain  5  per  cent.  ?  Jlns.  $14091. 

12.  Bought  a  quantity  of  wool  at  11  cts.  a  lb.,  and  wish  to  sell 
ao  as  to  gain  15  per  cent. ;  at  what  rate  per  lb.  must  I  sell  it? 

^ns.  12  if,. 

13.  Bought  axes  at  $15.25  a  doz.,  and  desire  to  sell  them  so  as 
to  gain  23  per  cent. ;  at  what  rate  per  doz.  must  I  sell  ? 

Jlns.  $18.75|. 

14.  Bought  a  farm  for  $7890,  and  am  willing  to  lose  11  percent.; 
at  what  price  must  I  sell  ?  Jlns.  $7022.10. 

CASE  III. 

4.  Let  it  be  required  to  find  what  per  cent,  of  profit  a  merchant 
makes  by  buying  tea  at  43  cents  per  lb.  and  selling  it  at  67  cts. 

Here  the  gain  on  each  lb.  is  24  centa. 
That  is  every  43  cents  invested  gives  a  gain  of  24  cents. 
Therefore  every  cent  invested  gains  4S  of  24  cents  =  4^  cents. 
And  hence,  the  gain  per  cent.  =  I  j^  X  100  =  ^^^ = 53.8  per  cent. 

Hence  to  find  the  rate  per  cent,  of  profit  or  loss  when 
the  prime  cost  and  selling  price  are  given,  we  have  the  fol- 
lowing 

RULE. 

Find  the  difference  between  the  buying  and  selling  price,  and 
hence  the  gain  or  loss  per  unit. 

Multiply  this  by  100,  and  the  result  will  be  the  gain  or  loss  per 
cent. 

Example  15. — A  speculator  invests  $44400  in  stocks,  and  sells 
out  for  $50000  ;  what  per  cent,  does  he  make  by  the  operation  ? 

OPERATION. 

Here  the  whole  gain  is  $60000— $44400=  $5600. 

That  is  $44400  gain  $6600,  and  therefore  $1  gains  -^^^Ss  =  T^r  of  a  dollar. 

Hence  gain  per  cent. = $TiVr  X  100  =:  W:^  =  12.6  Ans. 

Note.— The  above  and  all  similar  questions  may  be  solved  by  Proportio  n. 
Thus  this  question  is,  if  $44400  gain  $5600,  what  will  J?100  gain  ? 

Ana  the  statement  is  $44400 :  $100  : ;  $5600 :    Ans.=:^^^~^  =  12.6 
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16.  Bought  tea  at  60  cents  a  lb.,  and  sold  it  at  8Yi  a  lb,;  how 
much  did  I  gain  per  cent.  ?  Jlns.  45^. 

17.  Bought  coffee  at  13  cents  and  sold  it  11  cents  a  pound  ;  what 
was  my  loss  per  cent.  ?  ^ns.  15^. 

18.  Bought  flour  at  $6.20  a  barrel,  and  sold  it  at  $7.80;  what 
was  the  per  cent,  of  profit?  ^ns.  26  J^  per  cent. 

19.  Bought  cloth  at  $2.75  per  yard,  and  sold  it  at  $3.10;  what 
was  my  gain  per  cent.?  jlns.  12-^^  per  cent. 
Bought  oats  at  $0.47  per  bushel,  and  sold  them  at  $0.56  ; 
what  was  my  gain  per  cent.?                   ^ns.  19^f  per  cent. 

Bought  meat  at  12  cents  per  lb.,  and  sold  it  at  lOJ  cents  a 
pound  ;  what  was  my  loss  per  cent.?  Ans.  12J  per  cent. 
Bought  a  horse  for  $93,  and  sold  it  for  $127 ;  what  per  cent, 
of  profit  did  I  make?  Jns.  36^5. 

A  man  bought  a  farm  for  $6742.50,  and  sold  it  for  $6000  ; 
what  was  his  loss  per  cent.  ?  jlns.  ll^^j  per  cent. 

If  I  purchase  a  house  for  $5700,  a  horse  for  $275,  and  pay 
$1987.32  for  household  furniture  and  a  carriage,  and  then 
sell  the  whole  for  $8750,  what  is  my  gain  or  loss  per  cent.  ? 

jins.  Gain  9.89,  or  nearly  10  per  cent. 
I  purchase  723  yards  of  black  silk  velvet  in  Paris  and  pay 
$4.25  a  yard ;  I  further  pay  7  per  cent,  for  insurance, 
$23.70  for  carriage,  $2.70  for  harbor  dues,  $3.16  for  wharf- 
age and  storage,  and  an  ad  valorem  duty  of  22  per  cent.,  and 
then  sell  the  whole  for  $5270  ;  what  is  my  gain  or  loss  per 
cent.  ?  ./Ins.  Gain  31.96749,  or  nearly  32  per  cent. 


20. 


21 


23 


24. 


CASE  IV. 

5.  Let  it  be  required  to  find  the  prime  cost  of  cloth  which  I 
sold  for  $4  and  gained  10  per  cent,  thereby. 

Here  the  gaiu  on  $1  was  10  cents,  or  what  I  sold  for  $1.10  cost  me  only  $1. 
Therefore  the  cost  price  will  contain  ?1  as  many  times  aa  the  selling  price 
contains  SI. 10. 

That  is  the  cost  price  =  r.iT)  =  $3,636.    Ans. 

Hence,  to  find  the  cost  price,  the  selling  price  and  the 
gain  or  )<>  is  per  cent,  being  given,  wo  have  tlie  followinf^ : — 

RULE. 

Find  the  gain  or  loss  per  unit,  and  add  it  to  unity  if  it  be  gain, 
but  substract  it  from  unity  if  it  be  loss. 

Divide  the  selling  price  by  the  quantity  thus  obtained,  and  the 
result  will  be  the  cost  price. 

Or  say  a  $100  +  gain  per  cent,  (or  as  $100— /05S  per  cent.)  is  to 
$100  so  is  the  selling  price  to  the  cost  pric«. 
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ExAifPLi  16. — Sold  a  quantity  of  coal  for  $719,  and  lost  1  per 
cent,  bj  the  transaction ;  what  was  the  prime  cost? 

OPERATION. 

IST  Rule.— Loss  on  Si  is  7  cents,  or  for  every  81  paid  I  receive  90.98. 

Henoe  cost  =  8 V;?  =  8773.1 17. 

tvv  RULB.-893  :  $100  : :  $719  :    Aw.  iill^^rr  $773,117. 

EXERCISES. 

27.  For  what  did  I  buy  a  quantity  of  an  gar  which  I  sold  for 
$24.60,  losing  4  per  cent.  Jlns.  $25,625  +. 

28.  A  gentleman  sold  his  library  for  $2360, which  was  10  per  cent, 
leas  than  cost ;  what  did  he  give  for  it?        JIns.  $2622-22. 

29.  A  farmer  sold  his  farm  for  $7400,  gaining  11  per  cent,  on 
the  prime  cost;  what  did  he  give  for  it?     .4nx.  $6660-666. 

30.  A  merchant  sold  a  quantity  of  sillc  velvet  for  $378940,  gain- 

ing 17  per  cent,  by  the  transaction;    required  the  buying 
price?  ./^ns.  $3238-803. 

31.  Sold  a  lot  of  cattle  for  $2740,  losing  13  per  cent,  by  ihe 
transaction  ;   what  did  I  give  for  them?      Jlns.  $3149-425. 


BARTER. 

6.  Barter  sii^^nifies  an  exchange  of  goods  or  articles  of 
commc^rce  at  prices  agieod  upon  ro  that  neither  party  in 
tho  transaction  may  sustain  loss. 

7.  The  principle  of  solution  depends  upon  finding  the  value  of 
the  commodity  whose  price  and  quantity  are  given,  and  thence  Ihe 
equivalent  quantity  of  a  second  commodity  of  a  given  price,  or  the 
equivalent  price  of  a  given  quantity  of  a  second  commodity. 

ExAMPLB  1. — How  much  tea  at  $1-10  per  lb.  ought  to  be  given 
for  712  lb.  of  sugar  at  13  cents  per  lb.? 

Ox-ERATION. 

712  lbs.  of  sufi:ar  at  13  cents  per  lb.=  $92'56,  and  $92-36  -f  $l'10=84'1454 
lbs.  =  84  lbs.  2i  oz.  Ana. 

Example  2. — I  desire  to  barter  96  lbs.  of  sugar,  which  cost  me 
8  cents  per  lb.,  but  which  I  sell  at  13  cents,  giving  9  months' 
credit,  for  calico  which  another  merchant  sells  for  17  cents  per 
yard,  giving  6  months'  credit.  How  much  calico  ought  I  to 
receive  ? 

OPERATION. 

I  first  find  at  what  price  I  could  sell  my  sugar,  were  I  to  give 
the  same  credit  does  — 

If  9  months  give     o  o  cents  profit,  what  ought  6  months  to  give  P 
9:6::6:^=^  =  3icents. 

V  (7 

Henoe,  were  I  to  give  6  mouths*  credit,  I  should  charge  8  +  3|=3ll| 
oeats  pw  lb.   Next— 
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A"  m.v  MelHni?  price  is  to  my  biiylnfr  price,  so  ought  his  selling  to  bo  to  hit 
btvying  price,  both  Klving  tUo  sumo  en-flit. 

lU  :  8  :    17  :  -~!-  =12  ccnts. 

The  price  of  my  Bugar,  fore,  la  06  X  8  ccnts,  or  $7*08;  and  of  his 

calico,  12  contH  per  .vard. 


Honco 


S7'(1H 

-I^-p  =8*,  is  thp  roQuirod  numl>cr  of  yard.<. 


EXSRCISES. 

3.  A  has  coffee  which  he  barters  at  10  cents  the  lb.  more  ihnn 

it  cost  him,  against  tea  which  stands  15  in  $2,  but  which  ho 
rates  at  $2.50  per  lb.  How  much  did  the  coffee  cost  at 
first?  -^na.  40  ccnts. 

4.  A  has  silk  at  $280  per  lb. ;  B  has  cloth  at  $2  50,  which  cost 

only  $2  the  yard.  How  much  must  A  charge  for  his  silk, 
to  make  his  i)rofit  eqiml  to  that  of  U?  Jfns.  $3  50. 

6.  I  have  cloth  at  8  cents  the  yard,  and  in  barter  charge  for  it 
13  cents,  and  give  9  months'  time  for  payment  ;  another 
merch.Hnt  has  goods  which  cost  him  12  cents  per  lb.,  and 
with  which  he  gives  G  months'  time  for  payment.  How  high 
must  ho  charge  his  goods  to  make  an  equal  barter  ? 

Jns.  .At  17  cents. 

6.  K  and  L  barter.      K  has  cloth  worth  $1-60  the  yard,  which 

he  barters  at  $1-85  with  L,  for  linen  cloth  at  60  ccnts  por 
yard,  which  is  worth  only  55  cents.  Who  has  the  advan- 
tage; and  how  much  linen  does  L  give  to  K  for  7i»  yat-  s 
of  his^  cloth?  Jlns.  L  gives  K  215JJ  yards  ;  and  L  has  tho 
advantage. 

7.  B  has  five  tons  of  butter,  at  $102  per   ton,  and   lOJ  tons  of 

tallow,  at  $135  per  ton,  which  he  barters  with  C  ;  agreeing 
to  receive  $60030  in  ready  money,  and  the  rest  in  beef  at 
$4-20  per  barrel.     How  many  barrels  is  he  to  receive  ? 

Jns.  316. 


ALLIGATION. 

8.  Alligation  is  the  method  of  finding  the  value  of  a 
mixture  of  in,'reilients  of  different  value?,  or  of  foriiiiiig  a 
compound  which  shall  have  a  given  value. 

"NoTE.—Thc.  term  alligation  is  derived  from  the  Latin  word  a?/7,70  "  to 
tie  or  bind,"  the  reference  being  to  the  manner  of  connecting  or  tjiiig  tho 
numbers  together  in  a  certain  class  of  questions  P 

9.  Alligation  is  divided  into  Alligation  Medial  and 
Alligation  Alternate, 

10.  Alligation  Medial  (Latin  melius^  "  morn  or  nvo- 
rag«")  enables  us  to  tind  the  value  of  a  mixiure  when  ilie 
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CSect.  IX. 


ingredients,  of  which  it  is  composed  and  their  prices  are 
known. 

11.  Alligation  Alternate  enables  us  to  find  what  pro- 
portion must  bo  taken  of  several  ingredients,  whose  prices 
are  known,  in  order  to  form  a  compound  of  a  given  price. 


ALLIGATION  MEDIAL. 

12.  Let  it  be  required  to  find  the  price  per  lb.  of  a  mixture 
containing  47  lbs.  of  sugar  at  11  cents  per  lb.,  29  lbs.  at  13 
cents,  and  24  lbs.  at  17  cents. 

OPERATIOX. 

47  lbs.  at  11  cents  =  517  cents. 
99  lbs.  at  13  cents  =  377  cents. 
21  lbs.  at  17  cents  =  403  cents. 

Then  100  lbs.       cost       1202  cents  and  1  lb.  will  cost  i^^^  =  125»jj  cents. 
Hence  for  Alligation  Medial  we  deduce  the  following : — 

RULE. 

Divide  the  entire  cost  of  the  whole  mixture  by  the  sum  of  the 
ingredients^  and  the  quotient  will  be  the  price  per  unit  of  the 
mixture. 

ExAMPi'ii  1.— What  will  be  the  price  per  lb.  of  a  mixture  of 
tea  containing  7  lbs.  at  $0-60  per  lb.,  11  lb.  at  $0-80, 19  at  $1*06, 
and  3  lbs.  at  $1-23? 

OP?EATIOIT. 

@        $0*50  =  63-50 

t$0-80  =  #8-80 

$1-06  =:  $2014 

@        ^1-23  =  93'69 


7  lbs. 
11  " 
1»  " 

3  " 


40  lbs. 


=sum  of  ingre- 
dients. 


$36-13  =  Total  cost. 


.13 


40)$36-13($0-90to  Ans. 
860 

•13 
£xAHPLB  2.'—A  goldsmith  has  3  lbs.  of  gold  22  carats  fine,  and 
2  lbs.  2 1  carats  fine.    What  will  be  the  fineness  of  the  mixture  ? 

In  this  case  the  value  of  each  kind  of  ingredient  is  represented  by  a  mun- 
h&r  ot  oarata— 

OPBRATIOK. 


3  lbs. 
8   - 

X22 
X21 

"^ 

66  carats 
42    " 

5                          8)108     " 

IThe  niixture  is    2l|  carats  fine. 

3. 
4. 
5. 
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EXERCISES. 

3.  Having  melted  together  7oz.  of  gold  22  carats  fine,  12i  oz.  21 

carats  fine,  and  17  oz.  9  carats  fine,  I  wish  to  know  the  fine- 
ness of  each  ounce  of  the  mixture.  ^ns.  20^^  carats. 

4.  A  vintner  mixed  2  gallons  of  wine,  at  14s.  per  gallon,  with  1 

gallon  at  123.,  2  gallons  at  93.,  and  4  gallons  at  83.  What 
is  one  gallon  of  the  mixture  worth  ?  Jlns.  lOs. 

5.  A  farmer  mixes  15  bushels  of  wheat  worth  $1*20  with  30 

bushels  worth  $150,  and  60  bushels  worth  $M0  and  83 
bushels  worth  $l't5.  What  is  one  bushel  of  the  mixture 
worth?  ^ns.  $1-458. 

6.  A  grocer  mixes  together  12  lbs.  of  tea  at  50  cents,  16  lbs.  at 

"72  cents,  22  lbs.  at  65  cents,  18  lbs.  at  85  cents,  and  100 
lbs.  at  42  cents.     How  much  per  lb.  is  the  mixture  worth? 


ALLIGATION  ALTERNATE. 

13.  Alligation  Alternate  is  the  reverse  of  Alligation 
Medial,  and  may  be  proved  by  it. 

CASE  I. 

14.  Given  the  prices  of  the  ingredients,  to  find  the  pro- 
portion in  which  they  must  bo  mixed  in  order  that  the 
compound  may  be  worth  a  given  price — 

RULE. 

Set  doxon  the  prices  of  the  ingredients  in  two  columns,  placing 
those  greater  than  the  price  of  the  compound  to  the  left,  and  those 
less  than  it  to  the  right. 

Between  these  columns  form  two  others  composed  of  the  dijj  •  i.nces 
between  the  prices  of  the  several  ingredients  and  of  the  compc  inU  ; 
writing  each  difference  next  to  the  number  by  which  it  was  obtained. 

Link,  by  means  of  a  line,  the  left-hand  differences  to  the  right- 
hand  differences  in  any  order. 

Then  each  difference  will  express  how  much  of  the  quantity  with 
whose  difference  it  is  connected,  should  be  taken  to  form  the  required 
mixture. 

If  any  difference  is  connected  with  more  than  one  other  difference, 
it  is  to  be  considered  as  repeated  for  each  of  the  differmnces  with 
which  it  is  connected ;  and  the  sum  of  the  differences  with  which  it 
is  connected  is  to  be  taken  as  the  required  amount  of  the  quantity 
whose  difference  it  is. 

Example  7.— How  many  pounds  of  tea  at  5s.  and  8s.  per  lb., 
would  form  a  mixture  worth  7s.  per  lb.  ? 


i«l 


28^ 
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Ail 


OPBHATIOK. 
Price.  Dlff^renoes.   Price. 


7  =  8—1- 


-2+5  =  7 


1  is  connected  with  28.,  the  differruce  between  the  7,  the  required  price, 
and  5s. ;  hence  there  must  be  I  lb.  at  Ss.  2  is  coiuujcted  with  I,  the  differ- 
ence between  8s.  and  the  required  pt-ico;  hence  there  must  be  2  lbs.  at  fs. 
Then  1  lb.  of  tea  at  .Ih.  and  2  lbs.  at  8s.  per  lb.,  will  form  a  mixture  worth 
7h.  per  Tc— as  may  be  proved  by  tlie  last  rule. 

It  is  evident  that  any  equimultinles  of  these  quantities  would  an.swer 
equally  as  well;  hence  a  grt-at  number  of  answers  may  be  given  to  such  a 
que.stion, 

ExAMPLG  8. — How  much  sngar  at  9d.,  Td.,  5d.,  and  lOd.,  will 
produce  sugar  at  8d.  per  lb.  ? 

OPERATION. 
Prices.    Dift'erenrcs.    Prices. 


8 


-  f  9-1- 

—  110—2 


:SI}=» 


1  is  connected  with  1,  the  difforenoo  biitwoen  7d.  and  the  mean,  8 ;  hence 
there  is  to  bo  1  lb.  of  simie  at  7d.  per  lb.  2  is  connected  with  S,  the  ditfe- 
rence  between  5d.  and  the  mean ;  hence  there  is  to  be  2  lbs.  at  5d.  I  is  con- 
nected with  I,  the  difference  bi^tween  9d.  and  the  mean ;  hence  there  is  to 
be  1  lb.  at  9d.  And  H  is  connected  with  2,  the  difference  between  lod.  and 
the  mean ;  hence  there  are  to  be ;{  His.  at  lOd,  per  lb. 

Consequently  we  are  to  take  I  lb.  at  7d.  and  -i  lbs.  at  5d..  1  lb.  at  9d.  and 
S  lbs.  at  lOd.  if  we  examine  the  price  of  the  mixture  these  will  give  (Art.  12), 
we  shall  dud  it  to  be  the  given  mean. 

Example  9. — What  quantities  of  tea  at  4s.,  Gs.,  Ss,,  and  9s.  per 
lb.,  will  produce  a  mixture  worth  53.? 

OPBnATION. 
Prices.    Differences.    Prices. 


(-8—3- 

5  =  •;  6—1- 

C9-4-' 


:l+l  =  5 


8, 1.  and  4  are  connected  with  Is.,  the  difference  between  4s.  and  the  mean ; 
therefore  we  are  to  take  '\  Ibs.-f  1  lh.-{-4  lbs.  of  tea,  at  4s.  per  lb.  1  is  con- 
nected  with  Ss.,  Is.,  and  4s..  the  differenees  between  8h.,  69.  and  93..  and  the 
merfn ;  therefore  we  are  to  take  1  lb.  of  tea  at  8s.,  1  lb.  of  tea  at  6s.,  and  1  lb. 
at  9s.  per  lb. 

Example  10. — How  much  of  >i.nv  thing  at  .3?.,  4g.,  5g.,  73.,  Ss., 
9s.,  Us.,  and  123.  per  lo.,  would  form  a  mixture  wortli  6s.  per  lb.  ? 

OPEEATION. 

Prices.    Differences.    Prices. 

7-1 
8-2- 
9— ;j- 

11—5- 
12-6' 

1  lb.  at  ds.,  2  lbs.  at  4s.,  3  lbs.  at  78.,  2  Ibs.at  Ss.,  3-f  5+6 ;  i.  e.,  14  lbs:  at  88.,  1  lb. 
at  91.,  1  lb.  at  ilji.,  ^vdL  lb.  at  lis.  per  lb.  will  fwrui  ths  r«qiUr«d  mixtur*. 
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Tjf  0TB.— Tim  principle  npon  which  this  rule  proceeds  is  that  the  excMs 
of  one  inKrodiont  above  tne  mom  is  made  to  counterbalance  what  the 
other  wants  of  hcinjt  ?qnal  to  thi^  mean.  Thus  in  example  1,  lib.  at  58. 
per  II).  jrives  adeflcieiicy  otin.;  but  thia  is  corrected  by  2a.  exc0«9  in  the 
i  lbs.  at  8s.  per  lb. 

In  cxaiiiple  2,  1  lb.  at  7d.  ftives  a  deficiency  of  Id.,  1  lb.  at  9d.  gives  an  ex* 
cess  of  ifl. ;  but  the  excess  of  Id.  and  the  dollcicniy  of  Id.  oxai.tly  neutralize 
each  other. 

Again,  it  is  evident  that  2  lbs.  at  .'id.  and  .S  lbs.  nt  Ifld.  are  wrrth  Jnst  as 
much  as  5  lbs.  at  8d.— that  is,  8d.  will  be  thcaverfiije  price  If  we  mix  2  lbs.  at 
6d,  with.H  lbs.  at  lod. 

EXERCISES. 

11.  How  much  wheat  at  $1.60,  $1.40,  $1.10,  and  $1  per  bushel 
must  bo  mixed  together  in  order  to  form  a  mixture  worth 
$1.25  per  bushel?    Give  at  least  two  sets  of  answers. 

Am.  35  bushels  at  Sl.10, 15  at  ?^\.Qn,  15  at  Sl.OO,  and  25  at  $1.40. 
«5  bu.-iliels  at  §1.00, 15  atS'  .40, 15  at  §1.11),  and  25  at  §1.60. 

12.  How  much  wine  at  60  cents,  50  cents,  42  cents,  38  cents,  and 

30  cents  per  quart,  will  make  a  mixture  worth  45  cents  a 
quart?     Give  at  least  two  sets  of  answers. 

13.  A  merchant  has  sugar  worth  10  cents,  12  cents,  14  cents, 
15  cents,  16  cents,  17  cents,  and  18  cents  per  pound,  and 
wishes  to  form  a  mixture  worth  12 i  cents  a  lb.  How  many- 
pounds  of  each  must  he  use? 

14.  A  grocer  has  sugar  at  5d.,  7d.,  12d.,  and  13d.  per  lb.  How 
much  of  each  kind  will  form  a  mixture  worth  lOd.  per  lb.? 
Jlns.  2  lbs.  at  5d.,  3  lbs.  at  7d.,  5  lbs.  at  12d.,  and  3  lbs.  at  13d. 

CASE  II. 

15.  "When  a  given  quantity  of  one  of  th»  ingredients  ia 
to  be  tnkcn — 

I.  Find  the  proportional  quantities  of  the  ingredients  as  in  Case  I. 

II.  Then  say,  as  the  amount  of  the  ingredient  as  thus  found  is 
to  the  given  amount  of  the  same  ingredient,  so  is  the  amount  of  any 
other  ingredient  (found  by  Case  I.)  to  the  required  quantity  of  that 
other. 

« 

Example  15. — 29  ibs.  of  tea  at  4s.  per  lb.  is  to  be  mixed  with 
teas  at  6s.,  Ss..  and  '.'a.  per  lb.,  so  as  to  produce  what  will  be 
worth  53.  per  lb.     What  quantities  must  be  used? 

OPBHATIOir. 

By  Case  I  we  find  that  8  lbs.  of  tea  at  4s.,  and  1  lb.  at  6s.,  1  lb.  at  8s.,  and 
1  lb.  at  9s.  will  make  a  mixture  worth  5s.  ptir  lb. 

Therefore  8  lbs  (the  quantity  of  tea  at  4s.  per  lb.,  as  found  by  the  rule) ! 

29  lbs.  (tlio  given  quantity  of  the  same  tea)  : :  1  lb.  (the  quantity  of  tea  at 

IX  29 
68.  per  lb.,  as  found  by  the  rule;  or  --—  lb.  =  3|  lbs.  Ans, 

8 

We  may  in  the  same  manner  find  what  quantities  of  tea  at  8s.  and  9s« 
pur  lb.,  oorrespond  with  29  lb.  of  tua  at  4is.  per  lb. 
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E:(AMPLB  16. — A  refiner  has  10  oz.  of  gold  20  carats  fine,  and 
melts  it  with  16  oz.  18  carats  fine.  What  rauflt  be  added  to 
make  the  mixture  22  carats  fine  ? 

10  oz.  of  20  carats  fine  =:  10  X  20  =  200  carats. 
Ifl  oz.  of  18  carats  fine  =  16  X  1 8  =  288 

26  :     1  : !  488  :  Ic  1 J  carats, the  fine- 
ness  of  the  mixture- 

24—22  =  2  carats  baser  metal,  in  a  mixture  22  carats  fine. 
24— Isi^rrSi'i carats  baser  metal,  in  a  mixture  IsiS  carat  fine. 
Then  2  carats  :  22  carats  : :  5ui  :  57 nf  carats  of  pure  gold— rcqiiired  to 
change  S'l's  carats  baser  metal  into  a  mixture  22  carats  fine.  But  there  are 
already  in  the  mixture  18"!  t  carats  gold ;  therefore  57-Kr— isi  3=381  a  carats 
gold  are  to  be  added  to  every  ounce.  There  are  20  oz.;  therefore  26X3811 
=1008  carats  of  gold  are  wanting.  There  are  24  carats  in  every  oz.;  there- 
fore ■^4*  carats=42  oz.  of  gold  must  be  added.  There  will  then  be  a  mix- 
ture containing 

oz.    car.  car. 


10X20  = 
16X18  = 
42X24  = 


200 

288 

1008 


68    :    1  oz.  : :  1496  :  22  carats,  the  required  finpncsa. 

EXERCISES. 

How  much  molasses  at  16  cents,  at  19  cents,  and  at  23  cents 
per  quart  must  be  mixed  with  87  quarts  at  31  cents  in  order 
that  the  mixture  may  be  worth  25  cents  per  quart? 

How  much  oats  at  37  cents  per  bushel  and  barley  at  68  cts. 
per  bushel  must  be  mixed  with  70  buchels  of  peas  at  80  cts. 
a  bushel  so  that  the  -mixture  may  be  worth  75  cents  per 
bushel  ? 

How  much  brass  at  14d.  per  lb.,  and  pewter  at  lOJd.  per 
lb.,  must  I  melt  with  50  lbs.  of  copper  at  16d.  per  lb.,  so  as 
to  make  the  mixture  worth  Is.  per  lb.  ?  ^ns.  50  lbs.  of 
brass,  and  200  lbs.  of  pewter. 

How  much  gold  of  21  and  23  carats  fine  must  be  mixed  with 
30  oz.  of  20  carats  fine,  so  that  the  mixture  may  be  22  carats 
fine?    ^ns.  30  of  21,  and  90  of  23. 

CASE  III. 

16.  When  the  quantity  of  the  compound  is  given  as 
well  as  the  price — 

I.  Find  the  proportional  quantities  as  in  Case  I. 
II.  Then  say,  as  the  sum  of  the  proportional  quantities  is  to  each 
proportional  quantity ,  so  is  the  given  quantity  to  the  corresponding 
vart  of  each. 


17. 


18. 


19. 


20. 
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Example  21. — What  must  be  the  amount  of  tea  at  48.  per  lb. 
in  "736  lb.  of  a  mixture  worth  58.  per  lb.,  and  containing  tea  at 
6s.,  83.,  and  9s.  per  lb.  ? 

To  produce  a  mixture  worth  68.  per  lb.,  we  require  8  lb.  at  48.,  1  at  88.,  1 
at  68.,  and  1  at  98.  per  lb.  (Art.  14) .  But  all  of  these  added  together,  will  make 
11  lbs.,  in  which  there  are  8  lbs.  at  4s.    Therefore 
lbs.  lbs.     lbs.       lb.  lbs.    oz. 

8  X  738  -t 

11  :  8  : :  736  :  -~~  =526    4iV,  the  required  quantity  of  tea  at  49. 

That  is,  in  736  lbs.  of  the  mixture  there  will  be  536  lbs.  4"i'S"  oz.  at  4s.  per 
lb.  The  amount  of  each  of  the  other  ingredients  may  bo  found  in  the 
same  way. 

EXERCISES. 

22.  A  druggist  is  desirous  of  producing,  from  medicine  at  $1.00, 
$1.20,  $1.60,  and  $1.80  per  lb.,  168  lbs.  of  a  mixture  worth 
7s.  per  lb.;  how  much  of  each  kind  must  he  use  for  the  pur- 
pose? Jns.  28  lbs.  at  $1.00,  56  lbs.  at  $1.20,  66  lbs.  at 
$1.60,  and  29  lbs.  at  $1.80  per  lb. 

23.  27  lbs.  of  a  mixture  worth  4s.  4d.  per  lb.  are  required.  It 
is  to  contain  tea  at  5s.  and  at  3s.  6d.  per  lb.;  how  much  of 
each  must  be  used?  Jlns.  15  lbs.  at  5s.,  and  12  lbs.  at  3s.  6d. 

24.  How  much  brandy  at  $2.40,  $2.60,  $2.80,  and  $2.90,  per 
gallon,  must  there  be  in  one  hogshead  of  a  mixture  worth 
$2.7  per  gallon?  Jns.  18  gals,  at  $2.40,  9  gals,  at  $2.60, 
9  gals,  at  $2.80,  and  27  gals,  at  $2.90  per  gallon. 


EXCHANGE  OF  CURRENCIES. 

17.  Exchange  of  Currencies  is  the  process  of  changing 
a  sum  of  money  expressed  in  the  denominations  of  one 
country  to  an  equivalent  sum  expressed  in  the  denomina- 
tions of  another  country. 

18.  By  the  currency  of  a  country  is  meant  the  coinSy 
or  money ^  or  circulating  medium  of  trade  of  that  country. 

19.  The  intrinsic  value  of  a  coin  is  determined  by  the 
kind,  purity^  and  quantity  of  metal  it  contains. 

20.  The  relative  value  or  commercial  value  of  a  coin  is 
its  market  value,  and  is  fixed  by  law  and  commercial 
usage. 
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FOREIGN  MONEYS  OF  ACCOUNT, 

WITH  THE  PAR  VALUE  OP   THE   UNIT,   AS  FIXED  BY   COMMERCIAL 
USAQB,   EXPRESSED   IN  DOLLARS   AND   CENTS. 

Austria.— 60  kreutzers=l  florin ;  1  florin  (silver) = $0,485 

Belgium.— 100  cent8=l  guilder  or  florin ;  1  guilder  (8llver)= "40 

Brazil.— 1000  ree8=l  milree= 828 

Bremen.— 5  sch\vares=l  grote  ;  72  grotos=l  rix-doUar  (silver)—...      .7S7 

British  India.— 12  pice=lanna;  I6annas=i  Corapany's*  rup«!e=     .445 

Buenos  Ayres,— S  rial»=:l  dollar  currency  (variable),  mean  valuc=      .03 

Canton.— 10  casht=l  candarines;  10  caud.=l  mace;  10  mace=:l 

tael= 1.48 

Cape  OP  Good  Hope.— 0  8tivers=l  schiling;   8  8chiliugs=i  rix- 

dollar  = 813 

Ceylon.— 4  pice=l  fanam ;  12fanams=l  rix  dollar= 40 

Cuba,  Colombia,  and  Chili.— 8  rials=i  doliar= 1.00 

Denmark.— 12  pfenuing=l  skilling;  16  bkilling8=l  marcjB  iiaarci= 
1  rix  dollar= 52 

England.— 4  fartliings=l  penny;  l2penco=l shilling;  20  slnl.=  £l~   4.868 

Prance.- 10  centimes=l  decimc ;  10  decime.s=l  franc= 186 

Greece.— 100  lepta=l  drachme ;  1  drachme  (8ilver)= 166 

Holland.— 100  cents=l  florin  or  guilder;  1  florin  (silver)= 40 

Hamburgh  .—12  pfenmng=l  schiling ;  16  schil— 1  mai-c;  3  marcs 

=1  rix-dollar= 84 

Malta.— 20  grains=l  taro ;  12  tari=l  scudo ;  2i  scudi=l  pezza---.,..    1.00 

Milan.— 12  denari=i  soldo;  20soldi=l  lira= 20 

Mexico.— 8  rials=i  dollar= 1.00 

Monte  Video.— lOO  centesimos=l  rial ;  8  rials=l  dollar= S33 

Naples.— 10  grani=l  carlino;  10  oarlini=l  ducat  (8ilver)= 80 

Norway.— 120  Hkilling8=l  rix-dollar  specie  (silver)= 1.06 

PAPAi  States.— 10  bajocchi=l  paolo ;  10  paoli=l  scudo  or  crown=    1.00 

Peru.— 8  rials=:l  dollar  (silver)= 1.00 

Portugal.- 400  recti=l  cruzado ;  lOOOrees^l  milree  or  crown=...    1.13 

Prussia.— 12  pfennings=l  groseh  (silver);  30  groschcn=l  thaler  or 

dollar= 69 

Eussia.— 100  copecks=l  ruble  (8ilver)= 78 

Sardinia.— 100  cente8imi=l  lira;= 186 

Sweden.- 48  skillings=l  rix-dollar  spccie= 1.06 

Sicily— 20 grani=l  taro ;  30  tari=rl  oncia  (gold)= 2.40 

Spain.— 34  maravedi8=l  real  of  old  platej= .^ 10 

8  reals— I  piastre ;  4  piaHtres=l  pistole  of  exchange. 

20  reals  vollon=l  Spanish  dollar^: 1.00 

•  The  current  silver  rupee  of  Bombay,  Madras,  and  Beiigal  is  worth 
jO.444.    In  India  also  they  use  cowries  for  coin.    These  are  small  shells 
found  in  the  Maldives  and  elsewhere ;  2560  cowries  make  a  rupee,  and  lOOOOO 
rupees  make  a  iae. 
.  "LTh®  ^**'*»  >"ade  of  ooppor  and  lead,  is  said  to  be  the  only  money  coined 

t  The  old  plate  real  is  not  a  coin,  but  is  the  denomioation  in  which 
«u»MuveH  are  usuaJJ^  mad*. 
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St.  DoMiiT«o.— 100  oontlxne«=l  dollar= 10.383 

TUBCAMT.— 12  denari  di  pezza;=l  soldi  di  pezzi ;  2  soldi  di  peiza^l 

pezzaof  8  rials;  1  pczza  (silver)— 90 

Turkey.— 3  aspers=l  para;  40  paras=l  piastre  (variable)  about 096 

Venice  — lOo  ccntosimi—l  lira= 186 

United  States  op  America.— 10  mills— l  cent;  10  cents=i  dime; 

lOdiracs:^-!  dollar— 1.00 

21.   The  following  table  exhibits  the  commercial  value 
of  the  foreign  coins  most  frequently  met  with: 

Gdinea $6.00 

SovEREiON  of  Great  Britain 4.867 

Ceown  of  England 1.216 

Halp-Crown  of  England 608 

SHILLING  of  England... 24i 

j)0LT,AK  of  the  United  States 1.00 

Pkanc  of  France .18} 

Pive-Franc  Piece  of  Franco '93 

Livue  Tournois  of  France 18i 

pottTY'PRANc  Piece  of  Franco 7.6' 

Crown  of  Prance 1.06 

Louis-d'Or  of  France 4.56 

PLOElNof  the  Netherlands '40 

Guildee  of  the  Netherlands '40 

Florin  of  Southern  Germany 40 

Thaler  or  Rix-Dollar  of  Prussia  and  Northern  Germany 69 

Rix-DOLLAK  of  Bremen 78J 

Florin  of  Piussia 22| 

Marc- Banco  of  Hamburg 86 

Plorin  of  Austria  and  city  of  Augsburg 48i 

Florin  of  Saxony,  Bohemia,and  Trieste 48 

Plorin  of  Nuremburg,  Frankfort,  and  Creveld 40 

Rix-DoLLAR  of  Denmark 1-00 

Bpbcie-Dollar  of  Denmark 1.05 

Dollar  of  Sweden  and  Norway 1.06 

MlLEEB  of  Portugal 1.12 

MiLEEB  of  Madeira ., 1.00 

MlLEEE  of  Azores .83| 

Bjbal-Vbllon  of  Spain .06 

Rb.vl-Plate  of  Spain '10 

Pistole  of  Spain ; 8.97 

Rial  of  Spain « .12 

Pistbrbbs .18 

Cross  Pistaeben .16 

BiUBLB  (silver)  of  Russia .76 

iMPJBJtiAL  of  Russia 7.83 


288 


EXCHANGE    OK   0URRBN0IB6. 


[Sbci.  IX. 


DouBiooN  of  Mexico $15.60 

Half-Job  of  Portugal 8.fi3 

Lira  of  Tuscany  and  Lombardy 18 

LiBA  of  Sardinia .18^ 

OUNCB  of  Sicily 2.40 

Ducat  of  Naples 80 

Ceown  of  Tuscany 1.05 

Florence  Livkb 15 

Oeuoa  "       18i 

Geneva        "       21 

Leghorn  DoLLAB 90 

Swiss  LiVRE 27 

ScuDO  of  Malta 40 

Turliisii  Piastre 06 

Pagoda  of  India 1.84 

EUPEE  of  India ^i 

TAEiiOf  Cliina 1.48 


4. 

6.1 

6. 


23.  In  Canada  all  accounts  were  kept  in  pounds,  shillings,  pence,  and 
farthings  previous  to  the  adoption  of  the  decimal  coinage  by  Act  of  Pro- 
vincial Parliament  in  1858.  In  the  United  States  also  accounts  were  simi- 
larly kept  prior  to  the  adoption  of  Federal  Money  in  1786.  In  the  States, 
at  the  time  Federal  money  was  adopted,  the  Colonial  currency  or  bills  of 
credit  had  become  more  or  loss  depreciated  in  value,  i.  e.,  a  colonial  shilling 
was  worth  less  than  a  shilling  sterling,  &c.,  and  the  depreciation  in  value 
being  greater  in  the  currencies  of  some  colonies  than  in  otheps  gave  rise  to 
the  diJB'erent  valties  of  the  present  old  currencies  of  the  different  States. 


or£f. 

or  je^-. 


TABLE  OF  CURRENCIES 
In  Canada  and  the  United  States. 

In  Canada,  Nova  Scotia,  NewBrunswick,  &c,,  $l=5s. 
In  N.  y.,  N.  0.,  Ohio,  and  Mich.,  $l=8s. 

In  N.  Eng.,  Va.,  Ky.,  Ten.,  la.,  111.,  Miss., 

Missouri,  $l=6s. 

In  Penn.,  New-Jer.,  Del.,  and  Md.,  $1=78.  6d.  or  JEf . 

In  Georgia  and  S.  C,  $l=4s.  8d.  or  £-^. 

Note. — The  remaining  States  use  the  Federal  money  exclu- 
sively. 

23.  To  reduce  dollars  and  cents  to  old  Canadian  Cur- 
rency, or  to  any  State  Currency — 

RULE. 

Multiply  the  given  sum  by  the  value  of  $1  in  the  required  cur- 
rency expressed  as  a  fraction  of  a  pound.  The  product  will  be 
pounds  and  decimals  of  a  pound. 

Reduce  {Art.  58,  Sect,  IV.)  the  decimal  to  shillings,  pence,  and 
farthings. 
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Example  1. — Reduce  $493-72  to  Old  Canadian  Currency. 

OPRnATION. 
493-72  X  i  =  £123*43 =£123  8s.  iH.  Ans. 

ExAMPLB  2. — Reduce  $749-80  to  New  England  Currency. 

OPBIIATION. 
749-80  X  -i^o  =  £22V«4  =  £222  IS''.  Oi^d.  Ans. 

Example  3.— Reduce  $1111*11  to  New  York  Currency. 

OPEBATION. 
llU'llx!  =  £441.445  X  £144  89.  lO^d.  Ant. 

EXERCISES. 

4.  Reduce  $1974-80  to  New  Jersey  Currency  ?  Jnn.  £740  lla. 
6.  Reduce $765-43  to  Michigan  Cnnencey  ?  Jns.£30Q  35.  5;^d. 
6.  Reduce  $8172-19  to  Old  Canadian  Currency  ? 

Ans.  £2043  Os.  lljd. 


24.  To  Reduce  Old  Canadian  Currency  or  any  State 
Currency  to  dollars  and  cents — 

RULE. 

Express  the  given  sum  decimally  and  divide  it  by  the  value  of  a 
dollar  expressed  at  a  fraction  of  a  pound ;  the  quotient  will  be 
dollars,  cents,  ifc. 

Example  7.  Reduce  £179  18s.  4^d.,  Old  Canadian  Currency, 
to  dollars  and  cents. 

OPERATION. 
£179  IBs.  4|d.= £179-9197916  and  179*9197916 -r- 1  =  $719*67916.  Ans. 

NoTB.— Old  Canadian  Currency  may  be  most  expeditiously  reduced  to 
dollars  and  cents  by  the  rule  given  iu  Art.  80,  Sect.  1. 

Example  8.  Reduce  £234  18s.  9Jd.,  Ohio  Currency,  to  dollars 
and  cents. 

operation. 

£234  18s.  9}d.  =  £234*938S416  and  234-9386416 -r- ?  =$5S7'34635416.  Ans. 

EXERCISES. 

9.  Reduce  £743  ISs.  lid.,  New  England  Currency,  to  dollars 
and  cents.  Ans.  $2479-8187. 

10.  Reduce  £119  93.  8id.,  Maryland  Currency,  to  dollars  and 

cents.  Ans.  $318-625. 

11.  Reduce  £473  173.  l^d.,  Georgia  Currency,  to  dollars  and 

cent!.  Am.  $2030*8 169ti4 
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26.  To  roducQ  dollars  and  cents  to  storlli:g  money — 

RULE. 

Dividt  the  given  sum  by  the  value  of  £\  sterling  ($4-867),  the 
quotient  will  be  pounds  sterling  and  decimal  of  a  pound. 
Reduce  the  decimal  part  (Art.  68,  Sect.  IV)  to  shillings  &  pence. 

ExAifPLB  12. — Reduce  $749.83  to  sterling  moncj. 

OPERATION. 

749.83-?- 4.807  =  £154.00 11  =  £164  159.  lOid.    Ana. 
EXERCISES. 

13.  Reduce  $1006-90  to  sterling  money. 

14.  Reduce  $916-87  to  sterling  money. 

15.  Reduce  $2114-81  to  sterling  money. 


Jns.  £206  178.  73d. 

Jlns.  £188  73.  SJd. 

Jlns.  £434  10s.  4^d. 


26.  To  reduce  sterling  raonoy  to  dollars  and  cents — 

RULE. 

Express  the  given  sum  decimally  and  multiply  by  the  legal  value 
of£\  sterling  ($4-867). 

ExAMPLB  16.— Reduce  £88  lis.  43d.  to  dollars  and  cents. 

OPEEATIOK. 
£78  lis.  4id.  =  £73-5097910.  and  78*5697910X4-807  =  $382-399.  An» 

EXERCISES. 

17.  Reduce  £2043  lis.  3d.  sterling  to  dollars  and  cents. 

^ns.  $9946-10868. 

18.  Reduce  £777  7s.  7d.  sterling  to  dollars  and  cents. 

Ans.  $3783-50437. 

19.  Reduce  £657  193.  hid  sterling  to  dollars  and  cents. 

Ans.  $2715-65418. 


EXCHANGE. 

27.  Exchange  is  a  commercial  terra,  denoting  the  pay- 
ment of  money  by  a  person  residing  in  one  place  to  a  per- 
son residing  in  another,  by  draft  or  bill  of  exchange. 

28.  A  bill  of  Exchange  is  a  written  order  addressed  to 
a  person  directing  him  to  pay,  at  a  specified  time  and 
place,  a  cerlaia  sum  of  money  to  another  person  or  his 
order. 

29.  The  person  who  signs  the  bill  of  exchange  is  called 
tM  (jkawer  or  maker  of  the  bill. 
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30.  The  person  on  whom  it  is  drawn  is  called  th« 
drawee,  ami,  after  he  has  accepted  it,  the  acceptor, 

81.  Th«  pe  f^on  to  whom  the  moiiey  is  diiecleJ  to  be 
paiti  is  cftllc'd  the  ^a^ec. 

82.  The  person  who  purchases  the  bill  of  exchange, 
i.  e.  the  per«on  in  whoso  favor  it  is  drawn,  is  calltd  the 
hvycr  or  remitter. 

83.  The  person  who  has  legal  possession  of  the  bill  is 
called  the  holder. 

34.  The  acceptance  of  a  bill  or  draft  is  a  promise  on  the 
part  of  the  drawee  to  pay  it  at  maturity  or  the  specified 
time.  The  usual  mode  of  accepting  a  bill  is  for  the  drawee 
to  attach  his  signature  to  the  word  ^'accepted,"  written 
either  across  the  face  of  the  note  or  on  its  back. 

Note.— A  draft  or  bill  of  exchange  flliouUl  be  presented  to  the  drawee,  for 
his  acceptance,  immediately  on  itd  arrival. 

35.  If  the  payee  or  holder  of  a  bill  or  draft  wishes  to 
sell  it  or  transfer  it,  ho  endorses  it ;  i.  e.,  he  writes  his  name 
on  the  back. 

NoTK.— If  the  endorser  directs  the  bill  to  bo  paid  to  a  particular  penon , 
the  endorsement  is  called  a  upecial  endorsement,  and  the  person  therein 
named  is  called  the  endorsee. 

If  the  endorser  simply  writes  his  name  on  the  back  of  the  bill,  the 
endor*sem«'nt  is  called  a  blank  endorsement. 

When  the  endorsement  is  blank,  or  when  the  bill  is  made  payable  to 
bear.'  -  >t  may  bo  transferred  from  one  to  another  at  pleasure,  and  the  drawee 
is  be  d  to  pay  it  to  the  holder  at  maturity.  If  tne  drawee  or  acceptor  of 
a  bill  fail  to  pay  it,  the  endorsers;  are  responsible  fortho  payment. 

36.  When  the  drawee  of  a  bill  refuses  acceptance,  or,  having  accepted, 
fails  to  make  payment  when  it  becomes  due,  the  bill  is  immediately  pro- 
tested. 

37.  A  protest  is  a/ormal  declaration  in  writine,  made  hv  a  publii^  officer 
oalU'd  a  Notary  Public,  at  the  request  of  the  holders  of  the  bill,  notifying 
the  drawer,  endorsers,  &c.,  of  its  non-acceptance  or  non-payment. 

Note.— If  the  drawer  and  endorsers  arc  not  notified  within  a  reasonable 
time  of  the  non-acceptance  or  non  -payment  of  the  bill,  they  are  not  respon- 
sible tor  its  payment. 

When  a  bill  is  protested  for  non-acceptance,  the  drawer  must  pay  It 
immediatel.v,  even  tnouKh  the  specified  time  has  not  arrived. 

38.  The  time  specified  for  the  payment  of  a  bill  varies,  and  is  a  matter  of 
agreement  between  the  drawer  and  buyer.  Some  are  payable  at  sight,  some 
at  a  certj  ,in  number  of  days  or  months  after  sight  or  after  date.  In  both 
cases  it  is  customary  to  allow  three  days  of  grace. 

89,  Bills  of  Exchange  are  divided  into  inland  and  foreign  bills.  When 
both  drawer  tknd  rfratt-ee reside  in  the  same  country,  they  are  called i»/a»c2 
bills  or  drafts  ;  when  in  different  count rie8,/or«flfn  bills. 

Note.— Three  bills  are  commonly  drawn  for  the  same  amount,  &c.,  and 
are  called  respectively  the  First,  Second,  awd  Third  nf  Exchange,  a,nd  to- 
gether  constitute  a  set.  These  are  sent  bv  different  snips  or^conveyances  ( 
and  when  the  Jtrst  that  arrives  is  accepted  or  paid,  the  others  become  void. 
This  plan  is  adopted  in  order  to  avoid  the  delays  which  micht  arise  ftom 
accidents,  mlsctimriage,  ko. 
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rORM  OF  AK  INLAND  BILL  OB  DRAFT. 

$3000.  Toronto,  1st  July,  1869. 

Ten  days  after  sight,  pay  to  the  order  of  George  McCalluni, 
Esq.,  Three  Thousand  Dollars,  value  received,  and  charge  the 
same  to 

RIDOUT  A  8TSVEN. 

Messrs.  Hardman  &  Morrif?, 
Bankers,  Hamilton. 

FORM  OP  A  FOREIGN  BILL  OP  EXCHANGE. 

Exchange  8000  francs.  Toronto,  lllh  July,  1859. 

At  sixty  days  sight  of  this  first  of  exchange  (the  second  and 
third  of  the  same  date  and  tenor  unpaid)  pay  to  Edward  Atkin- 
son, Esq.,  or  order,  the  sum  of  Eight  Thousand  Francs,  with  or 
without  further  advice. 

JOHN   HENDERSON. 

Messrs.  Duhamel  &  Beauharnois, 
Bankers,  Paris. 

40.  The  joar  of  exchange  is  that  amount  of  the  money 
of  one  country  actually  equal  to  a  given  sum  of  the  money 
of  another,  and  is  either  intrinsic  or  commercial. 

41.  The  intrinsic  par  of  exchange  is  the  real  value  of 
the  money  of  different  countries,  as  determined  by  the 
weight  and  purity  of  their  standard  coins. 

Thus,  the  English  sovereign  is  intrinsically  worth  $4'861  of  the  gold  coin 
of  the  United  States. 

42.  The  commercial  par  of  exchange  is  a  comparison  of 
the  coins  of  different  countries,  according-  to  their  nominal 
or  market  value. 

Tims,  the  English  sovereign  varies  in  market  value  from  $i'8S  to  S4'85. 

Note.— The  intrinsic  par  is  alwnys  the  same  as  long  as  the  standard  coins 
are  of  the  same  kind,  quantity,  and  quality  of  metal ;  the  commercial  par  is 
determined  by  commercial  iu>age,  and  fluctuates,  being  different  at  diflerent 
times. 

43.  The  Course  of  Exchange  signifies  the  current  price 
paid  in  one  country  for  bills  of  exchange  drawn  on  another. 

Note.— The  course  of  exchange  is  constantly  fluctuating  from  various 
causes.  When  the  exports  of  a  country  j  ust  equal  its  imports,  the  exchange 
will  be  at  par;  when  the  balance  of  trade  is  against  a  place,  i.  o.  when  its 
imports  exceed  its  exports,  bills  on  foreign  countries  will  be  above  par, 
because  there  will  be  a  greater  demand  for  them  to  pay  the  bills  due  abroad ; 
when  the  balauce  of  trade  is  in  favor  of  a  country,  1.  e.  when  its  exports 
exce«d  its  imports,  bills  of  exchange  on  foreign  countries  will  be  below  par, 
■inoe  f«wer  of  them  will  be  required. 
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The  course  of  exchange  can  never  very  greatly  exceed  the  intrinsic  par 
wdue,  because  when  the  premium  on  bills  of  exchange  becomes  great  it  is 
less  expensive  to  importers  to  pay  for  the  insurance  and  transportation  of 
bullion  or  coin  to  meet  their  payments  than  to  transmit  bills  of  exchange, 

44.  By  an  old  act  of  Provincial  Parliament  it  was  enacted  that  £100  ster- 
ling  or  100  sovereigns  should  be  equivalent  to  £111^  Canadian  money,  i.  e.  to 
$444.4441  or  £,\  sterling  =  $4,444.  It  was  found  however  that  this  was 
very  much  below  the  real  or  intrinsic  value  of  the  sterling  pound,  accord., 
ingly,  while  its  legal  value  was  only  $4,444,  the  market  or  commercial 
Value  varied  from  $4.83  to  $4.86.  By  an  act  recently  passed  by  the  Provin* 
cial  Parliament,  the  value  of  the  pound  sterling  was  fixed  at  $4,866. 

Now  the  new  par  is  equal  to  the  old  par  plus  nine  and  a-haif  percent,  of 
the  old  par,  that  is,  $4'444+9i  per  cent,  of  $4*444,  which  is  '422,  make  $4,866= 
the  new  par.  Consequently  the  rate  of  exchange  between  Canada  and 
Great  Britain  must  reach  the  nominal  premium  of  9i  per  cent,  before  it 
is  at  par,  according  to  the  now  standard. 

45.  Rates  of  exchange  between  Canada  and  Great  Britain 
are  commonly  reckoned  at  a  certain  per  cent,  on  the  old 
par  of  exchange,  instead  of  on  the  new  par. 

ExAMPLB  1. — A  merchant  in  Hamilton  wishes  to  remit  to 
London  £749  3s.  6d.  sterling ;  exchange  being  at  10  per  cent, 
premium  ;  how  much  must  he  pay  for  the  bill  of  exchange  ? 

OPEEATION. 

Old  commercial  par  of  £1  sterling  =  $4. 444 
To  which  add  10  per  cent,  of  itself  =     .  444 

Gives  price  of  £1  =  4. 888 
Then  £749  38. 6d.  =  £749 175X4, 888  =  $3662, 63i.    Am. 

Example  2. — A  merchant  in  Toronto  wishes  to  remit  144479 
francs  to  Paris,  exchange  being  a  premium  of  2  per  cent.  What 
will  be  the  cost  of  his  bill  in  dollars  and  cents. 

OPEKATIOW. 

Commercial  value  of  the  franc  =;  18. 6    cents. 
Add  2  per  cent.  .873     " 


Gives  value  for  remitting  =  18. 972     " 
Then  18. 972 X 144479  =  $8438. 555.    Ans. 

Example  3. — What  sum  in  dollars  and  cents  will  purchase  a 
bill  of  exchange  on  Hamburg  for  14G67  marcs  hanco.  exchstnge 
being  at  IJ  per  cent,  discount. 


OFBBATIOSr. 

Commercial  value  of  the  marc  banco  ==  35 
Deduct  li  per  cent,  =      "625 


cents. 


Gives  value  for  remitting        r=  84, 475 
Then  84 .  476  cents  X  14667  =  $6066. 448.    Ans, 
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EXERCISES. 

4.  If  I  wish  to  remit  $16'785.25  to  Paris,  for  how  many  francs 

and  centimes  can  I  obtain  a  bill — exchange  being  5  francs 
4  centimes  to  the  dollar. 

Ans.  8459?  francs  66  centimes. 

5.  What  is  the  cost  of  a  bill  of  exchange  for  4000  marcs  banco 

at  one  per  cent,  above  par?  Ans.  $1414, 

6.  How  much  must  I  give  for  a  draft  on  New  York  for  $356Y8 

at  2i  per  cent,  premium  ?  j^ns.  $36480.755. 

7.  What  will  a  bill  of  exchange  on  St.  Petersburg  for  2560 

rubles  cost  in  dollars  and  cents,  at  2  per  cent,  discount, 
the  par  being  75  cents  per  ruble  ?  jlns.  $188:. 60. 

8.  What  will  be  the  cost  of  a  bill  of  exchange  on  Great  Britain 

for  jEBOO  sterling  at  8  per  cent,  premium  ? 

Arts.  $3839.399. 


ARBITRATION  OF  EXCHANGE. 

46.  Arbitration  of  exchange  is  the  process  of  changing  a 

given  amount  of  the  money  of  one  country  into  an  equiva- 

^nt  sum  of  the  money  of  another,  through  the  medium  of 

one  or  more  intervening  currencies  with  which  the  first  and 

last  are  compared. 

Note.— Arbitration  enables  a  person  to  ascertain  whether  it  is  more 
advantageous  to  draw  or  remit  a  bill  of  excharigo  direct  from  one  country' 
to  another  or  indirectly  through  other  places. 

47.  When  there  is  but  one  intervening  country,  the  ope- 
ration is  termed  simple  arbitration  ;  when  there  are  two  or 
more  intervening  countries,  compound  arbitration. 

48.  All  questions  in  arbitration  of  exchange  maybe  solved 
by  one  or  more  statements  in  simple  proportion  ;  it  is  more 
convenient,  however,  to  consider  them  as  problems  in  Con- 
joined Proportion,  and  work  them  by  the  rule  given  in  Art. 
60,  Sec.V. 

Note. — Care  must  be  taken  to  reduce  all  the  money  of  the  same 
country  to  the  same  denomination  before  linking  them  as  directed 
in  the  rule. 

Example  I. — A  merchant  in  Toronto  wishes  to  remit  2000 
marcs  banco  to  Hamburg,  and  the  exchange  between  Toronto 
and  Hamburg  is  35  cents  for  one  marc  banco.  He  finds,  however, 
that  the  exchange  between  Toronto  and  Lisbon  is  $1-08  for  1 
milree,  that  between  Lisbon  and  Paris  is  6  milrees  for  38  francB, 
and  that  between  Paris  and  Hamburg  is  19  francs  for  10  marca 
banco.    How  much  will  he  gain  by  the  circuitous  exchange  ? 


1 
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8AMB  CANCELLED. 


OPERATION. 
STATEMENT. 

108  cents  =    1  railree. 

6  milrees  =  38  francs. 

19  francs  =  10  marcs  banco.         ^\^  =  15| 

2000  marcs  banco  =  x.  ^IS|IS|^  =  x 

X  =  200X3X108  =  $648. 
2000X35  =$'700-00=what  he  bus  to  pay  by  direct  exchange. 

648'00=what  he  has  to  pay  by  circuitous  exchange. 


Difference=$  62-00=What  he  gains  by  the  latter  mode. 

Example  2.— £834  Flemish  being  due  to  me  at  Amsterdam,  it 
is  remitted  to  France  at  I6d.  Flemish  per  franc ;  from  France 
to  Venice  at  300  francs  per  60  ducats  ;  from  Venice  to  Hamburg 
at  lOOd.  per  ducat ;  from  Hamburg  to  Lisbon  at  50d.  per  400 
ree? ;  from  Lisbon  to  England  at  5s.  8d.  sterling  per  milree ; 
and  from  England  to  Canada  at  $4'867  per  £l  sterling.  Shall 
1  gain  or  lose,  and  how  much,  the  exchange  between  Canada 
and  Amsterda;:^  being  7s.  Id.  Flemish  per  dollar  ? 


OPERATION. 
STATEMENT. 

16d.  Flemish  =  1  franc. 
300  francs        =  60  ducats. 
1  ducat        =  lOOd.  Flemish. 
50d.  Flemish  =  400  rees. 
1000  rees  =  68d.  British. 

240d.  British    =  $4-867. 
X  =  197760d.  Flemish. 

17X4.867X3296 


SAME  CANCELLED. 

50^*^  =  ^ 
1  =  1C|() 

%>i,^  =  4-867 
X  =  \^Vl^^ 


n 


^ 


3296 


-=$2727.071  =  amount  remitted. 


2X50 

Then  since  exchange  between  Canada  and  Amsterdam  is  7s.  Id.  Flemish 
per  dollar  we  have 

85d.  Flemish  =  100  cents. 

X      "       =197760d.  Flemish. 


Herex'= 


197760X100 


=  $2328.47  =  sum  I  should  have  received  had  it 


85 
been  transmitted  direct  from  Amsterdam  to  Canada. 

Henoe  by  the  circuitous  exchange  I  gain  the  differeuc-e  between  $2727.071 
-     and  $2320.47  that  is  $400.60}. 

EXERCISES. 
3.  If  London  would  remit  £1000  sterling  to  Spain,  the  direct 
exchange  being  42Jd.  per  piastre  of  272  maravedis;  it  is 
asked  v/hether  it  will  be  more  profitable  to  remit  directly, 
or  to  remit  first  to  Holland  at  35s.  per  pound ;  thence  to 
France  at  19^d.  per  franc  ;  thence  to  Venice  at  300  francs 
per  60  ducats ;  and  thence  to  Spain  at  360  maravedis  per 
4acat  ?    ^ns.  The  circular  exchange  is  more  advantageons 

hj  103  piastres,  3  reajs,  20  maravedis. 


i 
I 

1 
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4.  A  merchant  wishes  to  remit  $4888.40  from  Montreal  to 
London,  and  the  exchange  is  10  per  cent.  He  finds  that  he 
can  remit  to  Paris  at  5  francs  15  centimes  to  the  dollar, 
and  to  Hamburg  at  35  cents  per  marc  banco.  Now,  the 
exchange  between  Paris  and  London  is  25  francs  80  centimes 
for  £l  sterling,  and  between  Hamburg  and  London  133 
marcs  banco  for  £1  sterling.     How  had  he  better  remit? 

j2ns.  If  he  remits  direct  to  London  he  will  obtain  a 
bill  for  £1000. 
If  he  remits  through  Paris  he  will  obtain  a 

bill  for  only  £975  153.  S^d. 
If  he  remits  through  Hamburg  he  will  obtain 

a  bill  for  £1015  15s.  5d 
Hence  the  best  way  to  remit  is  through  Ham- 
burg, and  the  next  best    way  is  direct  to 
London. 
6.  A  merchant  in  Quebec  wishes  to  remit  1200  marcs  banco 
to  Hamburg,  and  the  exchange  of  Quebec  on  Hamburg  is 
35   cents  for    1   marc.     He  finds  the  exchange  of  Quebec 
on  Paris  is  18  cents  for  1  franc  ;  that  of  Paris  on  London, 
is  25  Francs  for  £l  sterling ;  that  of  London  on  Lisbon,  is 
180  pence  for  3  milrees,  that  of  Lisbon   on  Hamburg,  is  5 
milrees  for  18  marcs  banco.    How  much  will  he  gain  by 
the  circuitous  exchange  ? 

*4f/is.  Direct  exchange  $420;  circuitous  exchange 
$375;  gain  $45. 


QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

"NOTB.— The  numbers  after  the  questions  refer  to  tlie  numbered  articles 
of  the  section. 

1.  W  hat  is  rirolit  and  loss  ?  (1) 

2.  How  do  we  find  tlin  total  gain  or  loss  on  ft  quantity  of  goods  when  tho 

cost  iirice  and  sellinfc  price  are  >riven¥  (2) 

3.  How  do  we  find  at  what  price  an  article  iiiust  be  sold  so  as  to  gain  or 

loso  a  specified  percentfine.  the  cost  price  heinff  given  ?  (3) 

4.  How  do  we  find  t'le  rate  per  cent,  of  profit  or  loss  P  (4) 

5.  How  do  we  llnd  the  cost  price  when  the  selling  price  and  the  gain  or 
loss  per  cent,  are  Riven?  (5) 

AVhntis  barter  P  (fi) 

What  is  aliisration  P  (7) 

In'o  what  rules  is  alligation  subdivided?  (9) 

What  isnlliuation  medial?  (lo) 

What  is  alligation  alternate  P  (11) 

How  is  alliKatinn  alternate  proved  ?  (13) 

12.  Oive  the  ditfereiit  rulc's  for  aUijrationP  (12,14-16) 

13.  What  u  meant  by  the  exchange  of  currencies?  (17) 
1*.  What  is  meant  by  the  currency  of  a  country  P  (18) 
15.  How  18  the  intrinsic  vahxe  of  a  coin  determined?  (19) 
IfJ.  What  fixes  the  commercial  value  of  a  coin  P  (20) 

17.  How  du  you  account  for  the  fact  that  the  $  ia  of  different  valaes  in  the 

American  States  P  (22) 

18.  Give  the  value  of  the  pound  currency  in  Canada,  and  iu  the  different 

States. 

19.  How  do  we  reduce  dollars  and  cents  to  old  Canadian  curreuoy  or  to 

any  state  currency?  (23) 


6. 

7. 

8. 

9. 
If). 
11. 


Atti 


20. 
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How  do  we  reduce  old  Canadian  currency  or  any  state  currency  to 

dollars  and  c«nts  ?  (24) 
How  do  we  reduce  dollars  and  cents  to  sterling  money  P  (25) 
How  do  we  reduce  sterling  monciy  to  dollars  and  cents  ?  (26) 
What  is  a  bill  of  Exchange?  (28) 
Explain  the  terms  drawev,  drawee,  acceptor,  payee,  holder,  endorser, 

and  endorsee?  (29-35) 
Howisabillafloepted?  (33) 
What  is  the  difference  betweeu  a  blank  endorsement  and  a  special 

endorsement  ?  (36) 
What  is  meant  by  protesting  a  bill  ?  (36-37) 
Explain  what  is  meant  by  the  First,  Second  and  Third  of  Exchange  ? 

(39) 
What  is  the  par  of  Exchange  ?  (40) 
Explain  the  diflerence  betweeu  the  intrinsic  par  and  the  commercial 

par  of  Exchange  ?  (41. 42) 
What  is  the  course  of  Exchange?  (43) 
Explaii;  what  is  meant  by  saying  the  par  of  exchange  between  Canada 

and  Britain  is  9i  per  cent?  (44) 
Upon  what  is  the  rate  of  exchange  between  Canada  and  Britain 

reckoned?  (45) 
What  is  arbitration  of  exchange  ?  (46) 

What  is  the  diflerence  between  simple  and  compound  arbitration?  (47) 
By  what  rule  are  questions  in  arbitration  of  exchange  worked  ?  (4S) 


SECTION  X. 

INVOLUTION,  EVOLUTION,  LOGARITHMS,  AND 
LOGARITHMIC  ARITHMETIC. 

1.  A  power  of  any  number  is  the  product  obtnined  by 
multiplying  tliat  number  by  itself  one  or  more  times. 

Thus  25  =  3X5  is  a  power  of  5 ;  81  =  3X3X3X3  is  a  power  of  3,  &c 

2.  The  number  which,  being  multiplied  once  orofiener 
by  itself,  produces  the  power,  is  called  the  root  of  that 
power. 

Thus  6  is  the  root  of  25,  since  5X5  =:  23 ;  3  is  the  root  of  81,  since  8X3X 
3X3=81. 

3.  The  powers  of  a  number  are  called  iliQ  Jlrst,  second, 
third,  fourth,  fifth,  &c.,  according  as  the  root  is  taken  once 
twice,  thrice,  four  times,  five  times,  &c.,  as  factor. 

Thus,  81  is  called  the  fourth  power  of  3,  because  3  is  taken  4  times  as 
factor,  in  order  to  produce  81. 

4.  The  second  power  of  a  number  is  also  called  its  square, 
because  a  square  surface,  the  length  of  one  of  whose  sides 
is  expressed  by  a  given  number,  will  have  its  area  expressed 
W  the  second  power  of  that  number.  (See  Art,  62,  Sec.  I.) 
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6.  Tho  third  power  of  a  mimb'T  is  also  called  its  cube  ; 
because  if  tlie  length  of  one  siiic  <»f  a  <  ul)e  be  exprepsed  i»y 
a  given  nnmber,  ilie  solid  contents  of  the  cube  will  be  ex- 
pressed by  the  third  power  of  that  number.  (See  Art.  64, 
Sec.  I.) 

6.  The  index  or  exponent  of  a  power  is  a  sma'l  figure 
written  to  the  right,  indi(;atino:  how  often  the  root  has  to 
be  taken  as  factor  in  order  to  produce  the  given  power. 

Thus,  2'  =  2  =r  2  =  First  power  of  2. 

2'  =:  2  X  2  =  4  =  Second  power  of  2. 

2*  =  2 X 2 X  2  :=  8  =r  Tliird  power  of  2. 

2*  =  2X2X2X2      =  16  =  Fourth  power  of  2. 
2'  =  2X2X2X2X2  =  32  =  Fifth  i)Ower  of  2. 

So  also  8^  means  thesevouth  power  of  8;  i.e.,  a  number  produced  by 
taking  3  seven  times  as  factor.  Sec. 

7.  (5-f8)  *  means  that  the  sum  of  6  and  8  is  to  be  square  as  one  number 
and  is  a  very  different  thing  from  5*+8',  which  means  the  sum  of  the  squares 
of  5  and  8. 
Thus  (5+8)»  =  13«  =  169,  while  5»+8»  =  25+64  =  89. 

Therefore  (5+8)*  =  25+80+64  =  Ist  part  squared,  plus  twice  product 
of  1st  part  by  2nd  part,  plus  tnd  part  squared. 

8.  The  process  of  finding  a  power  of  a  given  number 
by  multiplying  it  into  itself  is  called  Involution. 

9.  To  involve  a  number  to  any  required  power  : — 

RULE. 
Take  the  given  number  as  factor  as  many  times  as  there  are 
units  in  the  index  of  the  required  power  and  find  the  continued 
product  of  these  factors. 

Note. — Fractions  are  involved  by  multiplying  both  numerators 
and  denominators  as  above,  and  mixed  numbers  should  be  reduced 
to  fractions  before  applying  the  rule. 

Example  1. — What  is  the  fifth  power  ofT? 

OPERATION. 

Here  the  index  of  the  required  power  is  6  and  hence  the  given  number 
7  must  bo  taken  6  times  as  factor. 

7X7X7X7X7  =  16807  Ans. 

Example  2.  What  is  the  third  power  of  i  ? 

27 
Ans.  (S)»=  iXfXi  =  9V'  ^'**- 

64 


EXERCISES. 

3.  Find  the  fifth  power  of  3. 

4.  Required  the  tenth  power  of  20. 
6.  Required  the  sixth  power  of  1*05. 

6.  Find  the  seventh  power  of  ^. 

7.  Find  the  fifth  root  of  §. 

9,  Required  thtt  tbird  power  of  11|. 


i 


jins.  243. 

Ans.  10240000000000. 

Am.  1-340095640625. 
Ans.  -Ufh- 
Ans.  7?f,%. 
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10.  Let  it  be  required  to  find  the  product  of  4'  by  4*. 

43  =1X4X4  and  42  =4X4.    Therefore  43x42  =  (4X4X4)X(4X4) 
=  4X4X4X4X4=45  =43  +  2. 

Hence,  two  or  more  powers  of  the  same  number  are 
multiplied  together  by  adding  their  indices  or  exponents. 

Thus,  65X62X63  =65  +  2  +  3—610 

5X52X53X57  =51  +  2  +  3  +  7  =513,&.c.,&C. 

11.  Let  it  be  required  to  divide  3'  by  3*. 

35  =  3X3X3X3X3  and  32  =  3X3. 

Therefore  35-32  =  |i— 3X3X3X3X3 _. g^^^g  =  33  =  ja-s. 

Hence,  to  divide  one  power  of  a  number  by  another 
power  of  the  same  number,  we  subtract  the  index  of  the 
divisor  from  the  index  of  the  dividend. 
Thus,  75-i-73  =75-3  =72 

31  i-f-34  =  31 1-4  =  37,  Ac.  &.C. 

12.  Let  it  be  required  to  find  the  third  power  of  T'-*. 

(72)3  =72x72x72  =7X7X7X7X7X7  =  76  =  72  "3 

Hence,  to  find  any  required  power  of  a  given  power,  we 
mullipiy  the  index  of  the  given  power  by  the  index  of  the 
required  power. 

Thus,  (24)5  =24*5  =220;  (3!i)7  =r32xT  =314,  &c.,  &c 


EXERCISES. 


9.  Multiply  together  4*,  4*,  4%  and  4^ 

10.  Divide  IS^i  by  13*. 

11.  Find  the  fifth  power  of  S^. 

12.  Find  the  value  of  {a*Xl'^)^O^Xl^y 

13.  Find  the  value  of  {53x54x5^ix59)-j-(53x52x5'X6«)} 

Jn$.  530 


jlns.  4' « 
^ns.  139 
Jtns.  31" 

Jins.  V^ 
3 


EVOLUTION. 

13.  EvoUition  is  the  process  of  finding  any  required  root 

of  a  given  power. 

NoTB.— Evolution  is  the  reverse  of  involution ;  the  latter  teaches  how  to 
find  a  power  of  a  number  by  multiplying  it  into  itself ;  the  former,  Viow  to 
find  the  root  of  a  power  by  resolving  it  into  equal  factors.  It  follows  that 
powers  a  nd  roots  are  correlative  terms.— If  one  number  is  a  power  of  another 
the  latter  is  a  root  of  the  former. 

14.  A  root  of  a  number  may  be  indicated  bjr  either  of 
two  methods, 
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1st.  By  using -v/, called  tho  radical  sigu  (Lat.  raUx,  a 
root). 

2nd.  By  using  a  fractional  index  having  unity  for  its 
numerator,  and  the  number  expressing  the  degree  of  the 
root  for  denominator. 

Thus,  Tho  square  root  of  7  is  exprossed  either  by  V?  or  by  7^ 

The  cube  root  of  6  is  "  "  ^13  or  by  0* 

-/  * 

The  seventh  root  of  2  is      "  "  V2  or  by  2T 

NoTB.— The  figure  plaeed  in  the  radical  sign,  or  as  denominator  of  tho 
fractional  index  denotes  tlie  root. 

A  fractional  index  witli  numerator  greater  than  one  is  sometimes  used. 
In  such  cases  the  denominator  denotes  tlie  root,  and  the  numerator  the 
power  to  be  taken. 

Thus,  2  J  means  either  the  cube  root  of  tho  square  of  3  or  the  square  of  the 
cube  root  of  2. 

The  radical  sign  V  a  corrupted  form  of  the  letter  r,  tlio  initial  letter  of 
the  Latin  word  radix,  "  a  root." 

EXERCISES. 

1.  Express  the  square  root  of  IT  and  the  cube  root  Of  IL 

Ans.  VTV  or  1*7^  and  ^Yi  or  11*. 

2.  Express  the  fifth  root  of  4.  Ans.  j^4  or  4'« 

3.  Express  the  fourth  root  of  5^.  Ans.  yb'*  or  5^- 

—  t)  s. 

4.  Express  the  sixth  root  of  Y*.  Ans.  yi^  or  t'  =  Y*" 

5.  Express  the  third  power  of  the  fifth  root  2.  Ans.  (^2)'^  or  2*. 

6.  Express  the  eleventh  power  of  the  tenth  root  of  161. 

Ans.  (^161)^1  or  161^*^. 

15.  Let  it  be  required  to  extract  tho  fifth  root  of  3'*, 

The  fifth  root  of  3"»  is  expressed  either  by  V  3'*,  or  by  3  '^ ' 
Taking  the  latter  mode,  wo  have  3  ^^  :^  33  :;:;  sis-r-s 

Hence,  to  extract  any  root  of  a  given  power  of  a  number, 
we  divide  the  index  of  the  power  by  the  index  of  the  root. 

Thus,  The  seventh  root  of  2'<  is  2'*-r'  =  2a 

The  fourth  root  of  2>2  is  2'2-r-»  =  2»,  Ac,  &c. 


EXTRACTION  OF  THE  SQUARE  ROOT. 

16.  To  extract  the  square  root  of  a  number,  is  to  find  a 
Dumber  which,  being  multiplied  once  by  itself,  will  produce 
the  given  number. 
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/.  Point  off  tlie  given  number  into  periods  of  two  figures  eachf 
beginning  at  the  decimal  point. 

II.  Find  the  highest  square  contained  in  the  left-hand  period  and 
place  its  mot  to  the  right  of  the  number,  in  the  place  occupied  by 
the  quotient  in  division. 

III.  Subtract  the  square  of  the  digit  put  in  the  root  from  the 
left-hand  period,  and  to  the  remainder  bring  down  the  next  period, 
to  the  right,  for  a  new  dividend. 

IV.  Double  the  part  of  the  root  already  found  for  a  trial  divisor. 

V.  Find  how  many  times  the  trial  divisor  is  contained  in  the  divi- 
dend, exclusive  of  the  right-hand  digit,  and  place  the  figure  thus 
obtained  both  in  the  root  and  also  to  the  right  of  the  trial  divisor. 

VI.  Multiply  the  divisor  thtis  completed  by  the  digit  last  put 
in  the  root ;  subtract  the  product  from  the  dividend,  and  to  'the 
remainder  bring  down  the  next  period  for  a  new  dividend. 

VII.  Again,  double  the  part  of  the  root  already  found  for  a  new 
TRIAL  DIVISOR ;  proceed  as  in  V.  and  VI.,  and  continue  the  process 
until  all  the  periods  are  brought  down. 

XoTE.— If  tho  given  Tmmbcr  is  not  a  perfect  sciuare.its  exact  square  root 
cannot  be  found  ;  but  by  annexing  periods  of  cipliers,  we  can  obtain  any 
required  approximation  to  it. 

Example  1 


0465)47325 
47325 


What  is  tho  square  root  of  22420225? 

Explanation.— Here  22  is  the 
left  hand  period,  and  the  highest 
square  in  22  is  16,  of  which  the 
square  root  is  4.  We  place  4 
in  the  root  and  subtract  16  n-om  22. 
This  leavesa  remainder  6, to  which 
wo  bring  down  the  next  period,  42, 
and  thus  obtain  642  for  the  new 
dividend.  Our  next  step  is  to  find 
the  trial  divisor,  which  we  obtain 
by  doubling  the  part  of  the  root 
already  found.  This  gives  us  8, 
(=4  doubled)  and  we  ask  how 


22420225(4735,  is  tho  required  root. 
16 

87)642 
609 

943)3302 
2820 


many  times  8  will  go  into  64  (tho  dividend  exclusive  of  the  right  hand  digit). 
Bearing  in  mind  that  wo  are  to  put  the  digit  thus  obtained  both  in  the  root 
and  in  the  divisor,  and  that  the  completed  divisor  will  be  over  80,  we  find 
that  the  reqtiired  digit  is  7.  which  we  accordingly  place  both  in  the  root 
and  in  the  divisor.  The  complete  divisor  is  87,  which  multiplied  by  7, 
gives  (i09,  and  this  subtracted  from  642,  gives  a  remainder  33,  to  which  we 
bring  down  the  next  period,  02,  and  thus  get  8302  for  the  next  dividend. 

Again,  doubling  the  part  of  the  root  already  found,  wo  obtain  94  ( =  47 
doubled)  for  a  trial  divisor,  and  as  this  will  go  into  330  (the  dividend 
exclusive  of  the  right  hand  digit)  3  times ;  we  place  3  both  in  the  root  and 
in  the  divisor. 

Multiplying  the  943  thus  obtained  by  3 ;  subtracting  and  bringing  down 
the  next  period,  we  get  47325  for  the  mat  dividend.  The  next  trial  divisor  is 
946  (=  473  doubled),  which  will  go  into  4732  (the  dividend  exclusive  of  the 
right  hand  figure)  5  times ;  and  we  therefore  place  5  both  in  the  root  and 
in  the  divisor.  Multiplying  and  subtracting,  we  find  no  remainder.  479 
is  therefore  the  square  root  of  22420225. 

Pa00P.--4785X4735  =  22420225. 
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EXPLAITATIOV  AND  BEASOV. 

17.  We  may  consider  every  nmnber  aa  consistinjc  its  ten»  plus  its  units ; 
that  ia,  if  the  ten»  be  repreiicuti'd  hy  the  letter  a  and  tiie  units  by  ttie  letter  b. 
Numbi'r  =r  a+b ;  and 
Numb  jr  squai-ed  =  (o+6)»  =  a'+2a6+&«. 

Hence,  the  square  of  a  number  is  equal  to  the  square  of 
the  tens,  plus  twicte  the  product  of  the  tens  by  the  units, 
plus  llie  square  of  the  units. 


Thus,  fi9  =  60+9 
And  (fi9)''  =  (60+9)' : 


(60)H2X00X9+9«  =  3800+1080+81  =  4761. 


18.  Let  it  now  be  required  to  extract  the  square  root  of  4761. 

I.  It  is  evident  tliat  the  square  of  a  number  consit>tinK  of  a  single  digit  can 
never  contain  more  than  two  digits  or  less  than  one;  converselv  the  square 
root  of  a  number  of  onu  or  two  digits  nuist  be  a  number  of  one  digit.  Again, 
the  square  of  a  number  consisting  of  two  digits  can  never  contain  more 
than  four  or  less  than  three  digits ;  conversely  tlie  square  root  of  a  number 
of  three  or  four  digits  must  be  a  number  consisting  of  two  digits.  Similarly, 
the  square  of  a  number  consisting  of  three  digits  can  contain  neither  more 
than  six  nor  less  than  five  digits,  and  conversely,  the  square  root  of  a  num- 
ber consisting  of  live  or  six  digits,  must  be  a  number  of  three  digits,  &c. ; 
that  is,  one  digit  in  the  root  is  equivalent  to  two  digits  in  the  square  or 
conversely,  two  digits  in  tho  square  are  equivalent  to  one  digit  in  the  root. 

Hence,  if  we  divide  the  given  number  into  periods  of  two  figures 
each  beginning  at  the  decimal  point,  the  number  of  periods  will 
indicate  the  number  of  digits  in  the  root. 

II.  Taking  the  numbflr  4761,  we  divide  it  into  periods,  thus,  4701,  and 
since  there  are  two  periods  in  the  square  there  must  be  two  digits  in  the  root. 
We  thus  learn  that  4761  is  the  square  of  a  certain  number  of  tens,  plus  a 
certain  number  of  units.  Now  it  is  manifest  that  the  square  of  the  tens 
can  only  be  found  in  the  second  period,  47,  since  tens  squared  can  give  no 
digit  of  a  lower  order  than  hundreds.  Also,  that  no  part  of  the  sqiiare  of 
the  units  can  be  found  in  the  second  period,  47,  since  any  single  unit  squaccd 
can  give  uo  digit  of  a  higher  order  than  tens. 

Therefore  the  square -of  the  units  is  found  only  in  the  first  or 
lowest,  the  square  of  the  tens  only  in  the  second  period,  the 
square  of  the  hundreda  only  in  the  third  period,  &c. 

OPERATION. 

4761(69  ==  square  root. 

86     =:  highest  square  in  2nd  period. 


6  tens  X  2  =  12  tens+9  units  =  129) 


1161  =  remainder  which  contains,  1st, 
twice  product  of  tens  by 
units,  2nd,  the  square  of 
the  units. 

1161  =  twice  6  tens  X  9+9  2. 


111.  In  extracting  the  square  root  of  this  number,  we  look  first  for  the  digit 
occu|tying  the  place  of  tens  in  the  root.  We  know  (U  )  that  the  square  of 
tens  is  contained  in  the  second  period,  47,  and  the  highest  square  contained 
in  47  must  be  the  square  of  the  highc'^t  digit  that  (an  possibly  stand  in  the 
place  of  tens  in  the  root.  But  the  highest  sq^uare  in  47  is  86,  the  square 
root  of  which  Is  6.  Placing  36  under  the  47, 6  in  the  root,  we  subtract  and 
bring  down  the  next  period,  61,  and  thus  get  a  total  remainder  of  1161.  Now 


Aim.  1M9.1 


8QUARB   fLOOti 


SOS 


'  Pjna  Its  uHitt, ' 
tsbythttJetterA. 

the  square  of 
l>y  ibo  units, 


1+81=4761. 
root  of  4  761. 

singh-digifcaji 
i-seJ^  the  square 
'oUigit.  Again, 
r  contain  more 
oot  of  a  number 
pts.  SimiJarJv 
>»  neitlier  more 

root  of  a  num. 
rae  digits,  &o. ; 

•  ne  square  or 
igit  in  tlie  root. 

)f  two  figures 
periods  will 

V's.  47«T,  and 
Kits  m  the  root 
or  tens,  plus  a 
ire  of  the  tens 
;ed  can  give  no 

tnp.squaro  of      * 
'euuitsquaced       ^ 


I  the  first  or 
period,  the 


1 2nd  period. 

contains,  1st, 
t  of  tens  by 
'e  square  of 

for  the  digit 
»c  square  of 
1*6  contained 
"and  in  the 
'  the  square 
Libtract  and 

AWl.  Now 


(Art.  17)  the  whole  number  4761  consistn  of  the  square  of  th«  tens,  plui 
twice  the  product  of  tho  tens  by  the  units,  plus  thu  square  of  the  units  i 
and,  since  wo  have  subtracted  fromitsa,  (or  if  ihonipliers  hi-anni-xcd.SttiO} 
thif  square  of  the  tens,  the  rcm^iindor,  imi,  must  contain  twice  thi>  prodiirt 
of  thi)  tens  by  the  units,  plus  the  squaro  of  the  units ;  that  is,  twice  6  tens 
X  by  a  certain  number  of  units,  plus  the  square  of  that  number  of  units ;  and 
because  we  do  not  know  as  yet  what  the  units'  figure  of  the  root  is,  we  u»e 
twice  the  tons  for  a  trial  divisor. 

IV.  Since  we  are  now  seeking  the  units'  digit  of  the  root,  and  since  tens 
multiplied  bv  units  can  give  no  digit  of  a  lower  order  than  tens,  the  right 
hand  digit  of  the  dividend  can  form  no  part  of  twice  the  product  of  the  tons 
by  the  units,  and  we  have  simpiv  to  ascertain  how  oltcu  12  tens  (=  twice 
6  tens)  will  go  in  llfl  tens.    Kvidently  V  times. 

V.  Lastly,  wo  place  the  digit  thus  found  in  the  root,  because  it  is  a  figure 
of  the  root,  and  m  the  divisor,  because  Che  dividend  contains  not  only  twice 
the  product  or  the  tens  by  tiie  units,  but  also  the  square  of  the  units.  Now 
when  we  multiply  the  9  by  9  wo  get  the  square  of  the  units,  and  when  we 
multiply  the  12  tens  by  the  9  units,  we  get  twice  the  product  of  tho  tens  of 
the  root  by  tho  units. 

Example  3. — Extract  the  square  root  of  127449. 

OPERATION. 

127449(367 
9 

05)374 
825 

707)4949 
4949 

ExfLAWATioif  AND  REASON.— From  the  pointing  olT  we  learn  that  the 
given  number  is  the  square  of  a  certain  number  of  hundreds,  plus  a  certain 
number  of  tens,  plus  a  certain  number  of  units. 

I.  We  are  first  then  to  look  for  the  digit  in  the  plaee  of  hundreds,  and 
since  hundreds  squared  can  give  no  di(fit  of  a  lower  order  than  tens  of 
thousands  or  of  a  higher  order  than  hundreds  ofthousands,  we  see  that  tho 
square  of  the  hundreds  can  be  found  only  in  the  lelt  hand  period.  The 
hiirhest  square  contained  in  tho  left  hand  period  is  9,  tho  square  root  of 
which  is  the  left  hand  digit  of  the  entire  root. 

II.  After  subtracting,  wo  bring  down  the  next  period  only,  because  we 
are  now  looking  for  the  digit  in  the  place  of  tens  in  the  root.  And  since 
tens  squared  can  give  no  digit  of  a  lower  order  than  hundreds,  the  lowest 
period  can  not  enter  into  any  part  of  the  square  of  tens,  much  less  can  it 
euiier  into  any  part  of  twice  the  product  of  tho  hundreds  by  the  tens,  and 
therefore  when  looking  for  the  tens  of  the  root,  we  pay  no  attention  to  the 
right  hand  period  of  the  square. 

III.  The  remainder  of  the  process  is  similar  and  the  reason  for  the  various 
steps  the  same  as  in  examples  1  and  2. 

19.  To  extract  the  square  root  of  a  decimal — 

RULE. 

I.  Annex  one  cipher^  if  necessary^  in  order  that  the  number  of 
decimal  places  may  be  even. 

II.  Point  off  into  periods  of  two  figures  each,  beginning  at  the 
decimal  pointy  and  extract  the  square  root  at  in  whole  numberf^ 
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rtmtmbertng  that  the  number  of  decimal  placu  in  the  root  wUl  be 
equal  to  the  number  of  periods  in  the  aquare. 

EXERCISES. 

4.  Extract  the  square  root  of  195364.  Jns.  442. 

6.  Extract  the  square  root  of  -0676.  ^ns.  -26. 

6.  Extract  the  square  root  of  984064.  ^ns.  992. 

7.  Extract  the  square  root  of  5,  true  to  five  decimal  places. 

Jns.  2-23607. 

8.  Extract  the  square  root  of '5,  true  to  six  decimal  places. 

Jns.  -787106. 

9.  Extract  the  square  root  of  60-487129.  Jns.  7-777. 

10.  Extract  the  square  root  of  7979226(5297612001. 

Jns.  282475249. 

11.  Extract  the  square  root  of  0-0000012321.  ^n«.  0-00111. 

20.  To  extract  tho  square  root  of  a  fraction — 

RULE. 

/.  Reduce  mixed  numbers  to  improper  fractions,  and  compound 
and  complex  fractions  to  simple  ones^  and  the  resulting  fraction  to 
its  lowest  terms. 

II.  Extract  the  square  root  of  both  numerator  and  denominator 
separately f  if  they  have  exact  roots ;  but  if  they  have  not  both  exact 
roots,  reduce  the  fraction  to  its  corresponding  decimal,  by  Jrt.  56, 
Sec.  IV.,  and  then  extract  the  root  as  in  Jrt  19. 

Example  12. — Extract  the  square  root  of  2i. 

OPEEATION. 

V9 
Jns.  2i  =  $  and  —   =  Vi  =  §  =  li- 

V4 

ExAMPLK  13. — Extract  the  square  root  of  3^. 


OPEHATION. 


3?  =  V  —  3-42857142  and  V3-42857142  =  1-8516. 
EXERCISES. 


14.  Find  the  square  root  of  -1. 

15.  Find  the  square  root  of  j^y. 

16.  Find  the  square  root  of  5f. 

17.  Find  the  square  root  of  m. 

18.  Find  the  square  root  of  13j^. 


Jns.  }. 

Jns.  tV' 

Jns.  2-267766. 

Jns.  -6350948. 

Jns.  3-6332. 


21.  Let  it  be  required  to  extract  the  square  root  of  63613-423 
Hptenary. 
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ExplAHATiox.— We  point  off  Into  periods  of 
two  placds  ench,  aH  in  tlio  dcciinul  or  common 
6a6i3*'l236(230'165.+    snilti.    Tlicii  tli<>  liiKlicst  H(iuaro  in  tj,  tlic  JlrHt 
4  period,  iNl.  of  wliirii  tlio«(iuar«root  is  2.    Sub- 

trnotinK  4  from  tlie  (I  iind  briiiftinK  down  tliu 
next  p((riod,  SB,  wo  net  2;<6  for  tlic  dividend. 
Next  doublliiK  tlie  2  W(^  ol)tiiin  4.  and  we  !lnd 
tlint  tliis  will  Ko  into  'J3,  the  dividend  exclnNivo 
of  tlie  riKlit  liiind  liKiire,  U  tinu'N.  I'laeinK  this 
!J  in  l)olli  root  and  divisor,  nuiltip|i,'inK(l)eariiig 
in  mind  tliat  7  is  the  connnon  ratio  of  the  hvh- 
tem)  and  sidttraetinn,  we  oi)tain  a  remainder 
of  4.3,  to  whieh  we  bring  down  the  next  period, 
13,  and  thU8  get  4313  for  tliu  next  dividend,  &u. 


43)236 
162 

400)  4;n3 

4101 

6051)122-42 
50-61 


505-25)4rC130 
34-3504 


B05-336)  4-223300 
3-430344 


•453023 

Example  19. — Extract  the  square  root  of  4731392  undenary^ 
true  to  two  places  to  the  right  of  the  separating  poiut. 

OPERATION. 

473i392(2182*99.  Ans, 
4 

4i)'7r 

41 

428)3213 
30^9 


4352)  11592 
80^4 


4854-9)  3999-00 
3594-<4 


4355'79)  404-0700 
359-5744 


65-6/07 

EXERCISES. 

20.  Extract  the  square  root  of  11333311  septenary. 

21.  Extract  the  square  root  of  33233344  senary. 

22.  Extract  the  square  root  of  4234-10123  quinary. 

23.  Extract  the  square  root  of  888888-888  nonary. 


•Ans.  2626. 

Ans.  4344. 
Jlns.  43.412. 
Jm.  288.88. 


24.  Extract  the  square  root  of  248GG4c/G9  duodenary.  Ans.  54373. 


APPLICATION  OF  SQUARE  ROOT 
22.  A  triangle  is  a  figure  having  three  sides,  and  con- 
sequently three  angles.     When  one  of  the  angles  is  a  nght 
angle,  hke  the  corner  of  a  square,  the  triangle  is  called  a 
right  angled  triangle. 
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23.  In  a  right  angled  triangle  the  side  opposite  the  right 
angle  is  called  the  hgpothenuse,  and  the  sides  containing 
the  right  angle,  are  called  the  base  and  tho  perpendicular. 

24.  It  is  shown  by  elementary  geometry  that  the  square 
described  on  the  hypothenuse  of  a  right  angled  triangle  is 
equal  to  the  sum  of  the  squares  described  in  the  other 
two  sides. 

Or  if  h  be  the  hypothenuse,  b  the  base,  and  p  the  perpendicular ;  then 

h^  =62+^2,  and  hence 
h   =:V62+2>* 

b     =  V/i2— 33* 


That  is — to  find  the  hypothenuse  of  a  right  angled  triangle  when 
the  other  sides  are  given  we  add  the  square  of  the  base  to  the  square 
of  the  perpendicular  and  extract  the  square  root  of  the  sum. 

To  find  the  length  of  the  base  we  subtract  the  square  of  the  per- 
pendicular from  the  square  of  the  hypothenuse  and  extract  the 
square  root  of  the  remainder. 

To  find  the  length  of  the  perpendicular  we  subtract  the  square 
of  the  base  from  the  square  of  the  hypothenuse  and  extract  the 
scuare  root  of  the  remainder, 

25.  The  following  principles  are  also  established  by 
geometry : — 

Circles  are  to  each  other  as  the  squares  of  their  diameters. 

If  the  diameter  of  a  circle  be  multiplied  by  3-1416,  the  product 
is  the  circumference. 

If  the  square  of  half  the  diameter  of  a  circle  be  multiplied  by 
3*1416,  the  product  is  (he  area. 

If  the  square  root  of  half  the  square  of  the  diameter  of  a  circle 
be  extracted,  it  is  the  side  of  un  inscribed  square. 

If  the  area  of  a  circle  be  divided  by  3"  1416,  the  quotient  is  the 
square  of  half  the  diameter. 

Example  25. — If  the  hypothenuse  of  a  right  angled  triangle  ia 
12  feet  long  and  the  base  10  feet,  how  long  is  the  perpendicular  ? 

OPEEATIOIT. 

12«  =  144 
lO*  =  100 

difference  =  4A  and  V4r=  6"63324.  AnS. 

^XAMPLB  26.— If  the  foot  of  a  ladder  be  placed  20  feet  from 
the  side  of  a  house,  how  long  must  it  be  in  order  to  reach  to  the 
top  of  the  house,  the  latter  being  46  feet  high  ? 
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OPEEATIOIT. 
462  =  2116 

202  —   400 

sum  =  2516  and  V26I6  ^  5015.  Ans. 
EXERCISES. 

27.  Suppose  a  ladder  100  feet  long  be  placed  60  feet  from  the 

foot  of  a  tree ;  how  far  up  the  tree  will  the  top  of  the 
ladder  roach  ?  .^ns.  80  feet. 

28.  Two  persons  start  from  the  same  place,  and  go,  the  one  due 

north  50  miles,  the  other  due  west  80  miles.  How  far 
apart  are  they  ?  ^ns.  94*34  miles,  nearly. 

29.  How  large  a  square  stick  of  timber  can  be  hewn  from  a  round 

stick  24  inches  in  diameter?      jlns.  16'9Y  in.  to  the  side. 

30.  A  man  has  a  ladder  36  feet  long,  which,  when  put  on  the 

outside  of  a  ditch  20  feet  wide,  exactly  reaches  the  top  of 
the  wall.     Required  the  height  of  the  wall.    Jlns.  29-933. 

31.  A  ladder  40  feet  long  is  placed  against  a  wall  14  feet  high, 

and  just  reaches  the  top  ;  it  is  then  turned  over  and  touches 
the  top  of  another  wall  26  feet  high.  Required  the  breadth 
of  the  street.  Jtns.  30-3  yds. 

32.  If  the  area  of  a  circle  be  1760  yards,  how  many  feet  must 

there  be  in  the  side  of  a  square  to  contain  that  quantity  7 

Jins.  125-857. 

33.  A  certain  general  has  an  army  of  141376  men.     How  many 

must  he  place  in  rank  and  file  to  form  them  into  a  square? 

^ns.  376. 

34.  What  is  the  distance  through  the  opposite  corners  of  a  square 

yard?  ^ns,  4-24264  feet,  nearly. 

35.  The  distance  between  the  lower  ends  of  two  equal  rafters,  in 

the  different  sides  of  a  roof,  is  32  feet,  and  the  height  of 
the  ridge  above  the  foot  of  the  rafters  is  12  feet.  What 
is  the  length  of  a  rafter  ?  Jim.  20  feet,  nearly. 

36.  What  is  the  distance  measured  through  the  centre  of  a  cube 

from  one  corner  to  its  opposite  corner,  the  cube  being  3 
feet,  or  1  yard,  on  a  side?  Jins.  5-196  feet. 

37.  If  an  iron  wire  -^,7  inch  in  diameter  will  sustain  a  weight  of 

450  pounds,  what  weight  might  be  sustained  by  a  wire  an 
inch  in  diameter?  ,dns.  45000  lbs. 

38.  What  length  of  rope  must  be  tied  to  a  horse's  neck,  in  order 

that  he  may  feed  over  an  acre  ?         »dns.  7- 136-1- perches. 

39.  Four  men,  A,  B,  C,  D,  bought  a  grindstone,  the  diameter  of 

which  was  4  feet ;  they  agreed  that  A  should  grind  oflFhis 
share  first,  and  that  each  man  should  have  it  alternately 
until  he  had  worn  off  his  share  ;  how  much  did  each  man 
grind  off? 

^OTE.— In  this  question  we  disregard  the  thickness  of  the  grindstone 
After  the  first  has  ground  off  his  portion,  tbsre  will  remain  |  of  the  stone. 
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Then  the  whole  stone: part  remaining :: as  square  of  diameter  of  whole 
stone :  square  of  diameter  of  part  remaining.  (Art.  25) 

That  is,  1 :  i : :  4,2  :  a?2,  and  hence  a?  =  4  xVj  =  4  X  V-75  =  '864X4  = 
3'464  —  diameter  of  stone  after  the  first  has  ground  off  his  portion. 

Similarly,  after  the  second  has  ground  off  his  portion  there  will  remain  i 
of  the  stone,  and  after  the  third  has  takenjiis  portion,  i  of  the  stone. 

Hence  1 :  ^ : :  4*  :  a;2,  whence  a;  =  4  X  Vi  =  2-828  ft.  =  diameter  after  2nd 

has  taken  his  portion,  

1 :  i : :  42  :  a!2,  whence  a;  —  4  X  Vi  =  2  ft.=diaraeter  after  3rd  has  taken  off 
his  portion. 

Hence  A  takes  off       4— 3"464  =  '536  ft.  =  6"432  inches. 
B  "     3-364— 2-838  =  -636  ft.  —  7-632  inches. 

C  "     2-828—2        =  -823  ft.  =  9-936  inches. 

•D  "    remaining  2  ft.  =  24  inches. 


CUBE  ROOT. 

26.  To  extract  the  cube  root  of  a  number  is  to  find  a 
number  which  taken  three  times  as  factor  will  produce  the 
ffiven  number. 

RULE. 

I.  Point  off  the  number  into  periods  of  three  figures  each  begin- 
nin^  at  the  decimal  point. 

II.  Find  the  highest  cube  contained  in  the  left  hand  period  and 
place  its  root  to  the  right  of  the  number,  in  the  place  occupied  by 
the  quotient  in  division. 

III.  Subtract  the  cube  of  the  digit  put  in  the  root  from  the  left 
hand  period,  and  to  the  remainder  bring  down  the  next  period  to 
the  right  for  a  new  dividend. 

IV.  Multiply  the  square  of  the  part  of  the  root  already  found  by 
300  for  a  trial  divisor. 

V.  Find  how  many  times  the  trial  divisor  is  contained  in  the 
dividend  and  put  the  figure  thus  obtained  in  the  root. 

VI.  Complete  the  trial  divisor  by  adding  to  it : 

1st.  The  part  of  the  root  previously  found  X  the  last  digit 

put  in  the  root  X  30  and 
2nd.  The  square  of  the  last  digit  put  in  the  rooti 

VII.  Multiply  the  divisor  thus  completed  by  the  digit  last  put  in 
the  root ;  subtract  the  product  from  the  dividend,  and  to  the  re' 
nuiinder  bring  down  the  next  period  for  a  new  dividend. 

VIII.  Again  multiply  the  square  of  the  part  of  the  root  already 
found  by  300  for  a  new  trial  divisor,  find  what  digit  to  place 
next  in  the  root  as  in  V,  complete  the  divisor  by  ma,king  the  two 
additions  to  the  trial  divisor  described  in  VI,  multiply,  substract 
and  bring  down  as  directed  in  VII,  and  continue  the  process  until 
all  the  period*  are  brought  down. 


^ 


[Sect.  X. 

r  of  whole 

864X4  = 
on. 

11  remain  i 
tone. 

r  after  2iid 
vs  taken  off 


)o  find  a 
diice  the 


tch  begin- 

zriod  and 
cupied  by 

m  the  left 
period  to 

found  by 

led  in  the 


last  digit 


ist  put  in 
0  the  re' 

t  already 
to  place 
r  the  two 
substract 
cess  until 


m 

Ik 


Arts.  2G-28.] 


CUBE   ROOT. 


309 


Example  1.— -What  ia  th©  cube  root  of  429lT293200t  ? 

OPEEi-TIOir. 


429172932007       I  7543   Ans, 
843 


Ist  trial  divisor  =72  X  300  =  14700 
1st  increment  =  7X5X30  =  1050 
2ud        "         =  52=  25 


1st  complete  divisor 


=       16776 


2nd  trial  divisor=752  X  800= 
Ist  increment  =75X4X30- 
2nd         ••         =  42= 


1687500 

9000 

16 


2nd  complete  divisor 


=    1696510 


3rd  trial  dlvisor=7542  x  300=170554800 
1st  increment=754  X3X30=  67860 
2nd       "  32=  9 


86172=l8t  dividend. 


78875=product  of  comp.  div. 
by  5. 

7297932=2nd  dividend. 


6786064  =  product  of  comp, 
div.  by  4. 

611868007=3rd  dividend. 


3rd  coraplete  divisor  =170622669       511868007  =  product  of  comp. 

div.  by  3. 

ExPiiANATiON.— After  pointine  off  we  find  that  the  highest  cube  number 
contained  in  the  left  hand  period  is  343  of  which  the  cube  root  is  7.  We 
therefore  place  7  in  the  root  and  subtract  343  from  the  first  period. 
This  gives  us  a  remainder  of  86  to  which  we  bring  down  the  next  period 
172,  and  thus  obtain  86172  for  a  new  dividend. 

Next  we  take  7,  the  part  of  the  root  already  found,  square  it  and  multiply 
the  49  thus  obtained  by  300,  this  gives  the  first  trial  divisor  14700  which 
we  find  will  go  into  the  dividend  86172  (making  due  allowance  for  the 
increase  of  the  divisor)  5  times. 

Next  we  complete  the  divisor  by  adding  to  it. 

1st,  7X5X30=1050,  and  2nd,  5^=25  which  gives  us 

15775  for  a  complete  divisor.  This  we  multiply  by  5,  the  digit  last  put  in 
the  root,  subtract  the  product  78875  for  the  1st  dividend,  and  to  the 
remainder  7297  bring  down  the  next  period  932,  &c.,  &c. 

27.  Reason  and  Explanation.— "We  have  seen  (Art.  17)  that  wo  may 
consider  every  number  as  consisting  of  its  tens  plus  its  units,  or  if  a=ten8 
and  &=units,  then 

Number  =  a-\-b  ;  and 

Number  cubed  =  (a +  6)  3  =a3 -j-3a26-|-3a62 +63. 

Hence  the  cube  of  a  number  is  equal  to  the  cube  of  the 
tens,  plus  three  times  the  product  of  the  tens  squared 
multiplied  by  the  units,  plus  three  times  the  product  of 
the  tens  multiplied  by  the  square  of  the  units,  plus  the 
cube  of  the  units. 

Thus  69  =(60+9) ;  and 

693=:(60+9)  3=603+3X602X9+3X60X92+93 
=216000+97200+14580+729 
=328509. 

28.  Let  it  now  be  required  to  extract  the  cube  root  of  328509. 
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I.  It  is  manifest  that  the  cube  of  a  single  digit  can  never  contain  more 
than  three  digits  or  less  than  one  digit,  and  hence  the  cube  root  of  a  num- 
ber (i.  e.,  perfect  cube)  of  om,  two  or  three  digits  must  be  a  number  of  one 
digit.  Again  the  cube  of  a  number  consisting  of  two  digits  can  never  con- 
tain more  tlian  six  or  less  than  four  digits,  and  conversely  the  cube  root  if 
a  perfect  cube  consisting  of  four,  five  or  six  digits  must  be  a  number  of 
two  digits.  Similarly  the  cube  root  of  a  perfect  cube  consisting  of  seven, 
eight  or  nine  digits  must  be  a  number  of  three  digits,  &c. 

Hence  one  digit  in  the  root  is  equivalent  to  three  digits  in  the 
cube,  and  conversely  three  digits  in  the  cube  are  equivalent  to 
one  digit  in  the  root,  and  therefore  if  we  divide  the  given  num- 
ber into  periods  of  three  digits  each,  beginning  at  the  decimal 
point,  the  number  of  periods  will  indicate  the  number  of  digits 
in  the  root. 

II.  The  cube  of  the  units  can  be  found  only  in  the  period  immediately 
to  the  left  of  the  decimal  point,  since  any  unit  cubed  can  give  no  digit  of  a 
higher  order  than  hundreds.  Also  the  cube  of  the  tens  can  be  found  only 
in  the  second  period  to  the  left  of  the  decimal  point,  since  tens  cubed  can 
give  no  digit  of  a  higher  order  than  hundreds  of  thousands,  or  of  a  lower 
order  than  thousands.  Similarly  the  cube  of  the  hundreds  can  be  found 
only  in  the  third  period  to  the  left  of  the  decimal  point,  &c. 

Hence,  counting  from  the  decimal  point  towards  the  left,  the 
cube  of  the  units  can  be  found  only  in  the  first  period,  the  cube 
of  the  tens  only  in  the  second  period,  the  cube  of  the  hundreds 
only  in  the  third  period,  &c. 


OPERA  noiT. 

8288')9(69 
216 

;••=  36X300  =10800112509 
6  =  9X54X30—   1622 
Q'^~       81 


12501 


112509 


III.  Taking  the  number  328509  we  divide  it  into  periods,  thus  378509,  and 
since  there  are  two  periods  in  the  cube  there  must  be  two  digits  in  the 

root.  We  thus  learn  that  328509  is 
the  cube  of  a  certain  number  of  tens 
plus  a  certain  number  of  units.  We 
first  then  look  for  the  digit  in  the  place 
of  tens  in  the  root.  We  know  (II.)  that 
the  cube  of  the  tens  is  contained  in  the 
second  period,  328,  and  the  highest  cube 
contained  in  328  must  evidently  be  the 
cube  of  the  highest  digit  that  can  occu- 
py the  place  of  tens  in  the  root— which 
digit  we  are  seeking.  The  highest  cube 
contained  in  328  is  216,  of  which  the  cube  root  is  6.  We  then  subtract  216 
from  328  and  to  the  remainder  bring  down  509,  the  next  period,  which 
gives  us  112509  for  a  new  dividend. 

IV.  J'rom  the  given  number  we  have  only  subtracted  216  (or  if  the  ciphers 
be  affixed,  216000)  the  remainder,  112509,  therefore  consists  (Art.  27)  of  three 
times  the  product  of  the  square  of  the  tens  by  the  units,  plus  three  times 
the  product  of  the  tens  by  the  square  of  the  units,  plus  the  cube  of  the 
units;  that  is,  112509  consists  of  (6  tens)^  x3Xa  certain  number  of  unit84- 
(6  tens)  X  3  X  (that  number  of  units) 2-l-(that  number  of  units) 3;  and 
because  we  do  not  know  as  yet  what  the  units  figure  is,  we  use  (6  tens)  2x3 
for  a  trial  divisor. 

But  (6tens)2x3=  (60)2X3  =  (6X10)2X3  =  62X102X3  =  62X300;  or. 
in  other  words,  any  number  of  tens  squared,  multiplied  by  3,  is  equal  to  that 
same  number  of  units  squared  and  multiplied  by  300.  Hence  we  obtain  the 
constant  multiplier,  300. 

V.  63  =  !i6,  and  this  multiplied  by  300  gives  us  10800.  In  asking  how 
often  this  is  contained  in  112.j09  we  nave  to  bear  in  mind  that  we  must  in- 
crease this  trial  divisor  by  the  two  additions  indicated  in  the  sixth  sectiqu 
of  the  rule.  Making  allowance  for  these  additions,  we  find  the  imitl' 
figure  of  the  root  to  be  9. 
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VI.  If  wo  were  to  multiply  the  10800  we  have  obtained  as  a  trial  divisor 
by  9,  the  units'  figure  of  tne  root,  we  should  only  get  three  times  the  pro- 
duct of  the  square  of  the  tens  by  the  units ;  but  we  require  also  three  times 
the  product  of  the  tens  by  the  square  of  the  units  and  lastly  the  cube  of 
the  units.    Our  complete  divisor  must  therefore  evidently  consist  of— 

1st.   Three  times  the  square  of  tens. 

2nd.  Three  times  the  tens  multiplied  by  the  units. 

3rd.  The  square  of  the  units ;  or  representing  the  tens  by  a  and  the  units 
by  b,  the  divisor  must  =  3a2-f  3tt6+62,  and  this  multiplied  by  6,  the 
digit  in  the  units'  place  will  give 

(3a2+3a6+62)6  =  3a26+3a62+63  =the  dividend. 

Now  (6tens)X3=:(60)X3  =  6X10X3  =  6X30  i.e.  the  product  of  any  num- 
ber of  tens  multiplied  by  3,  is  equal  to  the  product  of  that  same  number  of 
units  multiplied  by  80. 

Hence  we  obtain  the  constant  multiplier  30. 

The  additions  we  make  then  are  6X30X9  =  1620,  and  92  =  81,  and  thus 
we  obtain  the  complete  divisor  12501  =  (60)2x3+60X3X9+9*.  and  mul- 
tiplying this  by  9,  we  get 

{ (60)2X3+60X3X9+92  ]  9  =  60«X3X9+60X3X92+93  =  three  times  the 

square  of  the  tens  multiplied  by  the  units,  plus  three  times  the  tens  multi- 
plied by  the  square  of  the  units,  plus  the  cube  of  the  units. 

NoTB. — When  there  are  more  than  two  periods,  the  reasons  are  analagous, 
since  we  never  have  to  do  with  more  than  tens  and  units  of  the  root  at  ope 
time ;  i.  e.,  when  we  are  seeking  the  second  digit  of  the  root,  we  call  the  first 
digit  tens  and  the  second,  units ;  when  we  are  seeking  the  third  digit  of  the 
root  we  consider  the  first  two  as  so  many  tens,  and  the  third  as  units,  &c. 

The  reason  for  bringing  down  only  one  period  at  a  time  is  similar  to  the 
reason  for  the  same  step  in  the  extraction  of  the  square  root  (for  which  see 
Art.  18,  Example  3). 

29.  To  extract  the  cube  root  of  a  decimal — 


RULE. 


last 


I.  Annex  two  ciphers,  if  necessary,  in  order  to  make  the 
period  complete. 

II.  Point  off  into  periods  of  three  places  each,  beginning  at  the 
decimal  point,  and  extract  the  cube  root  as  in  whole  number,  remem- 
bering that  the  number  of  decimal  places  in  the  root  will  be  equal 
to  the  number  of  periods  in  the  cube. 


2. 
3. 
4. 
5. 
6. 
1. 
8. 
9. 


EXERCISES. 

What  is  the  cube  root  of  62'iri272831'r? 
Extract  the  cube  root  of  1953125. 
Extract  the  cube  root  of  10Y6890625. 
What  is  the  cube  root  of  •69'7864103  ? 
What  is  the  cube  root  of  102503232  ? 
Find  the  cube  root  of  179597-069288. 
Find  the  cube  root  of  483- 736625. 
Find  the  cube  root  of  -636056, 


Jtns.  3973. 

Jns.  125. 
Ans.  1025. 

Jlns.  -887. 

Jns.  46-8. 
Ans.  56-42. 

Ans.  7-85. 
Jns.  -86. 


30.  To  extract  the  cube  root  of  a  mixed  number  or  a 
vulgar  fraction — 


;  ^ 
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I.  Reduce  mixed  numbers  to  improper  fractions,  and  compound 
or  complex  fractions  to  simple  ones,  and  the  resulting  fraction  to  its 
lowest  terms. 

II.  Extract  the  cube  root  of  both  numerator  and  denominator 
separately,  if  they  have  exact  roots;  but  if  they  have  not  both 
exact  roots,  reduce  the  fraction  to  its  corresponding  decimal  by  Art, 
56,  Sect,  IV,  and  then  extract  the  root  as  in  Art.  30. 

Example  10. — What  is  the  cube  root  of  3§  ? 

OPERATION. 


Ans. 


viJa  —  Y  a    —      __    —  u  —  ij 
V  8 

Example  U. — Extract  the  cube  root  of  lYi. 


OPEBATIOK. 

n\  =  17-125,  and  Vl7-125  —  2-577,  nearly. 
EXERCISES. 
Extract  the  cube  root  of 


,3^ 


Ans.   •4'721. 

Ans.   -5609. 

Ans.   -941. 

Ans.   3.0635. 

Ans.   3-198. 


12 

13.  Extract  the  cube  root  of  tr 

14.  Extract  the  cube  root  of  J  of  2J. 

15.  Extract  the  cube  root  of  28|. 

16.  Extract  the  cube  root  of  32^^!-. 

31.  In  extracting  the  cube  root  of  a  number  in  any 
scale,  other  than  the  decimal,  we  proceed  in  the  same  man- 
ner, pointing  off  into  periods  of  three  figures  each,  findirg 
a  trial  divisor  and  afterwards  completing  it  as  in  the  pre- 
ceding examples. 

Note. — In  all  scales  having  a  radix  higher  than  3,  the  constant  multipli- 
ers are  300  and  30 ;  but  as  in  the  binary  and  ternary  scale  we  cannot  use  a 
digit  so  high  as  3,  those  multipliers  become  respectively  1100  and  110  for 
the  binary  scale,  and  1000  and  100  for  the  ternary  scale. 

Example  17. — Extract  the  cube  root  of  613412-132  septenary. 

OPEEATION. 


62=51X  300  =21300 

6X30=240X5=:  1560 

52=      34 


23224 

652=  6304  X  300  =    2521500 

6502=830400X300=252150000 

650X30=26100X4=      143400 

42—     22 


252323422 


613412.132  )  65.04 
426 


154412 


152456 


16-23.132 
1623.132000 


1402.630321 
220.201346 
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ompound 
ion  to  its 

jminator 
not  both 
I  by  Jrt, 


EXERCISES. 

18.  Express  one  million  in  the  senary  scale  and  then  extract 
its  cube  root.  ^ns.  244. 

19.  Extract  the  cube  root  of  61312T1  odenary.     Ans.  165-32. 

20.  Extract  the  cube  root  of  10221012.102  ternary. 

Ans.  112.012. 

21.  Extract  the  cube  root  otteteet  in  the  duodenary  scale  true 

to  two  places  to  the  right  of  the  separating  point. 

Jins.  eY.<2. 

22.  Extract  the  cube  root  of  421030.4412  quinary  true  to  two 
places  to  the  right  of  the  separating  point.    Jlns.  44.004. 


•4721. 

•5609. 
M.  -941. 
3.0635. 
I  3-198. 

in  any 
le  man- 
findirg 
be  pre- 

multipli. 
not  use  a 
d  110  for 

denary. 


32.  Since  many  teachers  prefer  Homer's  method  of  extracting  the  cube 
root,  to  the  common  method,  we  shall  give  it  here.  Upon  closely  examin- 
ing it  the  student  will  find  that  the  reasons  for  the  several  steps  of  the  pro» 
cess  are  identical  with  those  given  in  Arts.  27  and  28.  The  constant  multi" 
pliers  300  and  30  are  still  used,  but  in  a  disguised  form. 

RULE. 

I.  Point  off  as  in  the  common  method. 

II.  Find  the  greatest  cube  in  the  first  period  on  the  left  hand  ; 
place  its  root  on  the  right  of  the  number  for  the  first  figure  of  the 
root,  and  also  in  col.  I.  on  the  left  of  the  number.  Then  multi- 
plying this  figure  into  itself,  set  the  product  for  the  first  term  in 
col.  II. ;  and  multiplying  this  term  by  the  same  figure  again,  sub- 
tract this  product  from  the  period,  and  to  the  remainder  bring 
down  the  next  period  for  a  dividend. 

III.  Adding  the  figure  placed  in  the  root  to  the  first  term  in 
col.  I.,  multiply  the  sum  by  the  same  figure,  add  the  product  to 
the  first  term  in  col.  II.,  and  to  this  sum  annex  two  ciphers,  for  a 
divisor  ;  also  add  the  figure  of  the  root  to  the  second  term  of  col.  I. 

IV.  Find  how  many  times  the  divisor  is  contained  in  the  divi- 
dend, and  place  the  result  in  the  root,  and  also  on  the  right  of  the 
third  term  of  col.  I.  Next  multiply  the  third  term  thus  increased 
by  the  figure  last  placed  in  the  root,  and  add  the  product  to  the 
divisor ;  then  multiply  this  sum  by  the  same  figure,  and  subtract 
the  product  from  the  dividend.  To  the  remainder  bring  down  the 
next  period  for  a  new  dividend. 

V.  Find  a  new  divisor  in  the  same  itanner  that  the  last  divisor 
was  found,  then  divide,  Sfc,  as  before ;  thus  continue  the  operation 
till  the  root  of  all  the  periods  is  found. 

Example  23. — What  is  the  cube  root  of  78314.6,  true  to  two 
decimal  places, 
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Col.  I. 
1st  term  4 

2nd  "  8 

3rd  "  122 

4th  "  124 

5th  "  1267 

6th  "  1274 


OPBBATIOW. 

Col.  II. 
18X4    = 

4800, 1st  divisor    ) 

504 tX 2    -. 


78314.600  (42.78+. 
64 

14314 

10088 


629200.  2d  divisor    ) 
538069X7    = 


54698700, 3rd  divisor) 


7th    "     12818  54801244X8    = 


4226600 

3766483 
460117000 
438409952 


Explanation.— Tho  cube  root  of  the  greatest  cube  in  78  is  4  which  is 
placed  in  the  root  and  also  in  column  I,  then  multiplying  this  4  by  itself 
gives  us  16  which  is  the  1st  term  in  column  II,  and  agani  multiplying  this 
16  by  4  gives  us  64,  the  number  which  wo  are  to  subtract  from  the  first 
period  78. 

Subtracting  and  bringing  down  the  next  period  314  we  get  14314  for  the 
next  dividend. 

Now  adding  4,  the  ftgiire  placed  in  the  root,  to  4  the  Ist  term  in  col.  I, 

gives  us  8,  the  2nd  term  in  col,  I.  multiplying  this  8  by  the  4, 1.  e.,  the 
gure  in  the  root,  gives  us  32  which  we  add  to  the  1st  term  of  col.  II,  and 
atnx  two  ciphers.  vV'e  thus  obtain  4800  the  second  term  of  col.  II,  which  is 
our  trial  divisor. 

We  then  find  that  4800  goes  2  times  in  the  dividend.  This  2  we  place  in 
the  root  and  also  to  the  right  of  the  sum  of  the  1st  and  2nd  terms  of  col.  I. 
The  1st  and  2nd  terms  of  col.  I,  added  together  make  12  and  the  2  of  the 
root  affixed  maKes  122,  the  third  term  of  col.  I.  Then  we  multiply  this  122 
by  2,  the  last  digit  put  in  the  root,  this  gives  us  244  which  we  add  to  4800, 
the  2nd  term  of  col.  II,  and  thus  obtain  5044  ;  the  3rd  term.  Lastly  this 
third  term  multiplied  by  2,  gives  us  the  number  to  subtract,  &.c. 

Note.— For  examples  in  this  method  work  any  of  the  proceeding  ques* 
tions. 


APPLICATION  OF  THE  CUBE  ROOT. 

33.  Principles  Assumed. — I.  Spheres  are  to  one  another  a$  the 
cubes  of  their  diameters. 

II.  Cubes  and  all  other  regular  solids  are  to  one  another  cm  the 
cubes  of  their  like  dimensions. 

EXERCISES. 

24.  If  a  cannon  ball  3  inches  in  diameter  weighs  8  lbs.,  what 

will  be  the  weight  of  a  ball  of  the  same  metal  4  inches  in 
diameter?  33:4^  ::8  lbs.:  ./fns.  =  18|?  lbs. 

25.  If  a  ball  3  inches  in  diameter  weighs  4  lbs.,  what  will  be  the 

weight  of  a  ball  that  is  6  inches  in  diameter  ?  Ans.  32  lbs. 

26.  If  a  globe  of  gold  one  inch  in  diameter  be  worth  $120,  what 

is  the  value  of  a  globe  3J  inches  in  diameter? 

Ans.  $5145. 

27.  If  the  weight  of  a  well  proportioned  man,  5  feet  10  inches  in 

height  be  180  pounds,  what  must  have  been  the  weight 
of  Qoliath  of  Gath,  who  was  10  feet  4 J  inches  in  height? 

Ms,  10J5-i  l^e, 


Am 

28. 


29. 


30. 


I 
Ex 


pi 


1 
2 

4 


Arts.  33, 34  .J 
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28.  A  person  has  a  cube  of  clay  whose  sides  are  973  ft.  long  ;  he 

wishes  to  take  out  of  the  same  5  cubes  whose  sides  are  45 
feet,  62  feet,  30  feet,  80  feet,  and  20  feet.  He  requires  to 
know  the  length  of  the  side  of  the  cube  that  can  be  formed 
out  of  the  remaining  clay.  jlns.  972*699  ft. 

29.  What  is  the  side  of  a  cube  which  will  contain  as  much  as  a 

chest  8  feet  3  inches  long,  3  feet  wide,  and  2  feet  1  inches 
deep?  jins.  47-9843  inches. 

30.  Four  ladies  purchased  a  ball  of  exceeding  fine  thread,  3  in. 

in  diameter.  What  portion  of  the  diameter  must  each 
wind  oflf  so  aa  to  share  off  the  thread  equally  ? 

Ans.  1st  lady  must  wind  oflf  *27432  inches. 
2nd         "  "       -34458       " 

3rd         "  "       -49122       " 

4th         "  "     1-88988       " 

Note.— This  question  is  solved  by  a  method  similar  to  that  adopted  in 
Example  3d  of  the  Square  Boot. 


I  inches  in 


EXTRACTION  OF  THE  ROOTS  OF  HIGHER 

ORDERS. 

34.  When  the  index  of  the  root  is  a  power  of  2  or  3,  or 
a  multiple  of  any  power  of  2  by  any  power  of  3, 

RULE. 

Resolve  the  given  index  into  its  prime  factors. 

Extract  the  root  denoted  by  one  of  these  factors,  then  of  this  rooi^ 
extract  the  root  denoted  by  another  factor,  and  so  on  till  all  ths 
prime  factors  be  used. 

Thus,  for  the  4th  root  extract  the  square  root  of  the  square  root, 
for  the  6th  root  extract  the  cube  root  of  the  square  root, 
for  the  8th  root  extract  the  square  root  of  the  square  root  of  the 

square  root, 
for  the  12th  root  extract  the  cube  root  of  the  square  root  of  the 

square  root, 
for  the  16th  root  extract  the  square  root  four  times, 
for  the  18th  root  extract  the  cube  root  of  the  cube  root  of  the  square 

root,  &c.,  &o, 

EXERCISES. 

1.  What  is  the  fourth  root  of  199871 73376  ?  jlm.  376. 

2.  What  is  the  sixth  root  of  308915776?  Jns.  26. 

3.  Extract  the  ninth  root  of  40353607  ?  Jlns.  1 

4.  Extract  the  eighteenth  root  of  387420489  ?  ^ns.  3 

5.  Extract  the  tweaty-seventh  root  Qf  134217728  ?  4n8>  Z 


m 


m 
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35.  The  Logarithm  of  a  number  is  the  index  of  the 
power  to  which  it  is  necessary  to  raise  a  given  root  or 
base,  in  order  to  produce  the  given  number. 

86.  The  Base  of  a  system  6f  logarithms  is  the  Jixed 

number  to  which  all  the  logarithms  of  that  system  belong  as 

indices. 

Thus  103  =  1000 :  here  3  is  called  the  logarithms  of  1000,  to  the  base  10. 
So  also  2^  ==  32 ;  here  6  is  called  the  logarithm  of  82,  to  the  base  2,  &c.,  &c. 

37.  A   System  of  Logarithms  is  a  collection  of  the 

logarithms  of  a  series  of  numbers  correspondi!^g  to  the 

same  base. 

Any  number  whatever  may  be  taken  as  the  base  of  the  system ;  but  it  is 
obvious  that  some  numbers  are  much  more  convbnient  than  others. 

38.  Two  systems  of  logarithms  have  been  constructed 
and  tables  calculated  with  great  care.    They  are, — 

Ist.  The  Common  System  or  Briggeau   System,  whose 

base  is  10. 
2nd.  Napierian  System,  whose  base  is  2*7 1828. 

The  Napierian  System  was  invented  by  Baron  Napier,  and  the  peculiar 
base,  271828,  was  adopted  chiefly  because  the  logarithms  having  that  base 
are  more  simply  expressed  and  more  easily  calculated  than  any  other.  It 
has  hence  been  called  the  Nattiral  System  of  Logarithms.  These  logarithms 
were  also  formerly  called  Hyperbolic  logarithms,  from  certain  relations 
found  to  exist  between  them  and  the  asymptotic  spaces  of  the  hyperbola, 
and  which  were  erroneously  believed  to  be  peculiar  to  them. 

The  Common  System  was  shortly  afterwards  invented  by  Briggs  and 
adopted  by  Baron  Napier,  and  is  the  system  now  universally  employed  for 
the  purposes  of  calculation. 

39.  The  Characteristic  of  a  logarithm  is  the  part 
which  stands  to  the  left  of  the  decimal  point. 

40.  The  Mantissa  {handful)  is  that  part  of  the  logar- 
ithm which  stands  to  the  right  of  the  decimal  point. 

41.  Since  10  is  the  base  of  the  common  system  of 
logarithms  and  at  the  same  time  the  radix  of  our  system  of 

notation,  we  have — 

whence 
whence 
whence 
whence 
whence 
whence 
whence 
whence 
whence 
whence 


100000 

^^^ 

10«; 

10000 
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10 
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1 

100; 

•1 

— 
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•01 

s: 
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•001 

rs 
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~? 
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— 
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—" 

4 
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s: 

2 
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10 
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1 
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~~ 

0 
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•1 

r— 
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42.  From  this  it  appears  that  the  logarithm  of  any  number  between  l  and 
10  will  bo  more  than  0  and  less  than  1 ;  i.  e.,  will  be  a  fraction  or  a  decimal  j 
BO  also  the  logarithm  of  any  number  between  10  and  100  will  bo  greater  than 
1  and  less  than  2 ;  i.  o.,  will  bo  1  and  a  fraction,  or  a  decimal :  so  also  the 
logarithm  between  100  and  1000  will  be  2  and  a  decimal,  &c. 

Hence,  the  characteristic  of  any  number  containing  di- 
gits to  the  left  of  the  decimal  point  is  positive  and  nu- 
merically one  less  than  the  number  of  such  digits. 

Thus,  the  characteristic  of  784,2  is  3 ;  of  978-20  it  is  2 ;  of  813420789  it  is  8  ; 
of  300429  it  is  0 ;  of  26789-  12G78SJ  it  is  4.  &c. 

43.  It  also  appears,  from  Art.  41,  that  the  logarithm  of  every  number 
between  1  and  '1  will  bo  less  than  0  and  greater  than  -1 ;  that  is,  it  will  be 
equal  to  -l.plus  some  decimal ;  the  logarithm  of  every  number  between  "l 
and  .01  will  be  less  than  -1  and  greater  than  -2 ;  or,  in  other  words,  will 
be  -2  plus  some  decimal ;  so  also  the  logarithm  of  every  number  between 
•01  and  -001  will  be  -3  plus  some  decimal,  Ac,  Ac. 

Hence,  the  characteristic  of  the  logarithm  of  a  decimal 
is  negative  and  numerically  one  greater  than  the  number  of 
Os  which  come  between  the  decimal  point  and  the  first 
significaiU  figure. 

Thus,  the  characteristic  of  the  logarithm  of  '000001  is  6 ;  the  characteristic 
of  the  logarithm  of  .00000000002347  is  11 ;  the  characteristic  of  the  logarithm 
of  '000278926345  is  4,  &c.,  &c. 

NoTB. —  The  negative  sign  affects  only  the  characteristic— -the 
mantissa  or  decimal  portion  of  a  logarithm  is  always  positive.  To 
indicate  this  it  is  customary  to  write  the  negative  sign  over  the 
characteristic ^  as  in  the  above  examplec,  and  not  before  it» 

EXERCISES. 
What  la  the  characteristics  of  the  logarithma  of  the  following 
numbers  : 

1.  •?23,  9126-4,  81234-56T,  912678-96124567,  23-912342. 

Ans.  2,  3,  4,  5,  and  1. 

2.  '027,  -002134,  -000000698,  -8126714,  '0000000002_134. 

JLns.  2*  3,  7,  1,  and  10. 

3.  1-1111111,  llllll'U,  1000000000,  '000000062162^7,  12-78. 

>Ans.  0,  5,  9,  9,  0.  and  1. 

44.  Since  (Art.  11),  to  divide  one  power  of  a  number  by  another  power 
of  the  same  we  subtract  the  index  of  the  divisor  from  the  index  of  the  di» 
vidend,  and  since  common  logarithms  arc  indices  to  the  base  10,  let  us  take 
the  number  47280;  and  successively  dividing  it  by  10,  examine  the  results. 

ICumbers.  Logarithma. 

47280  2=  4-674677 

4738  =  3-674677 

472-8  eS  2.674677 

*7-28  =  1-674677 

4*728 £:i  0-674677 

'4728  =  1-674677 

•04728  =  2-674677 

•004728 =  *'674677 
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ttero  wo  have  simply  porfofmed  tho  sarao  operation  by  two  difTorent 
methods,  iHt,  dividing  tlio  numbers  by  10,  and  2nd,  from  tlio  logarithma  cor- 
responding to  the  numbers,  subtracting  1,  the  logarithm  of  10. 

From  this  illustration  it  is  evident  that, — 
Ist.  The  characteristic  of  the  logarithm  of  a  number  is 
dependent  wholly  upon  the  position  of  the  decimal  point  in 
that  number,  and  is  not  at  all  affected  by  the  sequence  of 
the  digits  that  compose  that  number ;  and 

2nd.  The  Mantissa  or  decimal  part  of  the  logarithm  of 
a  number  is  dependent  wholly  upon  the  sequence  of  the 
digits  that  compose  that  number,  and  is  not  at  all  affected 
by  the  position  of  the  decimal  point. 

NoTR.— It  is  only  common  logarithms  (i.  e.,  those  having  10  for  their 
base)  that  possess  the  important  property  of  having  the  same  mantissa  for 
the  same  flgures,  wiiothor  integral  or  decimal,  or  both,  and  it  was  this  pro« 
perty  that  induced  Briggs  to  adopt  that  base  in  preference  to  the  Napierian 
base,  2-71828. 

45.  Since  tho  characteristic  of  tho  logarithm  of  any  number  does  not 
depend  upon  the  value  of  the  digits  composing  that  number,  and  is  so 
easily  found  by  attention  to  the  rules  found  in  Arts.  42,  43,  it  is  customary 
to  omit  it  altogether  in  logarithmic  tablcH,  and  merely  give  the  mantissa. 

The  annexed  tables  contain  the  logarithms  of  all  numbers  from  1  to  lOOUO, 
calculated  to  6  decimal  places.  When  greater  accuracy  is  required,  tables 
calculated  to  a  greater  number  of  piaces  are  used.  By  means  of  the  pro- 
portional parts  and  difference  given  in  the  tables,  the  logarithm  corres- 
ponding to  all  numbers  whatever,  may  be  found  with  sui&cieut  accuracy  for 
all  practical  purposes. 

46.  To  find  the  logarithm  of  any  number  not  greater 
than  1  GO- 
RULE. 

Find  on  the  first  page  of  the  table  of  logarithms,  the  given  num,' 
her  in  the  column  marked  No.,  and  directly  opposite  to  it, — in  the 
column  marked  log,,  will  be  found  the  logarithm. 

Example  L— What  is  the  logarithm  of  47?        ^ns.  1-672098. 

Note.— By  saying  that  1-672098  is  the  logarithm  of  47,  we  simply  mean 
that  the  base  10,  raised  to  the  power  1-672097,  ia  equal  to  47,  or  briefly 
101-672098 —47. 

Example  2.— What  is  the  logarithm  of  93?        ./3n«.  1-968483* 


47.  To  find  the  logarithm  of  any  number  consisting  of 
not  more  than  four  digits — 

RULE. 

Find,  in  the  tolurhn  marked  N,  the  first  three  digits  of  the  given 
number. 

Then  the  mantisia  will  b6  found  in  the  intersection  Of  the  hori-*- 
zontal  line  containing  these  three  digits  and  the  vertical  column  at 
the  head  of  which  stands  the  fourth  digit. 

To  this  mantista  attach  the  characteristic  as  found  by  tkt  rule»  in 
Art.  42 
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Example  3. — What  is  Iho  logarithm  of  7983? 

LooklnK  in  tho  coltunn  marked  N,  wo  lliid  the  first  tliroo  digits,  708, 
on  page  393  in  tl)o  fourth  liorizontal  division,  counting  ft-om  tho  top  of  th6 
page  and  In  tho  last  lino  but  ono  of  that  division.  Carrying  tho  eyo  along 
this  horizontal  line  till  we  como  to  tho  vrtlcal  column,  at  tho  head  of 
which  stands  tho  remaining  digit.  3,  wo  obtain  for  the  mantissa  of  tho 
required  logarithm  -902106,  to  which  wo  prefix  tho  characteristic  3  {>*lnce 
there  are  four  digits  to  tho  loft  of  tho  ducnnal  point  in  the  given  number), 
and  thus  obtain  the  required  logarithm  3002160. 

Example  4. — What  is  tho  logarithm  of  -0000001234? 

The  first  three  digits,  viz :  123,  are  found  in  tho  fourth  lino  of  the  third 
horizontal  division  on  page  332,  and  at  the  intersection  of  this  line  with  tho 
column  headed  4,  Is  found  '091316.  To  this  we  attach  tho  characteristic  7} 
(since  there  are  six  Os  between  the  decimal  point  and  the  first  significant 
figure)  and  thus  obtain  tho  required  logarithm,  7-091315. 

EXERCISES. 

6.  What  are  the  logarithms  of  5794,  57-94, 5794000,  and  -0005795? 

Jlns.  3-762978,  1-762978,  6-762978,  and  4-762978. 

6.  What  are  the  logarithms  of  1-109,  11690,  and  ju^tf o"(iVTi  ? 

^ns.  0-067815,  4-067815,  and  3-067815. 

7.  What  are  the  logs,  of -734,  7340000000,  and  -000000^)0734? 

Ans.  1-865696,  9-865696,  and  9865696 
3.  What  are  the  logarithms  of  978-4,  9-784,  978400,  and  -9784? 
^ns.  2-990516,  0-990516,  5-990510,  and  1-990516. 

48.  To  find  the  logarithm  of  a  number  containing  more 
than  four  digits  :— 

RULE. 

First  MfiTHoo.— i^i'ni  the  mantissa  corresponding  to  ihe  loga- 
rithm of  the  first  four  digits  by  the  last  rule>  Subtract  this  man- 
tissa from  the  next  following  mantissa  in  the  tables.  Multiply 
the  difference  thus  obtained  by  the  remaining  digits  of  the  given 
number^  and  cut  off  from  the  product  as  many  digits  as  there  ioete 
in  the  multiplier  (but  at  the  same  tiiu^  m^'Hng  unity  if  the  highest 
cut  off  be  not  less  than  6). 

Add  the  number  thus  obtained  to  the  mantissa  of  the  logarithm 
corresponding  to  the  first  four  digits^  and  the  result  will  be  the  man* 
tissa  of  the  given  number. 

Lastly,  attach  the  characteristic  to  this  mantissa. 

ExAMPLK  9.— What  is  the  logarithm  of  53804-2  ? 

OPKaATION. 

The  mantissa  of  the  logarithm  of  5380  (tho  first  four  digits)  s  '730782,  and 
the  next  following  mantissa  is  '730863, 
Then  from  ■730863 
Subtract  '730782 


Pifference       81  -,  and  81 X  32  (remaining  digits  df  given  numl  er) 
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=:  2952,  fi'om  which  we  cut  off  two  dijjits,  snice  we  miiltiplied  by  a  number 
of  two  digits,  and  since  tlie  highest  digit  cut  off  is  not  less  than  5,  we  add 
unity  to  the  part  retained,  which  gives  us  26. 

Then  mantissa  of  logarithm  of  first  four  digits  '730782 

Add  26 


Mantissa  of  logarithm  of  given  number    '730808 
To  which  attach  the  characteristic  4  atid  required  logarithm  =  4'730808. 

Note.— Except  at  the  beginning  of  the  tables,  where  the  mantissas 
increase  rapidly  in  magnitude,  the  difference  may  be  taken  from  the  right 
hand  column,  (headed  D)  and  opposite  the  first  three  digits  of  the  given 
number,  where  the  mean  difference  of  the  mantissas  in  that  lino  will  be 
found. 

Example  10.— "What  is  the  logarithm  of  832-17242? 

OPEEATION. 

Mantissa  of  logarithm  of  8321 '920178 

Difference  from  column  D  =52;  and  52X7242  =  376584  from  which 

we  cutoff  four  digits  and  add 38 

•920214 
To  which  we  attach  the  characteristic  2  and  required  logarithm  =  2"9202 14 

49.  The  difference  given  iii  the  column  headed  D  in  the  tables,  is  that 
due  to  an  increment  of  one  unit  in  the  fourth  figure  of  natural  number,  thus 

Logarithm  of  5738 3758761 

Logaritlun  of  5739 3-758836 

Difference  of  natural  numbers  =  1 ;  difference  of  logarithms  =  75 

And  since  it  is  shown  in  common  works  on  Algebra  that,  with  small 
increments  in  the  natural  numbers  the  logarithms  corresponding  to  them 
increase  in  arithmetical  progression,  in  order  to  find  tlie  logaritlim  of  any 
number  between  those  given  above,  we  consider  that  the  increment  of  the 
logarithm  to  be  added  to  3758761,  bears  the  same  proportion  to  75  (the 
increment  for  1),  that  the  increment  of  the  natural  number  does  to  1. 

For  example.— Let  it  be  required  to  find  the  logarithm  of  5738'47. 

Here  the  increment  of  the  given  number  being  '47,  we  form  the  proportion 
1 !  '47  : :  75 :  '47X75  =:  35'25,  the  increment  to  be  added  to  3758761,  and  this 
addition  having  been  made,  we  get  3758796  for  the  logarithm  of  5738"47. 

Similarly,  if  the  increment  of  the  natural  number  had  been  '047  or  '0047, 
the  corresponding  increment  of  the  lo§?.  would  have  been  3"525  or  '3525. 

These  illustrations  sufficiently  explain  the  reasons  of  the  last  rule. 

50*  Taking  tl.',  same  number asin  the  lastarticle  and  dividing  the  differ- 
ence 75  by  10,  wo  obtain  7'5,  the  difference  corresponding  to  an  increase  of 
one  unit  in  the  Jffth  place  of  the  natural  number ;  tlie  double  of  this,  or  15  for 
two  units,  the  treble  or  22"5  for  the  three  units,  and  so  on ;  and  each  of  the 
numbers  thus  obtained  will  be  the  increment  of  the  logarithm  correspond- 
ing to  an  increase  of  that  number  of  units  in  the  Jifth  place  of  the  natural 
number.  The  increments  thus  obtained,  and  corresponding  to  esu'Ai  of  the 
nine  digits,  are  inserted  in  the  left  hand  column  of  the  tables,  headed  P.  P. 
(Proportional  Parts.) 

51*  The  numbers  in  the  column  headed  P.P.,  as  already  explained,  are  the 
increments  in  the  logarithm  for  an  increase  in  the  Jifth  place  of  the  natural 
numbers.  They  express  also  the  increments  for  the  digits  in  the  sixth, 
seventh,  eighth,  ninth,  &c.,  places  of  the  natural  number,  when  they  aro 
divided  by  10, 100, 1000,  &c.,  aa  the  case  may  be. 

62.  Hence,  to  find  the  logarithm  of  any  number  con- 
taining more  than  four  digits — 
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RULB. 

Second  Method. — Find  the  mantissa  of  the  logarithm  corres- 
ponding to  the  first  four  digits  of  the  given  number. 

Find  in  the  same  horizontal  division  as  that  in  which  the  mantissa 
is  found,  the  proportional  part  in  the  column  headed  P.  P.,  corres- 
ponding to  the  digit  in  the  fifth  place  of  the  given  number,  and  set 
it  down  beneath  the  part  of  the  mantissa  already  found,  so  that  their 
right  hand  digits  may  be  in  the  same  vertical  line.  Find  the  P.  P. 
corresponding  to  the  digit  in  the  sixth  place  of  the  given  number, 
and  set  it  down  so  that  its  right  hand  figure  may  be  one  pla^e  to  the 
right  of  the  last.  Find  the  P.P.  corresponding  to  the  digit  in  the 
seventh  place  of  the  given  number  and  set  it  down  one  place  to  the 
right  of  the  last,  and  so  on  till  all  the  digits  of  the  given  number 
be  used. 

Add  the  part  of  the  mantissa  already  found,  and  the  P.  Ps,  as 
written,  together,  and  reject  from  the  result  all  but  the  first  six 
digits  to  the  left,  adding  one  to  the  last  retained,  if  the  highest  of 
the  rejected  digits  be  not  less  than  5 — the  result  will  be  the  mantissa 
of  the  logarithm  of  given  number. 

Lastly,  attach  the  proper  characteristic  to  this  mantissa,  and  the 
result  will  be  the  required  logarithm. 

Example  11.— What  is  the  logarithm  of  8372-468  ? 

OPERATION. 

Mantissa  of  logarithm  of  8372  =  '922829 
P.  P.  corresponding  to  -4  =  21 
P.P.  "  to        -06=  31 

P.P.  "  to      -008=  42 

Sum  =  '922853152 
Therefore  required  mantissa  =  .922854  and  required  log.  =  3-922864. 

Example  12.— What  is  the  logarithm  of  403567  ? 

OPEBATION. 

Mantissa  of  logarithm  of  408500  —  •G058'44 
P.  P.  corresponding  to  60  =         64 

P.P.  "  to  7—  75 


Thereforo  required  logarithm  is  5^605916. 


Sum  =  •6059165 


EXERCISES. 

FIND  THE   LOGARITHMS   OF   THE   FOLLOWINa  NUMBERS   BY   THE  FIRST- 
METHOD — OBTAININa   THE  DIFFERENCES   BY  SUBTRACTION. 

13.  What  are  the  logarithms  corresponding  to  8193217,  73-9245, 

and  .843742?         Jns.  6-913455,  1-868789,  and  1-926210. 

14.  Find    the    logarithms    corresponding    to  '000234564  and 

•001007013.  .4ns.  4.370261  and  3.003036. 
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USING  THE  TABUIiAB  DIFFERENCES. 

15.  Find  the  logarithms  corresponding  to  52. 376  and  129. 476 

Jlns.  1.T19133  and  2.112189, 

USING    THE   PROPORTIONAL  PARTS. 

16.  Find    the    logarithms    corresponding    to  .000471398  and 

9136'n2.  Jns.  1.613381  and.  6.960790.. 

17.  Find    the    logarithms     corresponding    to    4.23429     and 

763.12987.  Jns.  0.62L6780. and  2.882598. 


53,  To  find  the  logarithm  of  a  vulgar  fraction. 

RULE. 

Subtract  the  logarithm  of  the  denominator  from  the  logarithm, 
of  the  numerator, 

64.  To  find  the  logarithm  of  a  mixed  number. 

RULE. 

Either  reduce  the  mixed  number  to  a  fraction  and  proceed  as  in- 
^rt.  53,  or  reduce  the  fractional  part  to  a  decimal,  attach  it  to  the: 
whole  number  and  proceed  as  in  Arts.  48-52. 

55,  To  find  the  natural  number  corresponding  to  any 

eiven  logarithm. 

^  RULE. 

First  Method.  Find  that  logarithm  in  the  table  which  is  next 
lower  than  the  given  one  and  the  four  digits  corresponding  to  it 
will  be  the  first  four  digits  of  the  required  number. 

n.  Subtract  this  logarithm  from  the  given  logarithm,  to  the 
remainder  annex  one  cipher  and  divide  by  the  tabular  difference 
corresponding  to  the  four  digits  already  obtained,  the  quotient 
will  be  the  fifth  digit. 

IIL  To  the  remainder  attach  another  cipher  and  again  divide 
by  the  tabular  difference,  the  quotient  will  be  the  sixth  digit  and 
thus  proceed  till  a  sufficient  number  of  digits  has  been  obtained. 

IV.  The  characteristic  of  the  logarithm  shows  where  to  place 
the  decimal  point. 

Note.— The  number  cannot  be  carried  with  accuracy  to  more  places 
than  the  logarithm  has  decimal  places.    (See  Art.  56.) 

ExAMPLB  18.— Find  the  number  corresponding  to  the  loga-. 
rithm  4.923267. 

operation. 
Given  log.  "923267 

Next  lower  in  tables  "923244  ==  log.  of  8380. 

Difference  =  23       Tabular  difference  =  52. 

Then  2300(H-52  gives  442  for  digits  in  6th,  6th  and  7th  places. 
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Hence  the  digits  of  the  natural  number  are  8380442;  and  since  the  oharao- 
teristic  is  4,  i.  e.  one  less  than  the  number  of  digits  to  the  left  of  the  decimal 
point,  the  required  number  is  83804.42. 

Second  Method.  Find  the  first  four  digits  of  the  required 
number  and  also  the  difference  between  the  given  logarithm  and 
the  next  lower  in  the  table  as  in  the  last  rule. 

II.  Find  in  the  same  horizontal  division  of  the  table  the  highest 
P.  P.  that  does  not  exceed  this  difference.  Opposite  to  it  in  the 
column  headed  N.  will  be  found  the  digit  of  the  fifth  place. 

III.  Subtract  this  P.  P.  from  the  difference,  to  the  remainder 
annex  one  cipher  and  find  the  highest  P.  P.  not  exceeding  the 
number  thus  formed.  Opposite  to  it  in  column  N.  will  be  found  the, 
sixth  digit. 

IV.  Continue  this  process  by  the  addition  of  ciphers  till  the 
required  number  of  digits  be  found. 

Example  19. — Fiad  the  natural  number  corresponding  to  the 
logarithm  3.553259. 

OPKEATIOK. 

Given  log.    '553259 
Next  lower  in  table    '553155  =  log.  of  3574 


Difference  =^ 
Highest  P.  P.  not  greater  than  104= 

Highest  P.  P.  not  greater  than  60  = 
Highest  P.  P.  not  greater  than  110  = 


104 
93 


60 


110 
110 


FdIrc© 
corresponds  to  8  for  fifth 

corresponds  to  4  in  sixth 

[place. 

corresponds  to  9  in  seventh 


Therefore  digits  of  required  number  aro  3574849 ;  and  since  the  characteristiq 
is  3.  thero  must  be  four  digits  to  the  left  of  the  decimal  point. 
Hence  required  number  is  3574.849. 

EXERCISES. 

BY   FIRST   METHOD. 

20.  Find  the  natural  numbers  corresponding  to  the  logarithms 

4.137139,  0.T18134  and  4.635421. 

^ns.  13713.227,  5.225578  and  .0004310376. 

21.  Ofwhat  numbers  are  2.921686  and  1.922165  the  logarithms  ? 

Jins,  835  and  .8350211. 

BY   SECOND   METHOD. 

22.  Ofwhat  numbers  are  6.407968,  7.408386  and  3.416369  the 

logarithms  ?     .4ns.  255839.4,  25608588  and  .002608369. 

23.  What    are    the    natural    numbers    corresponding    to  the 

logwthms  4.877777  and  0.555555? 

Ms.  75475.168  and  3.5938. 
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66.  In  order  to  ascortaiuhow  many  figures  of  these  results  may  be  relied 
upon  as  correct,  let  us  take  from  the  tables  any  logarithm,  as  4'235636. 

Now  the  real  value  of  this  Ijgarithm  if  carried  to  a  greater  number  of 
places  might  be  anything  between  4'2356335  and  4i'a3j634i5,  and  might  there- 
fore differ  from  the  given  logarithm  by  very  nearly  '0000005,  which  is  there- 
fore the  extreme  limit  of  the  error  attached  to  tables  of  six  places ;  i.  e.,  any 
difference  less  than  '0000005  might  occur  without  producing  any  change  in 
the  logarithm  as  given  in  the  table. 

Now  it  is  demonstrated  in  works  treating  of  the  theonr  of  logarithms  that 
the  difference  between  the  logarithms  of  numbers,  which  differ  only  by 
unity,  is  less  than  the  modulus  of  the  system  divided  by  the  smaller 
number.  The  modulus  of  the  common  system  of  logarithms  is  •4342945, 
and  if  we  let  n  represent  vue  smaller  number,  the  difference  between  tho 
logarithms  of  n  and  of  n+l  is  less  than  •434294.5-f>i. 

Now  wo  have  shown  that  the  difference  between  the  true  logarithm  and 
that  given  in  the  table  to  six  places,  may  be  nearly  equal  to  '0000005,  which 

is  therefore  less  than  •4322945-^».  or  n  is  less  than  '.^~|    But  [^^^ 

=;  868389.  That  is,  unless  the  number  whose  logarithm  is  given  be  less  than 
868589  its  value  cannot  be  found  accurately  beyond  the  first  five  digits,  but 
if  it  bo  less  than  868589,  then  the  first  six  figures  found  from  the  table  will 
be  correct.  .  ,      ,  ,  x. 

If  tables  of  seven  or  eight  places  are  used,  the  result  can  be  depended  on 
to  seven  or  eight  places :  if  the  number  be  less  than  868589  or  if  the  man- 
tissa be  less  than  '9378,  but  if  greater,  then  the  result  can  be  relied  on  only 
to  one  less  number  of  figures  than  the  decimals  of  the  logarithm. 
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67.  The  Arithmetical  Complement  of  a  logarithm  is  the 
remainder  obtained  by  subtracting  the  logarithm  from  10. 

Thus,  the  arithmetical  complement  of  2'713426  is  10— 2'7l31i28  =  7"285574. 

EXERCISES. 

1.  Find  the  arithmetical  complements  of  5-631642  and  0- 714000- 

jins.  4-368358  and  9-286000. 

2.  Find  the  arithmetical  complements  of  3-123456  and  ^213149. 

Jns.  12-876544  and  16-786851. 

3.  Find  the  arithmetical  complements  of  6-124357  and  2-000837. 

Jns.  3-8^5643  and  11-999163. 


68.  To  multiply  two  or  more  mimbers  together  by 
means  of  logarithms — 

RULE. 

I.  Jdd  their  logarithms  and  the  sum  will  be  the  logarithm  of 
their  product. 

II.  Find  the  natural  number  corresponding  to  this  logarichm. 

NoTB  1.— For  reason  see  Art.  10. 

Note  2.— The  following  exercises  are  all  worked  by  the  difference  and  no 
by  the  proportional  parts : 
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Example  4.— Multiply  5631  by  47. 

Logarithm  of  5631  =  3-760586 
"        "      47  =  1*672098 


5-422684 

5-422590  =  logarithm  of  264600 


94  = 


57 


Ans.  264657 
EXERCISES. 

5.  Multiply  61,  22,  and  65  together.  >^ns.  8Y230. 

6.  Multiply  52,  734,  and  6  together.  ^ns.  229008. 
•7.  Multiply  tog     ler  35-86,  2-1046,  -8372,  and  -00294. 

•^  Jns.  -185761. 

8.  Multiply  -00008764  by  -86359.  Ms.  -0000756853. 


69.  To  divide  numbers  by  means  of  their  logarithms: 

RULE. 

I.  Subtract  the  logarithm  of  the  divisor  from  the  logarithm  of 
the  dividend:  the  result  will  be  the  logarithm  of  the  required 
quotient. 

II.  Find  the  natural  number  corresponding  to  this, 

Note.— For  reason  see  Art.  11. 
Example  9.— Divide  6732-7  by  478. 

OPERATIOir. 

Logarithm  of  8732*7  =  3-828189 
Logarithm  of  478    =  2-679428 

Difference -1-148761  „,.„o«^ 

1-148603  =  logarithm  of  14*0800 


158  = 


51 


Ans.  14-0861 


ExAMPLB  10.— Divide  -036584  by  -00078593. 

OPERATION. 

Logarithm  of     *036584  =  2^563291 
Logarithm  of  '00078593  =  4*895884 

Difference  =  1-667907     ,       .^,       ,.«...«« 
1*667826  =  logarithm  of  46*5400 


81  = 


87 


Ans.  46*6487 
60.  Instead  of  subtracting  the  logarithm  of  the  divisor,  we  may 
add  its  arithmetical  complement-^the  result,  with  10  subtracted 
from  the  characteristic,  will  be  the  logarithm  of  the  quotient. 
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Thus,  in  the  last  example  the  arithmetical  complement  of  4*895384  is 

13'104R16.  and  this  added  to  2*563291  gives  ll'667907,and  subtracting  10  from 
this  characteristic,  gives  us  1*667907,  the  same  as  obtaiued  by  the  other 
method. 

Note.— This  method  of  using  the  arithmetical  complement  is  very  con- 
venient when  we  have  to  divide  one  number  by  the  product  of  several 
others. 

EXERCISES. 

11.  Divide  -6734  by  -0009278.  Jlns.  725-833. 

12.  Divide  437-89  by  -62-735  ^ns.  6-98. 

13.  Divide  93-217  by  •0007132.  >^ns.  130702-4. 

14.  Divide  9835267  by  the  product  of  23,  189,  and  2-748. 

Jlns.  823-33. 


61.  To  raise  a  quantity  tc  any  power  by  means  of 
logarithms : 

RULE. 

I.  Multiply  the  logarithm  of  the  given  number  by  the  index  of 
the  required  power,  the  result  will  be  the  logarithm  of  the  required 
power. 

II.  Find  the  natural  number  corresponding  to  this  logarithm. 
Note.— For  reason  see  Art.  12. 

Example  15. — Find  the  10th  power  of  2. 

OPEKATION. 

liOgarithm  of  2=0.301080. 

0.3010S0X10=3.010300=logarithm  of  1024.  Ans, 

ExAMPLB  16. — Find  the  7th  power  of  2.72. 

OPEBATIOir. 

logarithm  of  2.71=0.4329«59. 

Then  0*432969x7=3.030783=logarithm  of  1073.45.    Ans. 

Note.- In  order  to  obtain  the  correct  result  when  the  characteristic 
happens  to  be  negative,  it  must  be  recollected  that  the  mantissa  is  always 
positive. 

EXERCISES. 


17.  What  is  the  5th  power  of  5  ? 

18.  What  is  the  6th  power  of  1.073  ? 

19.  What  is  the  4th  power  of  .0279  ? 

20.  What  is  the  11th  power  of  1.111  ? 


Ans.   3125. 

Ans.   1.52619; 

Ans.   .00000060592; 

Ans.   3.18311; 


62.  To  extract  any  root  of  a  given  number  by  means 


of  logarithms: 


RtJLE. 


I.  Mnd  the  logarithm  of  the  given  number  and  divide  it  hy  the 
index  of  the  required  rootf  the  result  will  be  the  logarithm  of  tht 
root. 
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II.  Find  the  natural  number  corresponding  to  this  logarithm. 
Note. — For  reason  see  Art.  15. 

Example  21. — What  is  the  cube  root  of  12345? 

OPEEATION. 

Logarithm  of  12345=4.091491. 

Then  4.091491-r3=1.363830=logarithm  of  23.11159.    Ans. 

63.  To  extract  any  root  when  the  characteristic  of  the 
logarithm  of  the  given  number  is  negative. 

RULE. 

I.  If  the  characteristic  is  exactly  divisible  by  the  divisor,  divide 
in  the  ordinary  way,  but  make  the  characteristic  of  the  quotient 
negative. 

II.  If  the  negative  characteristic  is  not  exactly  divisible  add 
what  will  make  it  so,  both  to  it  and  to  the  decimal  part  of  the 
logarithm.     Then  proceed  with  the  division. 

Example  22. — Extract  the  fourth  root  of  .0076542. 

OPEEATIOH". 

Logarithm  of  .0076542=3.883899. 

Now  since  3  is  not  exactly  divisible  by  4  we  add— 1  to  the  characteristic 
and-fl  to  the  mantissa  which  gives  ns  4+1.883899  and  this  is  evidently=^ 
8.883899. 

Then  4+1.8838994-4=1.4709747=logarithm  of  .295784.    Ans. 

EXERCISES. 
23.  Extract  the  7th  root  of  91342600.  Jns.  19.6588, 


24.  Extract  the  11th  root  of  1.61342. 

25.  Extract  the  5th  root  of  .000007139. 

26.  Extract  the  7th  root  of  .002147. 


^ns.  1.04444. 

Jins.  .0934817. 

Jlns.  .41575* 


64.  When  the  logarithms  of  two  or  more  prirne  num- 
bers are  given  the  logarithm  of  any  multiples  of  these 
factors  by  each  other  can  be  easily  obtained  by  attention 
to  the  foregoing  rules. 

Thus  if  the  logarithm  of  2  and  3  be  given  :— 

1st.  We  can  obtain  the  logarithm  of  any  powor  of  2  or  3  by  Art.  CI,  and 
any  root  of  2  or  3  by  Art.  62. 
2nd.  We  know  the  logarithm  of  10,  to  be  1  and  hence  we  can  obtain  the 

logarithm  of  6  since  104-2=5  and  also  of  3.3  since  10-r-3=3.3,  hence  we  can 

also  obtain  the  logarithm  of  any  power  or  root  of  5  or  3.3. 

3rd.  By  Arts.  58, 59  we  can  obtain  the  logarithm  of  any  power  or  root  of 

2,  8,  5  and  3.'3  multiplied  by  any  power  or  root  of  2,  3,  5  or  3.3. 

Example  27. — Given  the  logarithm  of  2=0.301030  and  the 

logarithm  of  3=0.477121.     Find  the  logarithms  of  500,  24,  54 

120,  75000,  163,  J  and  13.5. 
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OPEBATIOW. 

Since  8=:10-r2  the  logarithm  of  e^log.  10— log.  2=1—0.801030=0.698070. 

Then  logarithm  of  500=2.698970. 

24=8X3=83X3.'.  log.  24=-(log.2)X3+{log.  3.) 

log.    2=0.301030  xa=0.903090 


log.    8= 


477121 


Sum=l.380211=log.  24. 
84=27X2=83X2.  •.  log.  64=(log.3)  X 3+ (log.  2.) 

log.     3=0.477121X3=1.431363 
log.     2=  0.301030 

Sum=1.732393=log.  64. 
120=4XSX10=--2SX8X10  .  *.  log.  120=={log.  2)X2+(log.  3)+(log.  10.) 

log.     2=0.301030X2=0.602060 
log.     .'»  -  0.477121 

log.   j.o=  1 


Sum=2.079181=log.  120. 

y6000=25X8X1000=««  X8X1000.  * .  log.  75000=(log.  6)  X  2  +  (log.  3)  +  (log. 
1000.) 

log.  6:^.698970X2=1.897340 
log.  3=  0.477121 

log.  1000=  3 

Sum=    4.875061=iog.  75000. 

I6!=:8ix6 .  • .  logarithm  of  16l:=:(log.  si)+(log.  5.) 

Since  10—8=3.8,  log.  8.3=log.  10-log.  8=1-0.477121=0.522879 

logarithm  6=  0.698970 

Sum=1.221849=log.  I6f. 

i  =  '6 .  • .  by  changing  only  the  characteristic=1.698970=logaritlxm  J. 

13UJ  =  '5X27  =  '6  X  38  .  • .  logarithm  13.5=(log.  3)  X34-(log.  -6) 

logarithm  3=0.477121  X3=1.431363 

logarithm  '5=  1.698970 

Sum=1.130333=log.  13. 5. 
EXERCISES. 
28.  Given  logarithm  2=0.301030  and  log.  7=0.845098,  find  the 

logarithms  of  14000,     4.9,   .00196,    1750,  1428.571428, 
.0000112  and  3.0625? 

^ns.  Log.  14000=4.146128. 
Log.  4.9=0.690196. 

Log.  .00196=3.292256. 
Log.  1750=3.243038. 

Log.  1428.571428=3.154902. 

Log.  .00000112=6.049218. 
Log.  3.0626=0.486076. 

l^OTti.-U28i71428=:ixi0000.  ftlso  ZMiSssH-Hi, 


!L 


[Sect.  X. 
^0.698970. 


■log.  24. 


l=log.  64. 
R.  10.) 
.602060 
477121 


81=log.  120. 
S.  3)  +  (log. 


000. 


Sect.  :Jt.J 


EXAMINATION   QUKSTIONSi 


329 


Example  29.-- Given  logarithm    I  =  1.6989Y0 

logarithm    3  =  0.4T7121 
logarithm  11  =  1.041393 

Find  the  logarithms  of  49J,  363, 4.09,  2.4, 392.72,  293333J  and 
19.965. 

jins.  Logarithm  of         49^=1.694605. 
Logarithm  of         363=2,559907. 

Logarithm  of       4.09=0.611819. 

Logarithm  of  2.4=0.388181. 

Logarithm  of  392.72=2.594090. 
Logarithm  of  293333J=5.467362. 
Logarithm  of    19.965=1.300270. 


1. 

2. 

8. 

4. 

5. 

=log.  16|. 

6. 
7. 

tluni. 

8. 

9. 

10. 

11. 

13.  B. 

12. 

13. 

14. 

,  find  the 

15. 
16. 

3.571428, 

17. 

1.146128. 

18. 

.690196. 

19. 

.292256. 

20. 

.243038. 

21. 

.154902. 

22. 

23. 

.049218. 

24- 

.486076. 

1 

25. 

i 

26. 

QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

Note.— rftc  numbers  after  the  questions  refer  to  the  numbered  articles 
of  the  section. 

What  is  a  power  of  a  number  P  (1) 

What  is  a  root  of  a  number  P  (2) 

Why  is  the  second  power  of  a  number  called  its  square?  (4) 

Why  is  the  third  power  of  a  number  called  its  cube  ?  (6) 

What  is  the  index  or  exponent  of  a  power  P  (6) 

What  is  involution  P  (8) 

How  do  we  multiply  two  or  more  different  powers  of  the  same  number 

together?  (10) 
How  do  we  divide  any  power  of  a  number  by  another  power  of  the 

same  number  P  (11) 
How  do  we  find  any  required  power  of  a  given  power?  (12) 
What  is  evolution?  (13) 

By  what  methods  do  we  indicate  a  root  of  a  number  ?  (14) 
How  do  we  extract  any  root  of  a  given  power  of  a  number  P  (15) 
What  is  meant  by  extracting  the  square  root  of  a  number?  (16) 
What  is  the  first  step  in  extracting  the  square  root  of  a  number  P  (16) 
Why  do  we  point  off  into  periods  of  two  figures  each?  (18-1) 
What  is  the  second  step  in  the  process  of  extracting  the  square  root  ? 

(10) 
How  do  we  know  that  the  square  root  of  the  highest  square  in  the  left 

h  ind  period  is  the  highest  digit  of  the  root  ?  (18-11) 
Wha^  is  the  third  step  iu  the  process  of  extracting  the  square  root  ? 

ao) 

Why  do  we  bring  down  only  the  next  period  to  the  right  P  (18-11  in 
Ex.3) 

What  is  the  fourth  part  of  the  process  for  extracting  the  square  root  P 
(16) 

Why  do  we  double  the  part  of  the  root  already  found  for  a  trial  divi- 
sor? (18-III) 

What  is  the  next  step  in  extracting  the  square  root  of  a  number?  (16) 

Why  do  we  not  include  the  right  hand  figure  nf  the  dividend  when 
seeking  how  many  times  the  trial  divisor  is  contained  in  it?  (18,  IV.) 

Why  do  we  place  the  digit  thus  found  in  both  the  divisor  and  the 
root?  (18,  V.) 

What  are  the  other  steps  used  in  extracting  the  square  root  P  (16) 

How  do  wo  extract  the  square  root  of  a  decimal  P  (10) 
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27.  How  do  we  extraofc  the  square  root  of  a  fraction  or  mixed  number  ? 
88.  Wliat  is  a  triangle  ?  (22)    What  is  a  riKht-anglcd  triangle  ?  (23) 
29.  How  may  any  one  side  of  a  right-angled  triangle  be  found  when  the 
other  two  are  given  P  (24) 

80.  What  proportion  exists  between  different  circles  P  (25) 

81.  How  may  the  area  of  a   circle   be   found   when  its   diameter    is 

known?  (26) 

82.  What  is  meant  by  extracting  the  cube  root  of  a  number  P  (26) 

83.  Give  the  different  steps  of  the  process  of  extracting  the  cube  root  P  (26) 

84.  If  a  number  consist  of  a  certain  number  of  tens,  plus  a  certain  number 

of  units,  of  what  does  its  cube  consist  P  (27) 

85.  Why  do  we  divide  off  into  periods  of  three  figures  each  P  (28, 1.) 

86.  How  do  we  know  that  the  cube  root  of  the  highest  cube  contained  in 

the  left  hand  period  is  the  highest  digit  of  the  root?  (28,  II.) 

87.  Whence  do  we  obtain,  in  T  >e  cube  root,  the  constant  multipliers  300 

and  30.    Illustrate  by  an  example.  (28,  V.  and  VI.) 

88.  Why  do  wo  make  the  two  additions,  indicated  in  the  rule,  to  the  trial 

divisor?  (28.  VI.) 

89.  How  do  we  extract  the  cube  root  of  a  decimal  P  (29) 

40.  How  do  we  extract  the  cube  root  of  a  fraction  or  mixed  number  P  (30) 

41.  In  extracting  the  cube  root  of  a  number  in  any  other  scale,what  cbangcH 

must  we  make  in  the  rule?  (31) 
4ii2.  Oive  the  different  steps  of  Horner's  method  of  extracting  the  cube 
root  P  (32) 

43.  What  proportion  exists  between  the  magnitude  of  similar  solids  P  (33) 

44.  How  do  we  extract  the  higher  roots  when  the  index  ia  a  poWer  of  2  or  3 

or  a  multiple  of  2  by  3  P  (34) 
46.  What  is  a  logarithm  P  (35) 

46.  What  is  the  base  of  a  system  of  logarithms  P  (36) 

47.  What  is  a  system  of  logarithms?  (37) 

48.  What  systems  of  logarithms  have  been  constructed  and  how  do  they 

differ  from  one  another?  (38) 

49.  What  ip  the  characteristic  of  a  logarithm  P  (39) 

60.  What  is  the  decimal  part  tf  the  logarithm  called?  (40) 

61.  How  do  We  find  the  characteristic  of  a  logarithm  ?  (42  and  43) 

62.  Why  is  the  negative  sign  written  over  tne  characteristic  of  the  loga- 

rithm  of  a  decimal  ?    (43,  Note.) 
83.  Show  that  the  characteristic  of  the  logarithm  of  a  number  depends  only 

on  the  position  of  the  decimal  point  in  the  number,  and  the  mantissa 

only  in  tlie  sequence  of  figures.  (44) 
64.  Explain  clearly  what  is  meant  by  the  numbers  in  column  D  of  the 

tables.  (49) 
66.  Explain  how  the  proportional  parts  in  column  P.  P.  are  obtained.  (50) 

66.  Explain  how  the  numbers  in  tne  column  headed  P.  P.  become  the  in- 

crements to  be  added  to  the  logarithms  for  an  increase  in  the  sixth, 
seventh,  eighth,  &c.,  place  in  the  natural  number.  (51) 

67.  How  do  we  find  the  logarithm  of  a  vulgar  fraction?  (53) 

68.  Explain  to  how  many  figures  we  may  rely  upon  the  accuracy  of  the 

results  obtained  by  logarithmetic  tables.  (56) 

69.  What  is  the  arithmetical  complement  of  a  logarithm  ?  (57) 

60.  How  do  we  multiply  numbers  by  means  of  their  logarithms  ?  (58) 

61.  How  do  we  divide  numbers  by  means  of  their  logarithms?  (69,  60) 

62.  How  do  we  involve  and  evolve  quantities  by  means  of  logarithms  ? 

(61. 62.  63) 
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^PROGRESSION,  POSITION,  COMPOUND  INTEREST, 

AND  ANNUITIES. 

PROGRESSION. 

1.  Quantities  are  said  to  be  in  Arithmetical  Progression 
when  they  increase  or  decrease  by  a  common  difference. 

Thus,  2,  6,  8, 11, 14,  &c.,  are  in  arithmetical  progression,  the  common  dif- 
Terence  being  3 ; 

12, 10,  8, 6,  &c.,  are  in  arithmetical  progression,  the  common  di£ference 
being  2. 

2.  In  every  progression  the  first  and  last  terms  are  called 
the  extremes^  and  the  intermediate  terms  the  means* 

ARITHMETICAL  PROGRESSION. 

3.  In  arithmetical  progression  there  are  five  things  to  be 
considered  : 

1.  Thefirstierm. 

2.  The  last  term. 

3.  T7te  common  difference. 

4.  Thenumberofteirms. 
6.  The  sum  of  the  series . 

These  quantities  are  so  related  to  one  another  that  any  three  of  them 
being  given  the  other  two  can  be  found,  and  hence  there  are  20  distinct 
cases  arising  f^on  these  combinations. 

4.  If  we  represent  these  five  quantities  by  letters,  thus : 

a  =  the  first  term. 
I  =  the  last  cerm. 
d  =  the  com  mon  difference. 
n  =  the  nur.iber  ofterms. 
S  —  the  sun  of  the  series. 

We  shall  be  able  easily  to  deduce  algebraic  formulas  thich,  being  inter* 
treted,  become  the  common  arithmetical  rules  for  arithmetical  progression . 

6.  The  general  expression  for  an  arithmetical  series  then  becomes 
a+  (a+d) + (a+2d) + (a+3d) 4- (a+4d) + (a+5d)+,  Ac. 
where  the  coefficient  of  d  is  always  1  less  than  the  number  of  the  tei'm. 
Thus  in  the  third  term  the  coefficient  of  d  is  2,  which  is  1  less  than  the 
humber  of  the  term ;  in  the  fifth  term  the  coefficient  of  d  is  4,  which  is  1 
less  than  the  number  of  the  term,  &c. 

Hence  I  =  a+(n—l)d ;  that  is,  the  last  term  of  an  arithmetical  series  is 
equal  to  the  first  term  added  to  the  product  of  the  common  difference  by 
one  less  than  the  number  ofterms. 

6.  Since  the  sum  of  the  series  is  equal  to  the  sum  of  all  the  terms  taken 
lu  any  order  whatever,  we  have 

8—        a-)-|a+d+la+2d4-la+3rf+I...  l—Zd-\-\  l-ldA-]  ?-d+|  I 
Also    S—  Z+li— d+I?-2d+U-3d4-|...a+3d-|-!o-+-2(H-!o+d+k 

Hence  IS—  (o+0+(«+^)+(«4-^)+(a+^)+ ton  terms. 

But  (a+0+(«+0 to  n  terms  —  {a-\^l)n-~ 
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Therefore  2S~{a-\-l)n,  and  dividing  thoso  equals  by  2,  we  have  S=(.a-\-l)^ 

That  is,  the  sum  of  Iho  fiorlos  is  found  by  adding  together  tho^r*<  and  last 
terms  and  multiplying  their  sum  by  hat/ the  number  of  terms. 

Note.— In  adding  the  corresponding  terms  of  the  foregoing  series  together 
the  d's  cancel  out,  thus  adding  the  second  terms  of  the  right  hand  members 
together  we  have  n-\-d-{-l—d,  where  the  d's  <!ancol,  and  the  sum  becomes 
d-\-l :  so  also  in  the  tliird  terms  wo  have  a+2rf4-^— 2(/  =  a-\-l,  &c. 

7,  From  the  formula  obtained  in  Art.  6,  we  find  by  transposing  tho  terras 

I  =  a+(»— l)d 

a  =  l—{n~\)d 

I— a 

n—\ 

I— a 


8. 

ARITI 


No. 


dr=: 


n 


-4-1 


and  substituting  these  values  of  I,  a,  d,  and  ninthc  formula  obtained  in 
Art.  6,  wo  find 


^={2a+(n-lM}|. 

S=  ^2l~{n-l)d]^ 

(l-a)(lU)      l+a 
2d         "^2 


We  thus  obtain  the  five  fundamental  formulas  from  which  the  othe 
fifteen  are  derived  by  transposing  the  terms,  &c.    Thus 

{ =  a+(w— l)d  gives  formulas  for  I,  a, »,  d  =  4 

n 


S={a-\-iy 


2 


S-  {2a-\-{n-l)d}± 

S=  hlr-{n-l)d]-^ 
<■  •»  2 

^-,(?+q)(?— o)  ,  l-ha 
2d         '^   a 


S,a,l,n  =4 

S,a,n,d"i 

S,  I,  n,d,=4 

S,  a,  l,d,=z4i 
Total  20 


un 


I 
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Iiavo  S=(a-\-l)^ 
^^^'Jlrst  and  last 

sprios  toRothor 
hand  monibers 
K'  sum  becomes 

osing  tho  terms    / 


8.    THE  FOLLOWING  TADLE  OIVES  THE  20  FORMULAS   FOR 
ARITHMETICAL    I'UOGRESSION    WITH    THEIR    RELATIONS,    &C. 


No. 


lula  obtained  in 


hich  the  othe 

i 
i 
k 


1. 
II. 

III. 
IV. 


Given, 


I 


a,  d,  n 
a,  (1,  8 

a,  n,  S 
(I,  n,  S 


Required 


V 
VI 
VII 
VIII. 


a,  1,11 

a,  (1,  n 
(I,  I,  n 
a,  d,  I 


a 


Formulas. 


I  =  a+  (»— 1  )d 

I  =  -  i<Z-fV2c/A'+{a-i(/)« 
;  =  — — 

n  ^       2 


Whence  derived. 


fundamental. 
VIII. 

V. 

VII. 


n 


5=(2a+(H-l)«/]-|- 

S=  [2l-{n-\)d]~ 

_(M-«)(^-«)  ,  4* 


s 


u 


fundamental 

V.  and  I. 

V.  and  XVII. 

V.  and  XIII. 


IX. 
X. 

XI. 

XII. 


a,n,  I 
a,n,S 

a,  l,S 

l,n,S 


d 


I— a 

n—l 

2S—2an 


d  = 

d  = 

«(»— 1) 
^__(l-\-a)Ll-a) 

2S-l-a 

,      2n;— 2.S 

d=  — -T 

n(n — 1) 


I. 
VI. 

VIII. 
VII. 


XIII. 

a,d,  I 

XIV. 

a,d,S 

n 

XV. 

a,  I,  8 

XVI. 

d.  I,  S 

I— a  I    , 


id  ^    a  ^\  id  J 

__  2^ 

/+a 

'2d  "^      V  2d  /         d 


n 


I. 

VI. 
V. 

VII. 


XVII.  d.».  I 
XVIII.  d,  n,  S 


XIX.  I,  n,  S 
XX  rf,  I,  S 


a 


a=zl  r(n—l)d 

a-=.2S—l 

n 

a  =  irf-fV(?— Jd)2-2rf<S 


I. 
VI. 

V. 

VIII. 


9.  The  following  examples  will  enable  the  student  to 
understand  clearly  the  interpretation  and  application  of 
these  formulas : 
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10.  To  find  the  last  term  of  an  arithmetical  series  when 

the  first  term,  the  common  difference,  and  the  number  of 

terms  are  given, — 

RULE. 
I  =  a-\-(n — \)d.  (i.) 

Intbrpbbtation.— TAfi  last  term  of  a  series  is  found  by  adding 
the  first  term  to  the  product  of  the  common  difference  by  1  le^s  than 
the  number  of  terms. 

Example  1. — What  is  the  tenth  term  of  the  arithmetical 
series  1,  3,  5,  &c. 

OPBEATION. 

Here  we  have  given  the  first  term  1,  the  common  dijjorv.ice  2  and  thq 
number  of  terms  10  to  find  the  tenth  or  last  term. 

Then  fc=a+(»— l)d=l+(10— 1)X2==:1+9X2=1+18=19.    Ans. 

11.  To  find  the  common  difference  of  an  arithmetical 
series  when  the  first  term,  the  last  term,  and  the  number 
of  terms  are  given  : — 

RULE. 
I— a 

Intbepebtation.— To  find  the  common  difference  of  an  arith^ 
metical  series, — Subtract  fhe  first  term  from  the  last  term  and 
divide  the  difference  thus  obtained  by  one  less  than  the  number  of 
terms. 

Example  2. — The  first  term  of  an  arithmetical  series  is  3,  the 
13th  term,  55  ;  find  the  common  difiference. 

OPEEATIOW. 

Here  we  have  given  the^r*^  term  3,  the  last  term  55,  and  thQUumber  qf 
terms  13,  to  find  the  common  difference. 

V-a         65—3       62      ,, 
Then  d=:z -i—^^  :^^-^^  j^=:^  -  Ans. 

m 

12.  To  find  the  sum  of  an  arithmetical  series  when  the 
first  term,  the  last  term,  and  the  number  of  terms  ar<; 
given,— 

RULE. 

S  z=z  (a+Oy.  (V.) 

Intbepebtation.— %4drf  the  first  and  last  terms  together  and, 
mtUtiply  their  sum  by  half  the  number  oftermi. 

ExAUPLB  3. — ^Find  the  sum  of  an  arithmetical  series  whose 
^St  term  is  2,  last  term  50  and  number  o/  terms  17« 


1  -^ 


?^ 


I' 


L. 
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Here  we  have  given  the  first  term  2,  the  last  term  50  and  the  number 
of  terms  17  to  find  s,  the  sum  of  the  series. 


Then  ^(a+?)-=(2+50)X— =52+H-=26X17=442. 
2  2  2 


Ans. 


13.   To  find  the  common  difference  when  the  last  term, 
the  number  of  terms,  and  the  sum  of  the  series  are  given : — . 


RULE, 


d  = 


2n7— 2S 


(XII.) 


w(n— 1) 

Interpretation. — Take,  twice  the  product  of  the  number  of 
terms  by  the  last  term,  and  from  it  subtract  twice  the  sum  of  ihe 
series.  Divide  the  resulting  difference  by  the  product  of  ihe 
number  of  terms  by  1  less  than  the  number  of  terms  and  the  quotient 
will  be  the  common  difference. 

Example  4. — In  an  arithmetical  series  the  last  term  is  80. 
the  number  of  terms  11  and  the  sum  of  the  series  746,  requirea 
the  common  difference. 

OPERATION. 

Here  we  have  given  I,  n,  and  s  to  find  d  and  since  l=SO,  «=11  and  S=^4^ 
we  have : 


d^ 


2«Z— 25  _  (2X11X80)— (2X746)  _1760-1492  __268_ 


11X10 


-110-^**- 


Ans, 


»(n-l)  11X(11— 1) 

14.  To  find  the  number  of  terms  of  an  arithmetical  series, 
when  the  first  term,  the  common  difference,  and  the  sum 
of  the  series  are  given  : — 

RULE. 

d—2a 


I't  '< 


'?!  '^ 


*"-     2d    ^  ^/d^\    2d   ) 

Interpretation. — I.  Subtract  the  common  difference  from 
twice  the  first  term,  divide  the  remainder  by  twice  the  common- 
difference,  square  the  quotient,  add  the  result  to  the  quotient  obtained 
by  dividing  twice  the  sum  of  the  series  by  the  common  difference- 
and  extract  the  square  root  of  this  sum, 

11.  Next,  from  the  common  difference  subtract  twice  the  first 
term,  divide  the  remainder  by  twice  the  common  difference,  and  to 
the  quotient  add  the  square  root  obtained  in  I.  The  sum  will  be- 
the  number  of  terms. 

Example  5. — The  first  term  of  an  arithmetical  progression  is. 
7,  the  common  difference  i,  and  the  sum  of  all  the  terms  142^ 
What  is  the  number  of  terms  ? 


(  ! 


i    I 
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OPBEATION. 

Here  we  have  given  o,  d,  and  S,  to  find  n  and  since  a=7,rf  — i,  and  5=142, 
we  have 


d—2a 


n=- 


2d 


N  >    (ia—dY_  1—2X7.    I  142X2    .  /2x7— ^  \a__t— 14 
Wrf'^V.    U   )  2Xi      W        i      "^V    2XJ    j   ""     i     "^ 


—  27i+Vll36+7D6l=  -  27i+Vl892i  =  —  27i  +  43i  =  16.    Ans. 


EXERCISES. 


6. 


7. 


9. 


10. 


In  an  arithmetical  series  the  first  term  is  4,  the  number 
of  terms  lY  and  the  sum  of  the  series  884.  What  is  the 
last  terms?  Ans.  100. 

The  extremes  of  an  arithmetical  series  are  21  and  497,  and 
the  number  of  terms  is  41.  Wliat  is  the  common  differ- 
ence ?  Ans.  U-iV 
8.  In  an  arithmetical  series,  the  first  term  is  12,  the  last  term 
96  and  the  common  difference  is  6.  Required  the  num- 
ber of  terms  ?  Ans.  7. 

In  an  arithmetical  series  the  last  term  is  14,  the  common 
difference  1  and  the  sum  of  the  series  105.  Required  the 
number  of  terms  ?  Ans.  14. 

The  first  term  of  an  arithmetical  series  is  §,  the  common 
difference  \  and  the  sum  of  the  series  1180.  What  is  the 
last  term  ?  Ans.  39 J. 

11.  If  the  extremes  of  an  arithmetical  series  are  8  and  170  and 

the  sum  of  the  series  4895,  what  is  the  common  differ- 
ence? Ans.  3. 

12.  If  the  extremes  of  an  arithmetical  series  are  5  and  27i  and 

the  common  difference  2^,  what  is  the  number  of  terms  ? 

Ans.  11. 

13.  If  the  first  term  of  a  series  is  2,  the  last  term  478  and  the 

number  of  terras  86,  what  is  the  sum  of  the  series? 

Ans.  39840. 

In  an  arithmetical  series  the  last  term  is  998,  the  first  term 
2  and  the  common  difference  6.  What  is  the  sum  of  the 
series?  ./iws.  83500. 

In  an  arithmetical  series  the  first  term  is  5,  the  number  of 
terms  11  and  the  common  difference  2|.  What  is  the 
last  term?  Ans.  27J. 

In  an  arithmetical  series  the  last  term  is  199,  the  common 
difference  is  11  and  the  number  of  terms  19.  Required 
the  sum  of  the  series?  Ans.  1900. 

17.  The  sum  of  an  arithmetical  series  is  39840,  and  the  extremes 

are  2  and  478.    What  is  the  number  of  terms?    Ans.  86. 

18.  The  sum  of  an  arithmetical  series  is  83500  and  the  extremes 

are  998  and  2.  Required  the  common  difference?  Ans,  6. 


14. 


15. 


16. 


,^ 
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=J,  and  5=142, 
^    i— 14 


-) 


i 


+ 


6+(27i)2 
Ans. 


the  number 

What  is  the 

jins.  100. 

and  49  T,  and 

namon  differ- 

jlns.  11  "iV 

the  last  term 

red  the  num- 

Ans.  7. 

the  common 

Required  the 

jlns.  14. 

the  common 

What  is  the 

Jins.  39 J. 

and  170  and 

mmon  diflfer- 

Jns.  3. 

and  27i  and 

)er  of  terms  ? 

jlns,  11. 

478  and  the 

series  ? 

Ans.  39840. 

the  first  term 

le  sum  of  the 

Jns.  83500. 

e  number  of 

What  is  the 

Jins.  27}. 

,  the  common 

9.     Required 

Jins.  1900. 

the  extremes 

IS?    Jns.  86. 

the  extremes 

mce  ?  Jtna.  6. 


19.  A  snail  crawls  up  a  flag  staff  130  feet  high  and  upon  reach- 

ing the  top  begins  to  descend.  In  what  time  will  he 
again  reach  the  ground  if  he  goes  2  feet  Ihe  first  day,  4 
feet  the  second,  (3  feet  the  third,  and  so  on. 

Jins.  16  days,  15  hours,  10  min.  24i  sec. 

20.  The  sum  of  an  arithmetical  series  is  83500,  the  first  term  is 

2  and  the  common  difference  G,  what  is  the  last  term  ? 

Jins.  998. 
A  person  wishes  to  discharge  a  debt  of  $1125  in  18  annual 
payments  which  shall  increase  in  arithmetical  progres- 
sion,    '"ovv  much  must  his  first  payment  bo  in  order  that 
their        a  7  be  §120?  Jns.  ^5. 

In  an  ar'  e  cal  series  the  extremes  arc  5  and  27J  and  the 
numbv...  oi  terms  is  11.    What  is  the  common  difference? 

Jns.  2i. 

220  stoiicg  arc  placed  in  a  straight  line  exactly  2}  yards 

apart,  the  first  being  2J  from  a  basket,  bow  far  will  a 

person  go  whilst  picking  up  the  stones,  returning  with 

one  at  a  time  and  depositing  it  in  the  basket? 

Jns.  SlT^^^miles. 
The  sum  of  an  arithmetical  series  is  39840,  the  number  of 
terms  is  86  and  the  last  term  is  478.     What  is  the  first 
term?  jins.  2. 

A  person  travelled  from  Toronto  to  Kingston,  in  12  days, 
walking  4  miles  the  first  day,  G  miles  the  second,  8  miles 
the  third,  and  so  on.     How  far  is  Toronto  from  Kingston  ? 

Jins.  180  miles. 
The   clocks  of  Venice  strike  from  1  to  24.     How  many 
strokes  docs  one  of  these  clocks  make  in  the  day  ? 

Jns.  300. 


21. 


22. 


2.'}. 


24. 


25. 


26. 


GEOMETRICAL  PROGRESSION. 

15.  Quantities  are  said  to  be  in  Geometrical  Progtcssion 
when  they  increase  or  decrease  by  a  common  multiplier. 

Thus,  3, 12, 48, 192.  &c.,  arc  in  geometrical  progression,  the  common  ratio 
or  common  multiplier  being  4. 

100,  20,4,  ^,  ^4f,  &c.,  arc  in  geometrical  progression,  the  common  ratio 
being  ^. 

16.  In  gconvirical  ^yrogrcssion  there  (ire  five  things  to 
bo  considered : 

1.  Tlie  first  term. 

2.  The  last  term. 

3.  The  common  ratio, 

4.  Tho  number  of  termA. 
ft.  The  sum  ofih^  «m<?#. 


I 
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As  In  aTithmetical  progroision,  these  five  quantities  are  so  related  that 
any  tliree  of  thetn  being  given  tlie  uther  two  can  be  t°ouud,and  hence  thera 
ftre  20  distinct  cases  aming  from  their  combinations. 

17.  Representing  these  five  quantities  by  letters,  thus, 

a  =  the  first  term, 

I  =  the  last  term. 

r  =  the  common  ratio. 

n  jsa  t?w  number  of  terms. 

S  =B  the  sum  of  the  series, 

the  general  expression  for  a  geometrical  series  become* 

a-\-ar-\-ar^-\-ar^-\-ar*-\-ar^-\;  Ac, 

where  the  index  of  r  is  always  one  less  than  the  number  of  the  term. 

Thus  in  the  third  term  the  index  of  r  is  2,  which  is  one  less  than  the 
number  of  the  term  ;  in  the  flfth  term  the  index  of  r  is  4,  which  is  one  less 
than  the  number  of  the  term,  &c. 

Hence  fcrar"-' ;  that  is,  the  last  term  is  equal  to  the  first  term  multiplied 
by  the  common  ratio  raised  to  that  power  which  is  indicated  by  one  less 
than  the  number  of  terms. 

18.  Since  the  sum  of  the  series  is  equal  to  the  sum  of 
all  the  terras. 

S  =s=  a-\-ar-{-ar^-\-ar^-\- ar"-3-far«-2+a7^-i,  multiplying  by  r,  we  get 

Sr  =     ar-\-ar^-\-ar^-{- ar"-3-|-ar"-24-<*»*"~  *+«»•" 

air" — 1) 
Hence  «r— s  «=  ar*—ni  or  s(r— 1)  =  a(r"— 1),  and  therefore  s  =  — — — -' 

r — 1 

That  is,  the  sum  qfthe  series  is  found  by  finding  that  power  of  the  com- 
mon  ratio  which  is  expressed  by  tlie  number  qf  terms-  subtracting  I  from 
this,  dividing  the  remainder  by  one  less  than  the  common  ratio  and  mul- 
tiplying the  quotient  by  the  first  term. 

Note— The  second  of  the  above  series  is  found  from  the  first  by  multi- 
plying both  sides  of  the  equation  by  r,  and  in  subtracting  we  take  the 
terms  of  the  upper  series  from  the  corresponding  terms  of  the  lower.  Only 
the  til  st  three  or  four  and  the  last  three  or  four  terms  are  written  and 
between  ar^  and  ar"-^  there  may  be  any  number  of  intermediate  terms. 
The  ar'^*  in  the  lower  series  is  obtained  by  multiplying  the  term  before 
ar"-*  iu  the  upper  series,  which  is  ar'-*,  by  r. 

19.  From  the  formula  obtained  in  Art.  IT  we  get  by 
transposing  the  terms,  (fee. 

I  sa  ar"-^^ 
I 


r"«— 1 


I 


1 


log.  I— log.  a 


n 


log,r 


+  1 


■ft,* 

•■I 

■A 


# 
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re  so  related  that 
d,  and  hence  thertt 


letters,  thus, 


of  the  term. 

one  less  than  the 
I,  which  is  one  less 

st  term  multiplied 
licated  by  one  less 


to  the  sum  of 

plyingby  r,  weget 
o(r»— 1) 


!refore«  = 


r— 1 


t  power  of  the  com,' 
subtracting  1  from 
non  ratio  and  muU 

1  the  first  by  multi- 
acting  we  take  the 
ot  the  lower.  Only 
HIS  are  written  and 
nterraediate  terms, 
ng  the  term  before 


IT  we  get  by 


I 


■I 


a  c=3 


And  substituting  these  values  of  I,  a,  r,  n  in  the  formula  obtained  in  Art.  18. 
we  find 

rl—a 

Z(r"--1) 
(r— l)r»-  ■ 

n  n 

"^—T — ::;:■ 

I      —a 
and  these  together  with  the  two  formulas  obtained  in  Arts.  17  and  18, 

r—l 

i  soar*"  I 

are  the  fundamental  formulas  of  geometrical  progression  from  which  the 
other  fifteen  are  derived  by  reduction.    Thus, 

rl—a 
9  =  y__j,  ffives  formulas  for  s,  r,  I,  and  a  — 4 


»  = 


{r—l)r—^' 


_  j»-\ 


I  1 

o{r»— 1) 


*=     r~l 
I  =r  ar*-i 


"  s,r,l,a'tdn  —  4i 

**  a,  I,  n,  and  a  =  4 

"  a,  r,  a,  and  n  =  4 

"  I,  a,  r,  and  »  =  4 


Total   20 

20.  The  following  table  gives  the  20  formulas  for 
geometrical  progression,  with  iheir  relations,  &c.  It  will 
be  observed  that  questions  involving  foimulas  III,  XII, 
XIV,  and  XVI  cannot  be  solved  by  common  arithmetic, 
but  require  the  aid  of  the  higher  mathematics.  All  the 
formulas  for  n  involve  the  use  of  logarithms. 
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No. 

i. 

II. 

III. 

IV 


Given. 


a,  r,  n, 

a.  r,  s, 
a,  n,  8, 

r,  n,  s, 


Required. 


Formulas. 


^  _  a+(r— l)g 
r 


Z  = 


Cor. 


fundamontaL 
VI. 
VII. 

VIII. 


V. 
VI. 

VII. 


t.  r,  n, 
a,i\  I, 

a,  n,  I, 


VIII.  r,  n.  I, 


.»  = 


«(/•"— 1) 
r— 1 

r? — a 


r— 1 

a  N 

s  s=l      — a 


n-I 


_1^ 

(r— T)r"-' 


fundamental. 
V.  and  I. 

V.  and  XIII. 
V,  and  IX. 


IX. 

r,  n,  I, 

X. 
XI. 

r,  n,  9. 
r,  I,  s, 

a 

XII. 

n,  I,  s, 

a  = 


rt  = 


I 


7*»— I 

(r-l)s 


7'"— 1 


I. 

V. 

VI. 

VII. 


XIII 
XIV. 

XV. 

XVI 


a,  n,  I, 
a,  n,  s, 
a,  I,  s, 
n,  I,  s. 


•=(t) 


8     ,  s—a 
a         a 
s—a 


^TU. 


s-l 

s 
's-l' 


•n-l 


S-l 


XVII. 

a,  r,  I, 

71 

XVIII 

»,  r,  9, 

n 

n 

XIX 

a,  I,  s. 

n 

XX 

n  I  t, 

n 

_  loig.Z  — log,  g 

log.  r 
_  log.  [a+(r— 1).'?]—  log,  g 
log.  r 

log,  i— log.  a 


log.  (s—a)— log.  {s—l) 
log.  Z-log.  [r^-(r-l).9] 


log.  r 


+1 


I. 

V. 

VII. 

VIII. 

I. 

V. 

VII. 

VIII. 


§' 

». 


J. 
St 


[Sect.  XJ. 


Cor. 


idamontaL 
VI. 
VII. 
VIII. 


iidamental. 
V.  and  I. 

.  aud  XIII. 
V,  and  IX, 


I. 

V. 

VI. 

VII. 


I. 

V. 

VII. 

VIII. 

I. 

V. 

VII. 

VIII. 


rati* 


•i 


■I 


I 
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21.  Given  the  first  term,  the  common  ratio,  and  the 
number  of  terms,  to  Jind  the  last  term : — 


RULE. 


i  =  «)•"-'.  (I.) 

Interpretation. 


•Multiply  the  first  term  by  the  common  ratio 
raised  to  that  power  which  is  indicated  by  one  less  than  the  number 
of  terms.     The  result  will  be  the  last  term. 

Example  I. — What  is  the  ath  term  of  the  aeries  7,  21,  63,  &c.? 

OPEEATION. 

Hero  a  =  7,  r  =  3,  and  n  =  9. 

Then  Z  =  ar''-i=  7X39-1  =7X38=7X6561=45927.  Arts. 

22.  Given  the  first  term,  the  common  ratio,  and  the 
last  term,  to  Jind  the  mm  of  the  series  : — 


RULE. 


5  = 


rl 


r— 1 


(VI.) 


Intkrprrtation. — Subtract  the  first  term  from  the  product  of 
the  common  ratio  by  the  last  term  and  divide  the  remainder  by  one 
less  than  the  common  ratio. 

Example  2. — The  first  term  of  a  geometrical  series  is  5,  the 
common  ratio  4,  and  the  last  term  1000000.  What  is  the  sum 
of  all  the  terms  ? 

OPBEATIOK. 


Here  a  =  5,  r  =  4,  and  I  —  inOOOUO. 
„.  rl  —  a       4  X  1000000  —  5 

Then  s  = 


3999995 


=  133333U  Ans. 


r— 1  4—1  8 

23.  Given  the  first  term,  the  common  ratio  and  the 
number  of  terms,  to  find  the  sum  of  the  series : — 


.-(=-;)(-) 


RULE. 


I:;terprbtation. — Find  that  power  of  the  common  ratio  which 
is  iniiicated  by  the  number  of  terms ^  subtract  one  from  jY,  and 
divide  the  remainder  by  one  less  than  the  common  ratio. 

Lastly,  multiply  the  quotient  thus  obtained  by  the  first  term  of 
the  series,  and  the  result  will  be  the  sum  of  all  the  terms. 

Example  3. — The  first  term  of  a  geometrical  series  is  3,  tlae 
common  ratio  is  4,  and  the  number  of  terms  9,  Required  the 
sum  of  the  series. 
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Here  a 
Then  s  =  aC 


S,  r  as  4,  and  u 


-1) 


3  X 


OPEBATIOH. 
0. 

=  3  X 


262144  —  1 


262143  Alu. 


r  —  1/  4  —  1  8 

24.  To  find  the  common  ratio  when  the  first  term,  the 
last  term,  and  the  sum  of  the  terras  are  given  : — 


JIULE, 


s  —  a 
a-l 


(XV) 


liiTBRPBBTATiON. — Pivide  the  difference  betweeii  the  first  term 
and  the  sum  by  the  dijjerence  between  the  last  term  and  the  sum : 
the  quotient  will  be  the  common  ratio. 

Example  4. — The  first  term  of  a  geometrical  series  is  1,  the 
last  term  19683,  and  the  sum  of  all  the  terms  29524.  What  is 
the  common  ratio  ? 

OPEBATIOH. 

Here  a —  1,1  =  1068R,  and  s  =  29524, 

s  —  a      29524  —  1  29623 


Thenr= 


S  —  l       2J524— 19683        9841 

EXERCISES. 


3  Ans, 


6.  A  nobleman  dying  left  11  sons,  to  whom  he  bequeathed  his 
property  as  follows  :  to  the  youngest  he  gave  JE1024  ;  to 
the  next,  as  much  and  a  half ;  to  the  next,  1 J  of  the  pre- 
ceding son's  share  ;  and  so  on.  What  was  the  eldest 
son's  fortune ;  and  what  was  the  amount  of  the  noble- 
man's property  ?  Jlns.  The  eldest  son  received  £59049, 
and  the  father  was  worth  £115099. 

6.  The  first  term  of  a  geometrical  progression  is  1,  the  last 
term  is  1240029,  and  the  sum  of  all  the  terms  is  1860040. 
What  is  the  ratio?  ^ns.  3. 

T.  What  debt  can  be  discharged  in  a  year  by  monthly  pay- 
ments in  geometrical  progression,  the  first  term  being  £1, 
and  the  last  £2048  ;  and  what  will  be  the  common  ratio? 

r  Jns.  The  debt  will  be  £4095  ;  and  the  ratio  2. 

8.  The  ratio  of  the  terms  of  a  geometrical  progression  is  ^,  the 

number  of  terms  is  8,  and  the  last  term  is  106^^|.  What 
is  the  sum  of  all  the  terms  ?  ^ns.  307,^^^. 

9.  A  number  of  trees  were  planted  in  the  form  of  an  isosceles 

triangle.  The  number  at  the  vertex  was  1 ;  and  the 
second  row  5  ;  and  so  on  to  the  last.  There  were  20 
rows  ;  required  the  number  of  all  the  trees,  and  the  num- 
ber in  the  last  row. 

4nt,  Number  of  trees  ISO,  aud  la^t  row  77. 


'1 


'j 

1 


i 
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is  7,  the  last 
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10.  The  first  term  of  a  geometrical  progression  is  1,  the  last 

term  is  10077696,  and  the  number  of  terms  is  10.  What 
is  the  sum  of  all  the  terms?  Ans.  12093235. 

11.  The  first  terra  of  a  geometrical  progression  is  6,  the  last 

term  is  3072,  and  the  sum  of  all  the  terms  is  G138.  What 
is  the  ratio?  >^ns.  2. 

12.  The  ratio  of  the  terms  of  a  geometrical  progression  is  2,  the 

numbi-r  of  terms  is  11,  and  the  sura  of  all  the  terms  is 
20470.     What  is  the  last  terra?  .>3ns.  10240. 

13.  A  gentleman  married  his  daughter  on  New  Year's  day,  and 

gave  her  husband  1  shilling  towards  her  portion,  and  was 
to  double  it  on  the  first  day  of  every  month  during  the 
year.    What  was  her  pot  tion?  .4ns.  £204  153. 

14.  What  will  be  the  price  of  a  horse  sold  for  1  farthing  for  the 

first  nail  in  his  shoes,  2  farthings  for  the  second,  4  for  the 
third,  &c.,  allowing  8  nails  in  each  shoe  ? 

J}is.  £4473924  5s.  35d 

15.  The  first  term  of  a  geometrical  progression  is  4,  the  last 

term  is  78732,  and  the  number  of  terms  is  10.  What  is 
the  ratio?  Jris.  3 

16.  A  person  travelling,  goes  5  miles  the  first  day,  10  miles  the 

second  day,  20  miles  the  third  day,  and  so  on,  increasing 
in  geometrical  progression.  If  he  continue  to  travel  in 
this  way  for  7  days,  how  far  will  he  go  the  last  day  ? 

Jns.  320  miles. 

17.  The  first  term  of  a  geometrical  progression  is  5,  the  last 

term  is  327680,  and  the  ratio  is  4.  What  is  the  sum  of 
all  the  terras  ?  Jns.  436905. 

18.  A  king  in  India,  named  Sheran,  v/ished  (according  to  the 

Arabic  author  Asephad,)  that  Sessa,  the  inventor  of 
chess,  should  himself  choose  a  reward.  He  requested  the 
king  to  give  him  1  grain  of  wheat  for  the  first  square,  2 
grains  for  the  second  square,  4  grains  for  the  third  square, 
and  so  on  ;  reckoning  for  each  of  the  64  squares  of  the 
board  twice  as  many  grains  as  for  the  preceding.  Sheran 
was  angry  at  a  demand  apparently  so  insignificant ;  but 
when  it  was  calculated,  to  his  astonishment  it  was  fouad 
to  be  an  enormous  quantity.  What  was  the  number  of 
grains  of  wheal  and  what  was  its  worth  at  $1-50  per 
bushel,  reckoning  7uS0  grains  to  a  pint? 

jins.  18446744073709551615  grains. 

37529996894754  bushels. 

$56294995342131. 

19.  The  ratio  of  the  terms  of  a  geometrical  progression  is  3,  the 

number  of  terms  is  10,  and  the  sum  of  all  the  terms  is 
295240.    What  is  the  last  term  ?  Jns.  196830. 
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20.  The  first  terra  of  a  geometrical  progression  is  1,  the  last 

term  is  2048,  and  the  number  of  terms  is  12.   What  is  the 
sura  of  all  the  terms?  ^«s,  4095. 

21.  The  first  term  of  a  geometrical  progression  is  5,  the  ratio  is 

4,  and  the  number  of  terms  9.     What  is  the  last  term  ? 

Jns.  327680. 


26.  When  the  common  ratio  of  a  geomotrical  series  is  a  proper  fraction, 
i.e.,  less  than  1,  the  series  is  a  descending  one,  and  wiien  the  number  of 
terms  beciomes  very  largo  r"  becomes  very  small.  luau  iiillnito  descending 
series  r"  boconuis  infinitely  small,  1  e.  its  value  becomes  =  0,  and  therefore 
ar"  may  bo  ueKlected  and  the  forumla  for  llndins  the  sum  bi.'comes  a  — 
af'  —  u         —•  (V         u 

;/   Hence  for  finding  the  sura  of  any  infinite  series 


r  —  1       r  —  1      1 
when  r  is  less  than  1 


RULE. 


a 


(xxi) 


1  — r 

Interpretation. — The  sum  of  an  infinite  series  is  found  by 
dividing  the  first  term  by  unity  minus  the  common  ratio. ' 

Example  22.— What  is  the  sum  of  the  infinite  series  1  +  i  + 

OPEEATION. 

Here  a  =*  1  and  r  =»  J^ 

Then  s  =  j^^.  =  ^-^  =  y  =  ^  ==  1M>m^. 

Example  23. — What  is  the  sum  of  the  infinite  series  .734? 

OPERATION. 

Here  a  =  f  ^^j  and  r  =  jA^. 


Then  a 


a 


looo 


iOOO 


2 


1 0  (TiJ       Too  0 
EXERCISES. 


24.  What  is  the  sum  of  the  infinite  series  ^,  ^5,  ■^■^,  &c.  ? 

Jns.  ^. 

25.  What  is  the  sum  of  the  infinite  series  4,  2,  1,  i,  i,  &c.  ? 

*4ns.  8. 

26.  What  is  the  sum  of  the  infinite  series  .79  ?  ^ins.  ^^. 

■  • 

2t.  What  is  the  sum  of  the  infinite  series  .1234?         Ans.  im. 


!!    '  S 
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26.  To  insert  any  number  of  means  between  two  given 
extremes : 
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is  1,  tho  last 

J.   What  is  the 

Jlns.  4095. 

5,  tho  I'atio  is 
e  last  term  ? 
^/w. 327680. 


propor  fraction, 
1  th>)  number  of 
liiiito  descending 

0,  and  theroforo 
ini  becomes  a  — 

.ny  infinite  series 


e«  U  found  by 
atio. 

jries  1  +  i  -f 


eries  .Y34? 


V,  &c.? 

I  I,  &c.? 

Jlns.  8. 

Ans.  l^. 


^ 


.1  ■   •  ;> 


-^ns.im.  I 


3n  two  given 


RULE. 

If  the  series  is  an  arithmetical  one,  find  the  common  diffcen  5 
by  formula  IX.  AuT.  8.  Then  add  this  common  difference  to  the 
first  term  and  the  result  will  he  the  second  term ;  add  the  common 
dijferencc  to  the  second  and  the  result  will  be  the  third  term,  8fC. 

Jf  the  scries  is  a  geometrical  one,  find  the  common  ratio  by  for- 
mula XIII.  AuT.  20.  Then  multiply  the  first  term  by  the  common 
ratio  and  the  product  will  be  the  second  term  ;  multiply  the  second 
term  by  the  common  ratio  and  the  result  will  be  the  third^  Ijc, 

Example  1.— Insert  7  arithmetical  means  between  3  and  517 

OPEEATION. 

Since  there  are  7  means  und  2  extremes  the  number  of  terms  is  9. 

m,        ,        I  — a       61  —  3        4S 

Then  d  =z = =  —  «c  fl. 

n  — 1        9  —  1        8 

1st  term  =  3 ;  2nd  =  3  +  6  =  9 ;  ^rd  =  9  +  6  =  15  ;  d.th  =  15  +  6  =  21  j 

5th  =  21  4-  6  =  27  ;  6tli  =  27  +  6  =  33,  and  so  on. 
And  series  is  3,  9, 15,  21,  27,  S3,  39, 45,  51. 

Example  2. — Insert  6  geometrical  means  between  1  and  128  1 

OPEBATIOX. 

Since  tliero  are  U  means  and  2  extremes  tho  number  of  terms  is  8. 

Then  r  «  (l-]-~  ^  Ct)'~'  =*  <^2S)^  =  2. 

Hence  2nd  term  r=  1X2=  2i3rd  term=2X2=:4;  4th  =  4X  2  =  8,  Ac. 
And  series  is  1,  2,  4,  8,  IC,  32,  64, 123. 

EXERCISES. 

3.  Insert  9  arithmetical  means  between  2  and  92  ? 

Ans.  2,  11,  20,  29,  37,  47,  56,  65,  74,  83,  92. 

4.  Insert  4  arithmetical  means  between  7  and  50  ? 

Ans.  7,  15i,  24,^,  32|,  41J,  50. 

6.  Find  8  geometrical  means  between  4096  and  8. 

Ans.  2048,  1024,  512,  256,  128,  64,  32,  and  16. 

6.  Find  7  geometrical  means  between  14  and  23514624? 

Ans.  84,  504,  3024,  18144,  108864,  653184,  and  3919104. 


POSITION. 

27.  Position  is  a  rule  which  enables  us  to  solve,  by 
means  of  assumed  numbers,  a  class  of  problems  which  we 
could  not  otherwise  solve  without  the  aid  of  algebra. 


Note. 
Error. 


-Position  is  also  called  the  Rule  of  False,  or  the  Rule  of  Trial  and 
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28.  Position  i«  divided  into:— 

1st.  Single  Position — when  only  one  assumed  num- 
ber is  used. 

2nd.  Double  Position — when  two  assumed  numbers 
are  userl. 

29.  Single  Position  is  employed  in  the  solution  of  those 
problems  in  wliich  the  requiied  number  is  increased  or 
decren^e  1  in  any  given  ratio,  i.f\,  when  it  is  increased  or 
diminished  by  any  pari  of  itnelf,  or  when  it  is  multiplied 
or  divided  by  any  given  number, 

30.  Double  Position  is  employed  in  the  solution  of 
those  problems  in  vvliicjh  the  result  found  by  increasing  or 
decreasing  the  required  number  in  any  given  raiio,  is  itself 
increased  or  diminished  by  3(Jme  other  number  which  is 
no  known  part  cr  multiple  of  the  required  number. 

SINGLE  POSITION. 

31.  Single  Position  proceeds  upon  the  principle  that 
the  results  are  proportional  to  the  numbers  used,  and  is 
employed  in  all  cases  when  the  problem  can  be  stated 
algebraically  in  the  form  of  ax  =  6,  where  x  =  the  re- 
quired number,  a  the  given  multiplier,  integral  or  frac- 
tional, and  b  the  given  result. 

32.  Let  it  be  required  to  find  a  value  of  x  such  that  ax=b.    Suppose  xt 

to  be  this  value,  and  instead  of  b  we  obtain  b'  for  the  result.  Then  we  have 

aa*'        />'      t'        U 

ax=:b  and  ax'  =  b\  and  dividing  we  get  —  =:-^  or  ^  =  -r  whence  V  : 

ax        ox         0 

h'.'.a^-.x  or  xzz  ^,x  x\ 

Hence  for  single  position  we  deduce  the  following  :— 

RULE 

^Assume  a  number,  and  perform  with  it  the  operations  described 
in  the  question ;  then  say,  as  the  result  obtained  is  to  the  number 
used,  so  is  the  true  or  given  result  to  the  number  required. 

Example  1. — What  number  is  that  which  being  increased  by 
its  fourth  part  and  diminished  by  its  fifth  part  gives  63  for  the 
result  ? 

OPEBA.TIOir. 

A^ssurae  any  number,  40.*  Then  one-fourth  of  number  =  10,  and  ons-ffth 

=  8. 

I.ll         MM  I  ill        ■       1*— — WW— I       I'll  I    I  ■!■■■■    I  ■■  I         ■■■■         ■^■^la^MI^— — MW*— — ^— IP— PI— ^1— M^ii^W^— ^1^^— 

*  For  tho  sake  of  convenience  we  assume  a  number  of  whiQh  we  os^  ^l(9 
\h,e  required  parts  without  using  fhictiotis. 
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iO-f- 10  —  8  :=  13,  whfoh  bv  the  qumtlon  ahould  hnj»  baeii  68. 
Then^RoNult  obtalued:  B«ttult  required:: Number  used: Number  r«« 
quired. 

Or,  «  :  68  :  :  40  :  --^  =  60  Ant, 

Peoop.— 60  f  I  of  60  —  \  of  60  =  63. 

Example  2. — A  teacher  being  naked  how  many  pupils  he  had, 
replied,  if  you  add  J,  {,  and  If  of  ihe  number  together,  the  sum 
will  be  18  ;  what  was  their  number? 

0FBBA.TI0V. 

Assume  60  to  bo  the  number  of  pupils. 
Then  one  third   of  6o  =  20 

one-fourih  of  00  =  16 

one-sixth   of  60=  10 


Sum  =  45,  but  it  should,  by  question,  equnl  18. 
Then  46 1 18  : :  60 1  i^-^^  ==  24  ^»w. 

40 
PbOOP.— ^  of  24  +  ^  of  24  +  ^  of  24  =  18. 

•EXERCISES. 

3.  A  gentleman  distributed  78  pence  among  a  number  of  poor 

persons,  consisting  of  men,  women,  and  children :  to  each 
man  ho  gave  6d.,  to  each  woman  4d.,  to  each  ei,  :  >  2d.  ; 
there  were  twice  as  many  women  as  men,  aiu  three 
times  as  many  children  as  women.  How  many  were  there 
of  each?  »4ns.  3  men,  6  women,  and  13  children. 

4.  A  person  bought  a  chaise,  horse,  and  harness^  for  £60  ;  the 

horse  came  to  twice  the  price  of  the  Itirness,  and  the 
chaise  to  twice  the  price  of  the  horse  and  harness.  What 
did  he  give  for  each?  ^ns.  F)  gave  for  the  harness,  £6 
133.  4d. ;  for  the  horse,  £13  68.  8d. ;  and  for  the  chaise, 
£40. 

B.  A's  age  is  double  that  of  B's  ;  B's  is  treble  that  of  C's  ;  and 
the  sum  of  all  their  ages  is  140.     What  is  the  age  of  each? 

Jm.  A's  is  84,  B's  42,  and  C's  14. 

6.  After  paying  away  i  of  my  money,  and  then  t^  of  the  re- 
mainder, I  had  72  guineas  left.     What  had  I  at  first  ? 

jlns.  120  guineas. 

•All  questions  in  position  may  bo  solved  by  simple  analysis,  and  very 
frequently  this  is  the  better  method,  and  indeed  the  teacher  should  insist 
upon  the  pupil  thus  solving  each  problem.  The  following  will  serve  ai 
examples  of  the  mode  of  solution. 

EXA.MPLB  5.  —Since  140  is  equal  to  A's  age,  +  B's  age,  +  C's  age,  and  B's 
a|;e  is  equal  to  three  times  C's,  and  A's  to  6  times  C's,  it  follows  tliat  140  is 
equal  to  1+3+6  =  10  times  C's  age,  and  hence  O'a  ajse  u-^  of  140  =  14  ^ 

:R'»  r=;  14X8  =  42 ;  and  A'a  =  14X8  =  84. 
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7.  A  can  do  a  piece  of  work  in  1  days ;  B  can  do  the  same  ia 

6  days  ;  and  C  in  6  days.  In  what  time  will  all  of  them 
execute  it?  Jns.  in  1\^  dajs. 

8.  A  and  B  can  do  a  piece  of  work  in  10  days ;  A  by  himself 

can  do  it  in  15  days.    In  what  time  will  B  do  it? 

jins.  In  30  days. 

9.  A  cistern  has  three  pipes ;  when  the  first  is  opened  all  the 

water  runs  out  in  one  hour;  when  the  second  is  opened, 
it  runs  out  in  two  hours  ;  and  when  the  third  is  opened, 
in  three  hours.  In  what  time  will  it  run  out,  if  all  the 
pipes  are  kept  open  together  ?  ^'i7is.  In  VV  hours. 

10.  What  is  that  number  whose  J,  ^,  and  |  parts,  taken  together, 

make  27?  .4ns.  42. 

1 1 .  There  are  5  mills  ;  the  first  grinds  7  bushels  of  corn  in  1  hour, 

the  second  5  in  the  same  time,  the  third  4,  the  fourth  3, 
and  the  fifth  1.  In  what  time  will  the  five  grind  500 
bushels,  if  they  work  together?  .dns.  In  25  hours. 

12.  There  is  a  cistern  which  can  be  filled  by  a  pipe  in  12  hours; 

it  has  another  pipe  in  the  bottom,  by  which  it  can  be 
emptied  in  18  hours.  In  what  time  will  it  be  filled,  if 
both  are  left  open  ?  ^ins.  In  36  hours. 


Ui 


'.  'Vt 


DOUBLE  POSITION. 

33.  When  tlie  number  sought  is  to  bo  incieaserl  or 
diminished  by  some  absolute  number,  which  is  not  a  known 
multiple,  or  part  of  it — or  when  two  propositions,  neither 
of  which  can  be  banished,  are  contained  in  the  problem, 
we  use  double  position,  assuming  two  numbers.  If  the 
number  souijlit  is,  during  t!ie  process  indicated  by  the 
question,  to  be  involvpd  or  evolved,  we  obtain  only  an  aj)- 
proximatinn  to  the  quantity  required.  In  other  words 
double  position  is  employed  in  all  cases  in  which  the  pro- 
blem stated  algebraically  would  take  the  form  of 

ax-\-bz=iCf 
where  x  is  the  number  sought,  a,  the  given  multiplier, 
integral  or  fractional,  b  the  given  increment,  and  c  the  given 
re«^ult.  f 


% 


M. 


Example  7.  By  Analysis.— Since  A  can  do  the  whole  work  in  7  days,  in 
one  day  he  will  do  |  of  the  whole  work,  similarly  inone  day  B  will  do  \,  and  C 
^  of  the  whole  work.  Therefore  working  together  they  will  do  j  +  ^-f  ^ 
=  iH  °'  *^^  whole  work,  and  they  will  require  as  many  days  to  do  the 
whole  work  aa  ^^^  is  contained  times  in  l.  i,  e.,  1  -r  ^^ J  =  1|^^  days.  Anf. 
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34.  Let  it  be  required  to  And  a  value  for  x  such  as  to  satisfy  the  equation, 
eue  +  b  =c. 

In  such  a  case  assume  any  two  kuown  numbers  n  and  n'  and  perform  on 
these  the  operations  indicated  in  the  question,  and  let  the  errors  in  the 
result  be  e  and  e'  both,  suppose  in  excess. 

Then  o»  +  6  =  c  +  c  (I)  and  an'  -\- b  ^  c  ■}- e'  (II)  and,  by  the  question, 
ax-\-b  =  c  (III). 

Subtracting  III  from  I  we  get  an— ax  ^e,  or  a  (n  —  x)  =3  (IV). 
Subtracting  II  from  I  wo  get  an'  —  ax  —  e',  or  a  (»'  —  x)  —  e'  (T). 

Dividing  I\  by  V  we  get  aln'^:^' 


e       n  —  X 
— ^o^ 


»'• 


•X 


**• 


And  reducing  this  we  get  x  ■■ 


n'e  —  nef 


Hence  for  double  position  we  deduce  the  following : — 

RULE. 

I.  Assume  two  convenient  numbers,  and  perform  upon  them  the 
processes  supposed  by  the  question,  marking  the  error  derived  from 
each  with  -\-  or  — ,  according  as  it  is  an  error  of  excess,  or  of  defect. 

II.  Multiply  each  assumed  number  into  the  error  which  belongs 
to  the  other ;  and,  if  the  errors  are  both  plus^  or  both  minus,  divide 
the  difference  of  the  products  by  the  difference  of  the  errors.  But, 
if  one  is  a  plus,  and  the  other  is  a  minus  error,  divide  the  sum  of 
the  products  by  the  sum  of  the  errors.  In  either  case,  the  result 
will  be  the  number  sought,  or  an  approximation  to  it. 

Example  1. — There  is  a  fish  whose  head  is  8  feet  long,  his  tail 
is  as  long  as  his  head  and  half  his  body,  and  his  body  is  as  long 
as  his  head  and  tail ;  what  is  the  whole  length  of  the  fish  ? 

OPEEATIOy. 


Assume  24  ft,  as  the  length  of  body. 
Then  tail  =8+i  of  24=84-12=20 
Body  =  head  +  tail  =  8-f  20=28 
Assumed  length  of  body  =24 


Assume  28  feet  for  length  of  body. 
Then  tail  =  8+i  of  28=S-|-14=22 
Body  =:  head  +  tail=:-<4-2i=:30 
Assumed  length  of  body  =:28 


Error  =  -f  4  Error  =:  -f-  8 

Errors.         Assumed  numbers.         Products. 

+  4,       X  28  =112 

4-2        X  24  =48 


Difference  of  errors  =2 


difference  of  products  =  64 


Then  64  -f-  2  =32  £=  length  of  body 
8  4- i  of  32  =  8  4- 16  =  24  =»      ^  tail 

8  =     ••         head 


64  =  length  of  fish. 

Example  2. — A  laborer  contracted  to  work  80  days  for  75  centi 
per  day,  and  to  forfeit  50  cents  for  every  day  he  should  be  idle 
during  that  time.  He  received  $26  :  now  how  many  days  did 
he  work,  and  how  many  days  was  he  Idle  ? 
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Suppose  ho  worked  60  days ;  then  he  was  idle  30  days. 
Sum  earned  =  50  X  75  =  $37.50     |     True  result 


Sum  forfeited  =  30  x  50  —    15.00 


Sum  received  =  22.50 


=  $25.00 
Result  obtained  =    22.50 


Error  =     2.60 


Again  suppose  he  worked  40  days ;  then  he  lost  40  days. 


Sum  earned   =  40  x  75  =  $30,00 
Sum  forfeited = 40  x 50  =  20.('0 


Result  required    =  |25.00 
Result  obtained    =   10.00 


Sum  received  =  10.00 

Assumed  numbers. 


Error  =  15.00 


Errors.  Assumed  numbers.       Products. 
—15      x  60  =       760 

—2i       X  40  =100 

Difference  of  errors  =  12^  Difference  of  products  =  650 

Therefore  result  required  =  650  -f-  12i  =  52  days. 

Number  of  idle  days  =  80—52  =  28.  Ana. 

Pkoof.— Sum  earned    =  .52X 75  =  $3900 
Sum  forfeited  =  28  X  50  =»    1 4*00 

Sum  received  ss  $25*00 

ExAMPLB  3.— What  number  is  that  which,  being  multiplied  by 
3,  the  product  increased  by  4,  and  that  sum  divided  by  8,  the 
quotient  shall  be  32  ? 

OPBKATIOir. 

Assume  40  to  be  the  number. 

Then  40X3  =«  120+4  =  1244-8  =  15%  =  result  obtained. 

32  =:  result  required. 

Error  a*  — 16J 

Again :  assume  100  to  be  the  number. 

Then  100X3  =  300+4  =  304-r8  =  38  =  result  obtained. 

32  =  result  required. 

Error  =  +  6 

Errors.      Assumed  numbers 

— 16i    X    100  =1650 

+  6       X       40  =240 

Sum  of  error  =  22^    Sum  of  products  =  1890 


1890 
22^  ' 


:  84.  Ans, 


Required  number  = 
PeOOP.— 84X3  =  282+4  =  266+8  82. 

NoTB.— In  this  example  we  take  the  sum  of  the  errors  for  a  divisor  and 
the  sum  of  the  products  for  a  divldeud>  because  the  errors  are  not  bothplut 
or  both  minua. 


t 


% 


•r^ 


-•m 


-^1 
.•»f 
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ExAMPLi  4. — What  is  that  number  which  is  equal  to  4  times 
its  square  root  4-  21  ? 


=  $25.00 

ined  =    22.50 

•*'£ 

OPBltlTIOir. 

!rror  =      2.50 

■1 

Assume  64— 

Assume  81— 

.  ilj 

V64  = 

=   8 

Vsi 

=  9 

i. 

4 

4 

red    =125.00 

— 

— - 

ned    =   10.00 

32 

21 

36 
21 

!lrror=:  15.OO 

"■■}''■ 

lucts. 
)0 

63.  result  obtained. 

57,  result  obtained. 

m    ■'. 

64,  result  required. 

81,  result  required. 

)0 
50 

—11 

-24 

81 

64 

891 

1636 
891 

ig  multiplied  bj 
ivided  by  8,  the 


PS 

L650 
240 

L830 


m 


9  for  a  divisor  and 
s  are  not  bothplxu 


13(646 

The  first  approximation  is  49*6164 

It  is  evident  that  11  and  24  are  not  the  errors  in  the  assumed  numbers 
multiplied  or  divided  by  the  same  quantity,  and,  therefore,  as  the  reason 
upon  which  the  rule  is  founded,  does  not  apply,  wo  obtain  only  an  approxi- 
mation. Subiftituting  this,  however,  for  one  of  the  assumed  numbers,  we 
obtain  a  still  nearer  approximation. 

SECOND  RULE. 

Find  the  errors  by  the  last  rule ;  then  divide  their  difference  (if 
they  are  both  of  the  same  kind),  or  their  sum,  (if  they  are  of  differ- 
ent kinds),  into  the  product  of  the  difference  of  the  numbers  and 
one  of  the  errors.  The  quotient  will  be  the  correction  of  that  error 
which  has  been  used  as  multiplier. 

Note.— This  rule  depends  upon  the  principle  that  the  difference  between 
the  assumed  numbers  and  the  true  numbers  are  proportional  to  the  differ- 
ences of  the  results  obtained  using  the  assinned  numbers  and  that  given 
in  the  problem.  As  in  tlie  last  rule,  whitn  the  question  could  not  by  algebra 
be  resolved  by  an  equation  of  the  Brat  degree,  the  rule  gives  only  an  ap- 
proximation to  the  correct  result. 

Example  5. — If  to  four  times  the  price  of  my  horse  £10  be 
added  the  result  will  be  £100.    What  is  the  price  of  my  horse  ? 

OFEBATION. 

\Mume  £19,  and  secondly  £26  as  the  price  of  the  horse- 
Then  19  26 
4  4 


76 
10 

86,  the  result  obtained, 
loo,  the  result  required. 

—14  is  an  error  of  defect 


100 
10 

110,  the  result  obtained^ 
100,  the  result  required. 

+10  is  an  error  of  eacen. 


m 
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The  errors  are  of  different  kinds :  and  their  sum  is  14-f-lO  =  24 ;  and  the 
difforence  of  the  assumed  numbers  is  25—19  =  6.    Therefore 

14,  one  of  the  errors, 
is  multiplied  by  6,  the  difference  of  tlio  numbers.    Then  divide  by 

24)84 

and  3"5  is  tlio  correction  for  19,  the  number  win'    .  j^vo  an 
error  of  14. 

194-(the  error  being  one  of  d(\fect,  tlie  correction  is  to  be  added)  3*5:^2'3 
~  £22  10s.  is  the  required  quantity. 

EXERCISES. 

G.  A  son  asked  his  father  how  old  he  wag,  and  received  tlio 
following  answer.  Your  age  is  now  i  of  mine,  but  5 
years  ago  it  was  only  l.     What  are  their  ages? 

,/ins.  80  and  20. 

7.  Required  what  number  it  is  from  which,  if  34  be  taken,  3  times 

the  remainder  will  exceed  it  by  I  of  itself?         .dns.  58f . 

8.  A  and  B  go  out  of  a  town  by  the  same  road.     A  goes  8  miles 

each  day ;  B  goes  1  mile  the  first  day,  2  the  second,  3  the 
third,  &c.    When  will  B  overtake  A? 


Suppose 


A. 
5 

8 

40 
15 

1 
2 
9 
4 
5 

A. 

Biippose    7 
8 

66 

28 

n. 
1 

2 
8 
4 

6 
6 

7 

()25 

13 

7)28 

— B 

7 

—4 

a 

23 

85 
20 

20 

1)15 


6—4  =  1  =  difiference  of  errors. 


"We  divide  the  entire  error  by  the  number  of  days  in  each  case,  which  gives 
the  error  in  one  day. 

9.  What  are  those  numbers  which,  when  added,  make  25  ;  but 
when  one  is  halved  and  the  other  doubled,  give  equal 
results?  Jlns.  20  and  5. 

10,  Two  contractors,  A  and  B,  are  each  to  build  a  wall  of  equal 

dimensions ;  A  employs  as  many  men  as  finish  22i  perches 
in  a  day  ;  B  employs  the  first  day  as  many  as  finish  6  per., 
the  second  as  many  as  finish  9,  the  third  as  many  as  finish 
12,  &c.  In  what  time  will  they  have  built  an  equal  num- 
ber of  perches?  jlns.  12  days. 

11.  What  is  the  number  whose  I,  J,  and  |,  multiplied  together, 

make  24? 
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IS.  80  and  20. 

taken,  3  times 
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L  goes  8  miles 
second,  3  the 
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"ors. 
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wall  of  equal 
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nany  as  finish 
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Jlns.  12  days. 

lied  together, 


Suppose  12 

i 

Product=l8 


DOLULIi    POrJTION. 


Suppose    4 


as  3 


13 

Product=2 


81,  result  obtained, 
24,  result  required. 

+57 
64,  the  cube  of  4. 

3648,  product. 

57+21=78 


8,  result  obtained. 
24,  result  required. 

—21 

1728,  the  cube  of  12. 


36288  to  this  product 
3648  is  added. 


?8)38936  is  the  sura. 


And      612  thequotieut- 
V512  =  8,  is  the  required  number. 

We  multiply  the  alternate  error  by  the  cube  of  the  supposed  numlier, 
because  the  errors  belongs  to  /:f  part  of  the  cube  of  the  assumed  numbers, 
and  not  to  the  numbers  themselves:  for  in  reality  it  is  the  cube  of  some 


ii;:      number  that  is  required- 
•^  ,  8^8^  3X8 

-;      we  have  •-:rX—rX  — ^• 

U         4  o 


-since  8  being  assumed,  according  to  the  question 

=24;  or  -|-  X  83=24. 
64 


12.  What  number  is  it  whose  i,  i,  I,  and  ^-,  multiplied  together, 

will  produce  6998 J  ?  jlns.  36. 

13.  A  said  to  B.  give  me  one  of  your  shillings  and  I  shall  have 

twice  as  many  as  you  will  have  left.  B  answered,  if  you 
give  me  one  shilling  I  shall  have  as  many  as  you.  How 
many  had  each?  Ans.  A  1  and  B  5. 

14.  There  are  two  numbers  which,  when  added  together,  make 

30  ;  but  the  I,  i,  and  ^  of  the  greater  are  equai  to  i,  5, 
i  of  the  lesser.     What  are  they?  Ans.  12  and  18. 

15.  A  gentleman  has  2  horses  and  a  saddle  worth  £50.    The 

saddle,  if  set  on  the  back  of  the  first  horse,  will  make  his 
value  double  that  of  the  second  ;  but  if  set  on  the  back 
of  the  second  horse,  will  make  his  value  treble  that  of  the 
first.   What  is  the  value  of  each  horse  ?  j2ns.  £30  and  £40. 

i  ■.  A  gentleman  finding  several  beggars  at  his  door,  gave  to 
each  4d.  and  had  6d.  left,  but  if  he  had  given  6d.  to  each 
he  would  have  12d.  too  little.  How  many  beggars  were 
there?  jint.  9. 
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COMPOUND  INTEREST. 

35,  Lot  P  ::x  tho  principal,  I  =:  the  interest,  A  =  the  amount,  t  =  the 
liumber  of  payments,  and  r  =  the  rate  per  unit  for  one  payment. 

Then  since  r  is  the  interest  of  tl  for  one  paymt  it,  the  amount  of  $1  for 
one  payment  is  1  -f  r,  and  since  the  principal  is  always  proportional  to  the; 
^mouiit. 

l:l  +  »*::  P:P(l  +  r)=  Amount  of  P  at  end  of  1st  period.. 

J,  » l-f*"  5 !  ^  (1  +  »•)  :  P  (1  +  r)2  =:  Amount  of  P  at  end  of  2nd  period.. 
I  :  1-i-r  ::  P  (1 4-  »*)^  :  -P  (1  +  »•)*  =  Amount  of  P  at  end  of  3rd  period. 
1  J  \-\rr  ::  P  (1-f  »*)'  s  ^  (!  +  »•)*  =  Amount  of  Pat  end  of  4th  period., 
.^nd  90  on ;  hence  at  the  end  of  the  <•'*  period  ^  =  P  (l  +  r)*  which  is. 

formula  (I)  in  the  margin. 
Dividing  each  side   of  (1)  by    (1 -j-**)' we  got 

formula  (II)  in  the  margin. 
Dividing  each  side  of  (1)  by  P  we  get  (l  +  r)< 

=-^-  extracting  the  i'*  root,  and  transposing- 

thel,  we  get  formula  (III).     . 
Obtaining  as  before  (1  -J-  r)»  =  -p  and  applying 


4  =  P(l+r)'(I) 
4 


f  = 


(1+r)' 


(H) 


r  =  t 


'►4--1  (III) 


t 


V^ 


log.  4— log.  P 
■"    log-d+r) 


(XY) 


^  = 


lOg.M 


log.(l+r) 


(V) 


the  priniciplo  of  logarithms  we  get  log.  (1  +  r) 
X  <  =  log.  4 —log.  P,  and  dividing  each  side 

which  is  IV  of  the  aargin. 
Lastly  to  find  tho  time  in  which  any  sum  of 
money  will  amount  to  n  times  itself  at  a  given 
rate  per  cent,  compound  interest, we  substitute 
«P  for  A  in  formula  I„  which  gives  us  »P 
=  P  (1  +  >•)'  and  dividing  each  of  these  by 
P  wo  get »  =  (I  -h  r)*,  whence  log.  n=log. 


(l  +  r)X^i0r<=: 


'I 


og.« 


which  is  for* 


log.  {!  +  »•) 
mula  V, 

APrLICATIONS. 

When  the  principal,  rate  per  cent.,  and  time  are  given 
to  find  the  amount : — 

RULE. 

^rsP  (1  +  ry  or  log.  A  =  log.  P  +  log.  (1  +  r)  X  U 

Intibpbhtation.— itfwZ^tpZy  the  logarithm  of  the  amount  of  %\ 
for  one  paymenty  by  the  number  of  payments^  and  to  the  product 
add  the  logarithm  of  the  principal ;  the  result  will  be  the  logarithm 
of  the  amount. 

II.  Find  the  natural  nuu^er  corresponding  to  this  logarithm  and 
the  result  will  be  the  answer. 

ExAMPLB  1. — To  what  sum  will  $150  amount  in  3  years,  at  2 
per  cent,  quarterly  Compound  Interest? 

OFSBATION, 

l£ere  P=:7ko,  »'='02  and  t=12.  since  there  are  12  quarters  in  3  years. 
Then  ^  =  P  (1  +  r)»  or  log  A  —  log.  P  +  log.  (I  +  r)  X  <  =  2-875061  + 
O'O  8600  X 12  =  2*978261  =  log.  of  Answer.   Hence  Amount  =  $951*17 


.* 


m 
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36.  When  the  amount,  rate,  and  time  are  given  to  find 
the  principal : — 

RULE. 


P  = 


;  or  log.  P  =  log.  A—  log.  (1  4-r)X^ 


(l  +  r)t 

Intbrpbktation. — Take  the  nurnher  expressing  the  amount  of 
$1  for  one  payment,  and  raise  it  to  the  power  indicated  by  the 
number  of  payments. 

II.  Divide  the  given  amount  by  the  number  thus  obtained  and- 
the  quotient  will  be  the  required  principal. 

BT  LOGARITHMS. 

Take  the  logarithm  of  the  amount  of  $1  for  one  payment,  and 
multiply  it  by  the  number  of  payments. 

Subtract  the  logarithm  thus  obtained  from  the  logarithm  of  the 
given  amount ;  the  remainder  will  be  the  logarithm  of  the  required 
principal. 

Example  2.-»What  prinoipal  put  out  at  Compound  Interest, 
at  the  rate  of  3}  per  cent,  half-yearly,  will  amount  to  $8764.00 
in  11  years? 

OFEBATIOir, 

Here  A = 8764.,  r  =  '035  and  <  =  22. 

Then  P  =  ,,  ,    .,  or  log.  P  =log.  A — log.  (1 + r) X  t. 

log.  P  =  13-942702  —  0'014940  X  22  =  8*942702  —  0'328680  =  3-614022. 
Hence  P  =  $4111*70  Ans. 

87.  When  the  amount,  principal,  and  time  are  given 
to  find  the  rate  per  cent: — 

RULE. 

I~T^               ,               ^       log.  A-^  log.  P 
r=  J/'  ^  —  1 ;  or  log.  (1  +  r)  =  -^ p-2 — . 

Intbrprbtation.— Z)t»Mi«  the  amount  by  the  principal  and  ex- 
tract that  root  of  the  quotient  which  is  indicated  by  the  number  of 
payments. 

II.  Subtract  1  from  the  root  thus  obtained  and  the  remainder 
will  be  the  rate  per  unit,  multiply  this  by  100  and  the  result  will 
be  the  rate  per  cent, 

BY  LOGARITHMS. 

Subtract  the  logarithm  of  the  principal  from  the  logarithm  of 
the  given  amount,  and  divide  the  difference  by  the  number  of  pay- 
ments ;  the  result  will  be  the  logarithm  of  the  amount  of  $1  for  one 
payment. 

Find  the  natural  number  corresponding  to  this,  and  from  it  sub- 
tract 1,  the  result  will  be  the  rate  per  unit,  and  this  multiplied  by 
100  gives  the  rate  per  cent. 
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Example  3. — At  what  rate  per  cent.  Compound  Interest,  pay- 
able half-yearly,  will  $2V8  amount  to  $6'742  in  21  years? 


Kere  A^  674,2,  P 
Then  log.  (1  -f  r)  ■■ 


OPERATIOX. 

:  278  and  ^  =  54. 
log.  A  —  log.  F  __  3-828789 


2'4riMi6  _  V5M:U 


54  51) 

•06,  and  rate  per  cent.  ■=  6.    Ann. 


s=  •02564i34i.    Hence  l-{-  r~-  VQ6,  r  ■■ 

38.  When  the  amount,  principal  and  rate  are  given  to 

find  the  time : — 

RULE. 
_  log.  A  ■—  log.  P  • 

'-     /og.(l-+-r)    • 

Inthrprbtation. — Subtract  the  logarithm  of  the  principal  from 
the  logarithm  of  the  given  amount,  and  divide  the  remainder  by  the 
logarithm  of  the  amount  of  $1  for  one  payment ;  the  quotient  will 
be  the  number  of  the  payments. 

Example  4. — In  what  time  will  $729  amount  to  $7143  at  2^ 
per  cent.  Compound  Interest,  quarterly? 

OPERATION. 

Here  .1 : 

2-802728 _ 09«1153  _ 


Tlion<  = 


:  7143,  P  =  729  and  r=  -025. 
log.  A  —  log.  P  __  3-853881 


92*42  pay- 


log.  (!+)•)  0-010724  0*010724 

ments  =  23-105  years  =  23  years,  I  month,  8  days.    Ana. 

39.  To  find  in  what  time  any  sum  of  money  will 
amount  to  n  times  itself  at  any  given  rate  per  cent.,  Com- 
pound Interest. 

RULE. 
log-  ^ 
^-log.(l^-ry 

Intkrprbtat[on. — Find  the  logarithm  of  the  number  expressing 
to  how  many  times  itself  the  given  sum  is  to  amount,  and  divide  it  by 
the  logarithm  of  the  amount  of  $1  for  one  payment ;  the  result  will 
ie  the  required  time. 

Example  5. — In  what  time  will  any  sum  of  money  amount  to 
five  times  itself  at  5  per  cent,  per  annum,  Compound  Interest? 

OPERATION, 

Here  n  =  5  and  r  =  *0o 

log  n  0*698970 


Then  t  = 
Ana. 


log.  (1+r)      0-021189 


= 32*987  yrs,~32  years  11  mouths  25  d'ys. 


ExAMPLi  6. — In  what  time  will  any  sum  of  money  amount  to 
nim  tlm«a  itgelf  at  3J  per  cent,  quarterly,  compound  interest? 


I 


-« 
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OPBBATIOK. 

Here  n  =  9  and  j*  =  '038. 

Then  t  =--,  '°^'.^   ■  -  5?^  =  03'871fi  payments  =r:  15-9079  years  =  15 
lojj.  (l+r)      0  0149'10 

years  11  months  18  days.  Ans, 

EXERCISES. 

7.  What  is  the  amount  and  compound  interest  of  $713-29  for  7 

years  at  4}  per  cent,  half  yearly? 

Jns.  Amount  =  $1320-9G. 
Compound  Interest  =  $  607-67. 

8.  In  what  time  will  any  sum  of  money  amount  to  seven  times 

itself  at  1|  per  cent,  quarterly,  compound  interest? 

./Ins.  32  years  8  months  2  days. 

9.  In  what  time  will  $111-11  amount  to  $1111-11  at  8  percent. 

per  annum,  compound  interest?      Jins.  29  years  11  mos. 

10.  At  what  rate  per  cent,  quarterly  will  $222-22  amount  to 

$3333-33  in  30  years,  compound  interest  being  allowed  ? 

.^ns.  2-/s-' 

11.  In  what  time  will  any  sum  of  money  double  itself  at  7  per 

cent,  per  annum,  compound  interest? 

jlns.  10  years  2  months  27  days. 

12.  What  principal  put  out  at  compound  interest  at  the  rate  of 

21  per  cent,  quarterly  will  amount  to  $100  in  7  years? 

.4ns.  $53-63. 

13.  To  what  sum  will  $2468-13  amount  in  13  years  at  compound 
interest  3|  per  cent,  half  yearly  ?  jlns.  $6427-705. 

What  principal  will  amount  to  $7137-40  in  11  years,  com- 
pound interest  at  the  rate  of  4i  per  cent,  half  yearly  being 
allowed?  ^ns.  $2856-723. 

In  what  time  will  any  sum  of  money  amount  to  19  times 
itself  at  5^  per  cent,  half  yearly,  compound  interest? 

jlns,  28  years  9  months  8  days. 


14 
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ANNUITIES. 

40.  An  Annuity  is  any  periodical  income  payable  at 
equal  intervals,  as  yearly,  half  yearly,  quarterly,  &c. 

41.  An  Annuity  in  possession  is  one  that  is  entered 
upon  already. 

42.  An  Annuity  in  reversion  or  a  deferred  annuity  is  one 
■whose  first  payment  is  not  to  be  made  until  after  the  ex- 
piration of  a  given  time  or  until  the  occurrence  of  a  speci- 
fied event. 

43.  An  Annuity  certain  is  one  that  is  to  continue  for  a 
fixed  number  of  years. 
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44.  An  Annuity  contingent  or  a  life  annuity  is  one  that 
is  to  continue  to  be  paid  only  so  long  as  one  or  more  indi- 
viduals shall  live. 

45.  A  Perpetuity  is  an  annuity  that  is  to  continue  for 
ever. 

46.  An  Annuity  is  in  arrears  when  one  or  more  pay- 
ments are  retained  after  they  have  become  due. 

47.  The  amount  of  an  annuity  is  the  sum  of  the  pay- 
ments forborne  (i.  e.,  in  arrears)  and  the  whole  interest  due 
Upon  them. 

48.  ThQ  present  worth  of  an  annuity  is  that  sum  which, 
being  put  out  at  interest  until  the  annuity  ceases,  would 
produce  a  sum  equal  to  what  would  have  been  accumulated 
had  the  annuity  been  left  unpaid  until  that  time. 

49.  Annuities  are  calculated  at  both  ^simple  and  com- 
pound interest. 


^ 
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ANNUITIES  AT  SIMPLE  INTEREST. 

50.  Let  a  =  a  single  payment  of  the  annuity,  t  =z  number  of  payments, 
r  =  rate  per  unit  for  one  period,  and  A  =  Amount  of  the  annuity. 

Then  when  the  annuity  is  forborne  any  number  of  payments,  the  last 
payment  being  made  at  the  time  it  falls  due,  is  equal  to  a ;  last  payment  but 
one  =  a+interesb  on  a  for  one  period  =  a-{-ar ;  last  but  two  =:  a+interest 
on  a  for  two  payments  =  a+2ar ;  last  but  throe  =  a+3ar ;  last  but  four  rr 
a-^^r,  Ac. ;  and  hence  the  first  payment  =  a  +  interest  on  a  for  one  loss 
than  the  number  of  payments  =  a-}-(<— l)ar. 

Hence  the  payments  forborne,  with  their  interest,  oonstitute  a  series  iu 
arithmetical proicression  where  the  first  term  is  a,  the  last  term  a-\-{t—\)ar, 
the  common  difference  ar,  the  sum  of  tho  series  A,  and  the  number  of 
terms  t. 

Then  (Art.  5.)  il=a+(a+ar)+(a+2ar)+(a+3ar),&c.  +|^a+(<— l)arj 
Whence  (Art.  6.)  A  =  {a+(a+(^-l)ar) }  ±  =  (i  +  ^-^=y^j  to  which  is 
formula  I.  in  the  margin. 


=  «(,+«r«r 


«  = 


2A 


<(2+(«-.l)r 
_  i{A—at) 


')  (I.) 


(11.) 


>-=-5F^r™ 


e=   V{8rji(2-r)«}-(2-r)  (IV.) 


2r 


Formulas  II.,  III.,  and  IV.  are 
derived  f^om  formula  I,  by  trans- 
position, &c. 
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No  general  formula  has  yet  been  discovered  for  the  summation  of  a  series 
for  finding  tho  present  value  of  ai  annuity  at  simple  interest.  The  rule 
generally  adopted  for  finding  the  present  value  of  an  annuity  at  simple 
interest  is  the  following : 

Find  the  present  worth  of    ach  payment  by  itself ,  discounting 

from  the  time  it  falls  due-^the  sum  of  the  present  worth  of  all  the 

payments  will  be  the  present  worth  of  the  annuity. 

Note.— The  absolute  absurdity  of  purchasing  annuities  by  simple  inter* 
est  is  evident  from  the  fact  that  the  interest  of  the  sum  required  to  purchase 
an  annuity,  discounting  at  6  per  cent,  simple  interest,  actually  exceeds  the 
annuity ;  i.  e.,  ^o  purchase  »r  annuity  to  continue  only  a  limited  number 
of  years,  roqiiircs  a  sum  whic.'i  will  yield  a  larger  yearly  interest  for  ever. 
Hence  the  various  rules  given  iV  finding  the  present  value  of  annuities  at 
Simple  interest  are,  in  effect,  valueless. 

APPLICATIONS. 

51.  When  the  annuity,  number  of  payments  forborne, 
and  the  rate  per  cent,  of  interest  are  given,  to  find  the 
amount : — 

RULE. 

Intbrprktation. — Multiply  the  rate  per  unit  by  one  less  than  the 
number  of  payments  and  to  half  the  result  add  1. 

Multiply  the  number  thus  obtained  by  the  product  of  the  annuity 
by  the  number  of  payments  and  the  result  will  be  the  required 
amount. 


Example  1. — If  a  pension  of  $600  per  annum  be  forborne  5 
years,  to  what  sum  will  it  amount  at  4  per  cent.  Simple  Interest? 

OPEEATION. 

Here  a  =  600,  <  =  5,  r  =  'O*. 

^h,nA=:at   1 1  +  ^iz^)-?!  }  =  eOO  X  5  {i  +  illJ22LH}=3000 
X  (1  +  '08)  =  3000  X  1*08  =  $3240.    Ans. 

52.  When  the  amount  of  the  annuity  forborne,  the 
number  of  payments  forborne,  and  the  rate  per  cent,  of 
interest  allowed,  are  given,  to  find  the  annuity/: — 

RULE. 


^{2  +  (*-l)r}  * 


tTXumvuETATiov.— 'Multiply  the  rate  per  unit  by  one  less  than 
the  number  of  payments  and  to  the  product  add  2. 

Multiply  this  sum  by  the  number  of  payments^  and  divide  twice 
the  given  amount  of  the  annuity  by  the  product  thus  obtained ;  thi 
result  will  be  the  annuity  required^ 


:'  I 


nno 


ANM  ITIl!;^. 


TAvcr.  \i. 


ExAMPLB  2.— What  annuity  pay"t''o  quarterly,  will  amount 
to  $3225-25  in  7  years,  at  41  pee  cent,  per  annum,  Simple 
Interest? 

OPEEATIOy. 

Horn  slnno  tho  rato  is  4J  por  cont.per  annum  or  'Or*  por  unit  per  annum 
the  rato  por  quiutor=  "OlS  -f-  4  =  •01123, 


Then  t=:29,A=z  >3225'25  and  r  =  -01125. 
2/1  _  8225  25  X  2 


<V150T)0 


<{2+(<-l)r]         28  [2 +  (29-1)  X -01123}         28  X  (2 +'31375) 

~"  28  X  2-30;)75  ""  04-505   =  ^l**"  =  quarterly  paymont,  and  honco  nnnunl 
annuity  :=  $  100.    Ans, 

53,  Tho  application  and  iritorprctatiou  of  tlio  remaining 
formula  will  bo  readily  understood  from  tiie  forei^oing  ex- 
amp'es. 

EXERCISES. 

3.  In  -what  time  will  an  annuity  of  $1000  per  annum,  payable 

half-yearly,  amount  to  $8365,  allowing  Simple  Interest, 
at  the  rate  of  G  per  cent,  per  annum  ?  Jlns.  14  payments, 
or  7  years. 

Note.— In  this  question  we  use  formula  IV,  r  being  equal  to  "03  and  a 
=  500. 

4.  If  a  rent  of  $450  per  annum,  payable  quarterly,  be  forborne 

for  11  years,  to  what  does  it  amount,  allowing  6  per  cent, 
per  annum  simple  interest?  Jns.  $6546-37j. 

Note.— Take  a  =  $ll2'o0,  r  =  "015  and  t  =  ii. 

5.  At  what  rate  per  cent,  per  annum  Simple  interest,  will  an 

annuity  of  $300,  payable  yearly,  amount  to  $1680  in  5 
years  ?  jlns.  6  por  cent. 

6.  The  rent  of  a  farm  is  forborne  for  8  years,  and  then  amounts 

to  $2080.  Now  assuming  the  rent  to  be  paid  half-yearly, 
and  Simple  Interest  at  the  rate  of  8  per  cent,  per  annum 
allowed,  what  was  the  rent  of  the  farm  ?         Jlns.  $200. 


ANNUITIES  AT  COMPOUND  INTEREST. 

64.  ljetA,a,  r,  ^  =  same  quantities  as  in  last  articles  and  also  let  «  =  pre- 
sent value  of  the  annuity. 

Then,  as  before,  the  last  payment  of  a  forborne  annuity  being  paid  when 
duo,  r=  a ;  last  payment  but  one,  =  o  +  interest  of  a  for  one  payment  rr  a 
■}-r^=ar{l-[-r)  so  also  last  payment  but  two,  =  a  (1  + »-)  '-^ ;  last  but  three 
=  a  (1  +  r)  3  &c.,  and  last  pigment  ==  a  (I  +  r)«— ' 

Hence  A,  tho  amount  of  the  annuity  =  a  +  o  (1  +  r)  +  a  (1  +  r)  *  +  o 
(l+r')3+&c.+a(l+r)  -'which is  ageomotiicalsoriosandisequal  (Art.18.) 
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m 
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V 


(VISO'SO 


cing  paid  when 
e  payment  =« 
;  last  but  three 

a(l  +  r)2  +a 
equal  (Art.  18.) 
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will  amount 
nnra,  Simple 
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!8x  (2f -aiays) 

w\  hcncp  nnntinl 


10  remaining 
\)reiroin2;  ex- 


inura,  payable      i 

mple  Interest,      I 

14  payments.      [ 

lal  to  •03  and  a 

be  forborne 
Qg  6  per  cent. 
%s.  $6546-3tJ. 


erest,  will  an 

0  $1680  in  5 
IS.  G  por  cent. 

then  amounts 

1  half-yearly,     .    | 
it.  per  annum     i     | 

Jiis.  $200.     I     I 


REST. 

ilso  let  0  =  j)rc- 


M 


^^^a{(l  +  r)'-l{ 


(0 


Jr 


a=: 


(l  +  O'-l 


(H) 


V       a 


(III) 
log.  {Ar  -f  o)  —  log'  « 


/og.(l-fr) 


(IV) 


-t{i-(IT77}(^> 
«  =  (T4:T)^i(vi) 

log.  (1  +  r)         ^       ' 


to 


a  {(l  +  »-V-l} 


.10) 


wlilch  is  for* 


_a_(l 1_ 

''-7l(T+r)~(l+»r+' 


V  =  ~  (IX) 


1 


(VIM) 


inula  I  of  uiarprin, 

Formula  II.  III.  and  IV  are  oh- 
tninrd  from  lurniula  I  by  trans- 
position,  &o. 

Siuoo  the  present  value  of  an  an- 
nuity at  Compound  interest  is 
that"  principal  which  put  out  at 
Compound  interest  for  the  ffivon 
time,  would  produce  the  amount 
of  tho  annuity  we  have  from  Art. 
30,  formula  I,  v,  (1  -\-  r)«  --  ^  -~ 

aU\.\.r)i—\\      ,  ,     „ 

(■'         ' >_  wlienco  by  dl- 

r 

vldinn  by  (1  +  r)*,  we  get  formula 
V  in  the  margin.  .     , 

Formulas  VI  and  VII  are  derived 
ft-om  V. 

To  And  the  present  value  of  an  an- 
nuity which  is  to  commeiice  after 
8  years  and  then  continue  for  t 
years,  we  have  from  formula  V,  v 
for  «  +  '  years,  = 

«[(!  +  »•)  '+'  —  1} 
r(l  + !•)'+« 
^{(i±.^:)^;z^|,„dfor<ycars 

alone  v  —  —  >  —77-, — 77—  ( 
r  <■     (1  +r)'    ^ 

Therefore  for  <  years  to  commonco 

after  s  years,    v  -- 

a  (-(l-f  r)'+'  — 1      (l  +  »*'- 

r  <• 


a  =  vr  (X) 
a 


r(14-r)" 


(XII) 


r  "^(l  +  r)'  (1+*^**  ■' 
which  is  formula  VllI  in  the 
margin. 
When  an  annuity  lasts  for  ever  as 
in  the  case  of  landed  property, 
(l4-r)«  in  formula  V  becomes  in- 
finitely great,  and  therefore 

~-r  — -  — — -  r=  0  and  tho  formula 

(l  +  r)«       oc 

for  finding  the  present  value  of 
a  perpetuity  is  reduced  to  the 
form  given  in  (IX). 

Formulas  X  and  XI  are  derived  from  IX. 

The  present  value  of  a  freehold  cntate  to  a  person  to  whom  it  will  revert 
after  s  years  and  then  continue  for  ever,  Is  found  from  formula  VIII  and  is 
represented  by  formula  XII  in  the  margin. 

65.  To  facilitate  the  calculation  of  annuities  the  following  tables  are 
irtYen,  the  first  showing  tho  amount  of  an  atmuity  of  $1  at  Coinpound  In- 
terest, and  the  second,  the  present  value  of  an  annuity  of  $1  at  Compound 
Interest, 


or 


(1  +  r) '+' 
a  C      1 


{l  +  r) 
1 


■?] 


I  ill 


p 


ji'i 
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TAHliE  OP  'THE  AMOUNTS  OF  AN  ANJJtriTY 
OF  $1  OR  £1. 


[Sect.  XL 


No.  of 

Pay- 

3 per  cent. 

4  per  cent. 

5  per  cent. 

6  per  cent. 

ments. 

1 

1. 00000 

1.00000 

1.00000 

1.00000 

2 

2. 03000 

2. 04000 

2. 05000 

2. 06000 

3 

3. 09090 

3. 12160 

3.15250 

3.18360 

4 

4. 18363 

4. 24646 

4. 31012 

4.37462 

5 

5.30913 

5. 41032 

4. 52563 

5. 63706 

6 

6. 46841 

6. 63297 

6. 80191 

6. 97532 

7 

7. 66246 

7.89829 

8. 14201 

8.39384 

8 

8. 89234 

9, 21423 

9. 54911 

9. 89747 

9 

10. 15911 

10. 58279 

11.02656 

11.49131 

10 

11.4638S 

12. 00611 

12. 57789 

13. 18079 

11 

12.80779 

13.48635 

14. 20679 

14.97164 

12 

14. 19203 

15. 02580 

15.91713 

16.86994 

13 

15. 61779 

16. 62684 

17.71298 

18. 88214 

14 

17. 08632 

18. 29191 

19. 59863 

21.01506 

15 

18. 59891 

20. 02359 

21.57856 

23. 27598 

lb 

20.15688 

21.82453 

23. 65749 

25.67253 

17 

21.76159 

23. 69751 

25. 84037 

28. 21288 

18 

23. 41443 

25. 64541 

28.13238 

30. 90565 

19 

95.11687 

27  67123 

30. 53900 

33. 75999 

20 

26. 87037 

29. 77808 

33.06595 

36.78559 

21 

28.67648 

31.96920 

35. 71925 

39. 99273 

22 

30. 53678 

34. 24797 

38. 50521 

43.39229 

23 

32. 45288 

36.61789 

41.43047 

46. 99583 

24 

34.42647 

39. 08260 

44. 50200 

80.81658 

25 

36. 4.'3926 

41. 64591 

47.72710 

54.86451 

26 

38. 55304 

44.31174 

51.11345 

59.15639 

27 

40. 70963 

47. 08421 

54. 66931 

63. 70576 

23 

42. 93092 

49.96758 

58. 40258 

68. 52811 

29 

45.21885 

52. 96629 

62. 32271 

73. 63980 

30 

47. 57541 

56. 08494 

66.43885 

79. 05819 

31 

50. 00268 

59.32833 

70. 76079 

84. 80168 

32 

52. 50276 

62. 70147 

7J. 29829 

90. 88978 

83 

55.07784 

66. 20953 

80  06377 

97,34316 

34 

57. 73018 

69. 85791 

85. 06696 

104. 18375 

35 

60. 46208 

73. 65222 

90. 32031 

111.43478 

36 

63.27594 

77.59831 

95. 83623 

119. 12087 

37 

66. 17422 

81.70225 

101.62814 

127. 26812 

38 

69.15945 

85.97034 

107.70954 

135. 90420 

39 

72. 23423 

90. 40915 

114. 09502 

145. 05846 

40 

75. 40126 

95. 02551 

120.79977 

154. 76196 

41 

78. 66330 

99. 82654 

127. 83976 

165. 04768 

42 

82. 02320 

104. 81960 

135. 23175 

175. 95054 

43 

85.48389 

110.01238 

142. 99334 

187.50758 

44 

89. 04841 

115. 41288 

151.14300 

199  75803 

45 

92.71986 

121.02939 

159. 70015 

212.74351 

46 

96.60416 

126. 87957 

168.68516 

226. 50812 

47 

100. 39650 

132. 94539 

178. 11924 

241.09861 

48 

104. 40839 

139. 26321 

188  02539 

256. 56453 

49 

108. 54065 

145.83373 

198.42066 

272. 95840 

50 

,112.79887 

152.66708 

209. 34799 

290.33590 

■V 
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TABLE  OF  PRESENT  VALUES  OF  AN  ANNUITY 

OF  $1  OR  £1. 


per  cent. 


1.00000 
2. 06000 
3. 18360 
4. 37462 
5. 63706 
6. 97532 
8. 39384 
9. 89747 
11.49131 
13. 18079 
14.97164 
16.86994 
18. 88214 
21.01506 
23. 27698 
25. 67253 
28. 21288 
SO.  90565 
33.75999 
6. 78559 
9. 99273 
39229 
6. 99583 
0.81658 
4. 86451 
19. 15639 
. 70576 
.  52811 
.63980 
. 05819 
.80168 
.  88978 
.34316 
. 18375 
. 43478 
12087 
26812 
1. 90420 
05846 
76196 
04768 
95054 
50758 
75803 
74351 
50812 
09861 
156453 
i5840 
590 


■5| 


No.  of 
payments 


1 
2 
3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

60 


per  cent. 


0-97097 

1-91347 

2-82861 

3-71710 

4-57971 

5-41719 

G-23028 

7-01969 

7-78611 

8-53920 

9-25262 

9-95400 

10-63496 

11-29607 

11-93794 

12-56110 

13-16612 

13-75351 

14-32380 

14-87748 

15-41502 

15-93692 

16-44361 

16-93554 

17-41315 

17-87684 

18-32703 

18-76411 

19-18846 

19-60044 

20-00043 

20-38877 

20-76579 

21*13184 

21-48722 

•^•1-^3226 

•  3721 

^  '-0246 

i.\  »0822 

23-11477 

23-4.1240 

2.T70136 

23-98190 

24-25428 

24-51871 

2f7754'5 

25-02471 

25-26677 

25-59166 

25-72977 


4  per  cent,  i  5  per  cent.  6  per  cent. 


0-96154 

1-88619 

2-77519 

3-62999 

4-45182 

5-24214 

6-00205 

6-73274 

7-43533 

8-11089 

8-76058 

9-38507 

9-98565 

10-56312 

11-11849 

11-65239 

12-16567 

12-65940 

13-13394 

13-59032 

14-0291C 

14-45111 

14-85648 

15-24696 

15-62208 

15-98277 

16-32958 

16-66306 

16-98371 

17-29203 

17-58849 

17-87355 

18-14764 

18-41119 

18-66461 

18-90828 

19-14258 

19-36786 

19-5841,8 

1979277 

19*99305 

20-18562 

20-37079 

20-54884 

20-72004 

20-88465 

21-04298 

21-19513 

21-50166 

21-72977 


0-95238 

1-86941 

2-87519 

3-54595 

4-32948 

5-07569 

5-78637 

6-46321 

7-10782 

7-72173 

8-30641 

8-86325 

9-39357 

9-89864 

10-37965 

10-83777 

11-27406 

11-68958 

12-08532 

12-46221 

12-82115 

13-16300 

13-48857 

13-79864 

14-09394 

14-37518 

14-64303 

14-89812 

15-14107 

15-37245 

15-59281 

15-80267 

16-00255 

16-19290 

16-37419 

16-64685 

16-71128 

16-86789 

17-01704 

17-15908 

17-29436 

17-42320 

17*54591 

17*66277 

17*77407 

17-8800G 

17-98101 

18*07714 

18-16872 

18-25592 


0-94340 

1-83339 

267301 

3*46510 

4-21236 

4-91732 

6-58238 

6-20979 

6-80169 

7*36009 

7*88687 

8-38384 

8*85268 

9*29498 

9-71225 

10-10589 

10*47726 

10*82760 

11*15811 

11*46992 

11*76407 

12-04158 

12-3C338 

12-55036 

12-78335 

13*093?  6 

13*21053 

13*40616 

13*59072 

13*76483 

13-92908 

14*08404 

14*23023 

14*36814 

14*49824 

14*62099 

14*73678 

14*84^)02 

14-94907 

15-94630 

15-13801 

15-22454 

15*30617 

15-38318 

16*45583 

15-52437 

15*5890a 

15*65002 

15-70757 

15*76186 
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APPLICATIONS. 

56.  To  find  tlie  amount  of  an  annuity  forborne  for  any 
number  of  years  at  compound  interest: 


^^a\(l+ry-l\ 


RULE. 


Intehpretatiox. — From  the  amount  raised  to  the  power  indicated 
by  the  number  of  payments  subtract  1  atid  multiply  the  remainder 
by  the  annuity.  Lastly :  divide  the  sum  thus  obtained  by  the  rate 
per  unit  and  the  quotient  will  be  the  required  amount. 

By  the  Table. — Find  from  the  table  the  amount  of%\  for  the 
given  number  of  payments  and  at  the  siven  rate,  multiply  it  by  the 
given  annuity  and  the  quotient  will  be  the  amount. 

Example  1. — If  a  yearly  rent  of  $400  be  forborne  for  23  years, 
to  what  sum  "will  it  amount  at  5  per  cent,  compound  interest  ? 

OPBKATION. 

Here  a  =  400,  t  =  23,  r  =  -05, 

n  ( (1+'*)'— 1 1  _  400  f  (1'05) 2  a_i  ]  _400X2-n7U.75     828T)90 

Inen  .4  =  _J: ^.  —  _  .,  <• ±  — r;r: =:— — r- 

r  -05  ^-^  ^"^ 

=  $16571-90.  Alls. 

By  thr  Tahle.— .Vmouut  of  $l  at  th  ^  giv«!i  race  ami  time  =  $ir4!3047. 
Then  $41-43017X400  =  $1(5572-188. 

XoTE.— These  two  methods  give  results  slightly  diiTcrent.  This  arises 
from  the  fact  that  the  table  shows  only  an  appro.vimatiou  to  the  correct 
amount  of  the  annuity  for  §1 ;  all  the  figures  except  the  first  five  of  its  decimal 
being  rejected. 

57.  To  find  the  present  value  of  an  annuity  at  compound 
interest: — 

RULE. 

1     1 


=  -^1- 


(I-Hr)O 

Interpretation. — Divide  1  by  that  power  of  the  amount  of$l 
which  is  indicated  by  the  number  of  payments  and  subtract  the 
result  from  1. 

Multiply  the  remainder  by  the  quotient  arising  from  the  division 
of  the  given  annuity  by  the  rate  per  unit  and  the  result  will  be  the 
required  present  value. 

By  THH  Tablb. — Find  the  present  value  of  an  annuity  of  $l/or 
the  given  number  of  payments  and  at  the  given  rate,  and  multiply 
this  by  the  given  annuity. 
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the  power  indicated 
iply  the  remainder 
stained  by  the  rate. 
nount. 

ount  of$l  for  the 
multiply  it  by  the 
mt. 

tome  for  23  years 
pound  interest  ?  ' 


10X2-071475     828-390 


■05 


•05 


fcimo=:  $U-4.3047. 


-out.  Tliis  arises 
:loii  to  the  correct 
■st  five  of  its  decimal 


J  at  compouiK 


c  amount  o/$l 
ad  subtract  the 

'•om  the  division 
esult  will  be  the 


nuity  of  $1  for 
f?,  and  multiply 


i_ 

(V05)« 


]=:i|^XO--7835) 


Example  2. — What  is  the  jjresent  value  of  an  annuity  at  $40, 
to  continue  5  years,  allowing  5  p^r  cent,  compound  interest? 

OPEKATIOX. 

Here  a  =  40,  i^  =  5,  and  r  =  '05. 

a  c  1      •)       40      c 

=  800X*2165  =  $173"20.  Ans. 

Oe  by  the  Table —Present  value  of  au  annuity  of  $1  for  given  rate  and 
time  =  $4-32948  and  34.-32948x4,0  =  §173-179.  Ans. 

58.  To  find  tho  present  worth  of  a  perpetuity  :— 

RULE. 

r 

Interpretation.— -Dit^We  the  annuity  by  the  rate  per  unit  and 
the  quotient  will  be  the  value  of  the  perpetuity. 

Example  3. — What  is  the  present  value  of  a  freehold  estate  of 
$15 — allowing  the  purchaser  6  per  cent,  c  -mpound  interest  for 
bis  money? 

OPERATION. 

Here  a  =  75  and  )•  =  '06. 

7500 


Then  V—  — = -— 
r      '06 


6 


=:  §1250.  Ans. 


69.  To  find   the   present   worth   of  a   perpetuity   in 

reversion : — 

RULE. 
a 


V  = 


r(l+r)' 

Interpretation. — Find  that  power  of  the  amount  of  $1  for  one 
payment  that  is  indicated  by  the  number  of  payments  that  have  to 
elapse  before  the  annuity  reverts,  multiply  this  by  the  rate  per  unit 
and  divide  the  given  annuity  by  the  product — the  result  will  be  the 

■present  value.  ' 

ExAMPLB  4. — What  is  the  present  value  of  the  reversion  of  a 
perpetuity  of  $79-20  per  annum,  to  commence  7  years  hence — 
allowing  the  buyer  4J  per  cent,  for  his  money  ? 

operation. 
Here  «  =  79'20,  *  =  7,  and  r  =  '045. 

Then  V^  -4-^  -    —^'^ 
$1293*207.  Ans. 


79-20 


79-20 


•04,5X(1— •0'15)»        •045X1-360862  "" -06123879 


! 
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60.  With  due  attention  to  the  foregoing  interpretations ' 
and  examples,  the  pupil  will  not  experience  any  difficulty 
in  applying  th^  remninhig  formula?'. 

EXAMPLES. 

5.  What  is  the  annual  rental  of  a  freehold  estate  purchased  for 
$3000  when  the  rate  of  interest  is  at  4  per  cent.  ? 

jins.  $120. 

G.  If  a  perpetuity  of  $563  can  be  purchased  for  $11260  ready 
money,  what  is  the  rate  of  interest  allowed  'i 

J.ns.  5  per  cent. 

7.  A  freehold  estate  producing  $15  per  annum,  is  mortgaged 

for  the  period  of  14  years ;  what  is  its  present  value, 
reckoning  compound  interest  at  5  per  cent,  per  annum? 

Jns.  $757-68. 

8.  Required  the  present  value  of  a  deferred  annuity  of  $90,  to 

be  entered  upon  at  the  expiration  of  12  years,  and  then 
to  be  continued  for  7  years  at  4  per  cent,  compound 
interest  ?  Ans.  299-9041. 

9.  What  is  the  present  value  of  an  estate  whose  rental  is  $1500, 

allowing  5  per  cent,  compound  interest  ? 

Ans.  $30000,  or  20  years'  purchase. 

10.  For  how  many  years  may  an  annuity  of  £22  be  purchased 
for  .£308  12s.  lOd.,  allowing  compound  interest  at  4  per 
cent.  ?  jins.  2 1  years. 

What  is  the  present  value  of  an  annuity  of  '?154  for  19  years 
at  5  per  cent,  compound  interest?  ^ns.  $1861*1302. 

What  annuity,  accumulating   at   3|    per   cent,  compound 
interest,  will  amount  to  £600  in  40  years  ? 

Jns.£6  133.  lid. 

In  how  many  years  will  an  annuity  of  $8  per  annum  amount 
to  $187-315625  at  3  per  cent,  compound  interest? 

Ans.  18  years. 

14.  What  will  an  annuity  of  $74  amount  to  in  30  years  at  4  per 

cent,  compound  interest?  Jm.  $4150-142. 


11 


12. 


13 


QUESTIONS  TO  BE  ANSWERED  BY  THE  PUPIL. 

Note.— The  numbers  after  the  questions  refer  to  the  numbered  articles 
of  the  section. 

1.  When  are  quantities  said  to  be  in  arithmetical  progression  P  (1) 

2.  What  are  tlio  extremes  P    What  tlio  means  ?  (2) 

3.  What  live  quantities  are  to  be  considered  in  arithmetical  progression  P  (8) 

4.  How  are  these  related  to  each  other  ?  (3) 

5.  How  many  cases  arise  from  those  combinations  P  (3) 


j-i'.. 


"i.-jT'^^f* 


i:SBCr.Xl,       ■;     AET.60.J 
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154  for  19  years 
^ns.  $1861-1302. 
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iterest? 
^ins.  18  years. 
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PUPIL. 

mbered  articles 
sion  P  (1) 
progression  P  (8) 


6. 
7. 
8. 
9. 

10. 
11. 

12. 
13. 

14. 

16. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
26. 
26. 
27. 
28. 
29. 
30. 
31. 


Q  > 


Deduce  the  fundamental  formulas  for  arithmetical  pro^ressiou.  (4—7) 

When  are  quantities  said  to  be  in  geometrical  progression  P  (16) 

What  five  quantities  are  to  be  considered  in  geometrical  progression  ?  (16) 

How  are  these  related  and  how  many  cases  arise  from  their  combi- 
nations P  (16) 

Deduce  the  fundamental  formulas  for  geometrical  progression.  (17—19) 

What  rule  do  you  use  when  finding  the  sum  of  any  infinite  series  when 
the  ratio  is  less  than  1 P  (25) 

Prove  this  rule.  (25) 

How  do  we  insert  any  number  of  arithmetical  means  between  two 
given  extremes  P  (26) 

How  do  we  insert  any  number  of  geometrical  means  between  two 
eitremes  ?  (26) 

What  is  position  P  (27) 

Into  what  rules  is  position  divided  P  (28) 

When  is  a  single  position  used  P  (29) 

What  class  of  questions  require  the  use  of  double  position  ?  (30) 

Give  and  prove  the  common  rule  for  single  position.  (32) 

Give  and  prove  the  common  rule  for  double  position.  (34) 

Deduce  algebraically  a  complete  set  of  rules  for  compound  interest.  (36) 

What  is  an  annuity  ?  (41) 

When  is  an  annuity  salt'  to  be  in  possession?  (42) 

What  is  a  deferred  annuity  or  an  annuity  in  reversion  P  (43) 

What  is  a  contingent  annuifiy  ?  (45) 

What  is  a  perpetuity?  (46) 

When  is  an  annuity  said  to  be  in  arrears?  (47) 

What  is  the  amount  of  an  annuity  V  (48) 

What  is  the  present  worth  of  an  annuity  P  (49) 

Deduce  a  set  of  rules  for  computing  annuities  at  simplo  interest. 

Illustrate  the  absurdi' .;  vnd  injustice  of  computing  the  present  value  of 
annuities  at  simph  l:iterest.  (51) 

Deduce  a  set  of  rules  for  annuities  at  compound  interest.  (55) 


EXAMINATION  PKOBLEMS. 

FIRST   SERIES. 

1.  Write  down  as  one  number  seven  trillion'?  and  ninety  millions, 

and  nineteen  and  four  millioa  two  hundred  thousand 
and  six  hundredths  of  trillionths. 

2.  Deduct  19  per  cent,  from  $7580  and  divide  the  remainder 

among  A,  B,  C,  and  D  so  that  A  may  have  $111.11  more 
than  B  ;  B  $90.90  moi-e  than  0,  a)idD  one-third  as  much 
as  A,  B  and  0  together. 

3.  A  and  B  can  perform  a  piece  of  work  in  8  days,  when  the 

days  are  12  hours  long ;  A,  by  himself,  can  do  it  in  12 
days,  of  16  hours  each.  In  how  ^lany  days  of  14  hours 
long  will  B  do  it? 

4.  Reduce  £170  14s.  SJd.  to  dollars  and  cents,  and  divide  the 

result  by  -00000048. 

5.  What  is  the  1.  c.  m.  of  44, 18,  30,  77,  56  and  27? 
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In  what  time  will  any  sum  of  money  amount  to  20  times 
itself  at  5\  per  cent,  simple  interest  ? 

Diviflo  V342I63  octenary  by  C1351  nonary,  and  give  tho 
answer  in  the  duodenary  scale  true  to  two  pla'^OB  to  the 
right  of  the  separating  point. 

Multiply  43  lbs.  3  oz.  11  dwt.  11  grs.  by  1831 

I'ind  the  sum  of  the  serie.^  2-|-i-}-i-|-^,  and  ad  infinitum, 

3 

10,   rijvide    J    of  I    of  193    by    4i 


6. 


11.  Extract  the  Itth  root  of  133514163. 

12.  There  is  a  number,  consisting  of  two  places  of  figures, 

which  is  equal  to  four  times  the  sum  of  its  digits,  and  if 
18  be  added  to  it,  its  digits  will  be  inverted.  What  is 
the  number  ? 


'M 


SECOND   SERIES. 

13.  Divide  $Si>7,43  among  A,  B  and  C,  so  that  B  may  have 

$93.j:0  less  than  A,  and  $69.18  more  than  C. 

14.  If  7113.  of  wheat  contau)  as  r^jich  nutritive  matter  as  9  lbs. 

of  rye,  and  5  lbs.  of  i^vo  as  iiuich  as  8  lbs.  of  oats,  and  13 
lbs.  of  oats  as  much  ac  21  lbs.  of  b  "kwheat,  and  27  lbs. 
of  buckwheat  as  much  as  20  lbs.  of  barley,  and  24  lbs.  of 
barley  as  much  as  2G  ibs.  of  peas,  and  11  lbs.  of  peas  as 
much  as  35  lbs.  of  potatoes  ;  how  many  pounds  of  po- 
tatoes contain  as  much  nourishment  as  16  lbs.  of  wheat? 

9 


15.  Reduce '5  of  4 J  of  7^^  of 


m 


of  5  of  3  oz.  4  drs.  2  scr.  6 


grains  to  the  decimal  o^'  {\  of  -63  of  2iJ^-  of  ^\  of  6i  times 
7  Ibg.  3  oz..  Apothecaries'  Weight. 


IQ 


From  623.42793  take  93.4267192  ;  mark  distinctly  the  re- 
sulting repctend. 

17.  If  I  own  a  vessel  valued  at  $7493  and  wish  to  insure  it  at  a 
premium  of  43-  per  cent,  so  as  to  recover,  in  case  of  the 
destruction  of  the  vessel,  both  the  premium  \  i  If]  and  the 
value  of  the  vessel,  for  what  sum  must  I  insure  ? 

19,  If  18  men  in  20  weeks,  of  5  working  days  each,  working  11 
hours  a  day,  dig  1 1  cellars,  each  20  feet  long,  16  feet  wide 


■>3 


['If 


i«ECT.  XI. 

mt  to  20  times 

and  giva  tho 
3  pla«^e8  to  the 


I  infinitum. 
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and  6  feet  deep  ;  how  many  men  will  be  required  to  dig 
24  cellars,  each  22  feet  square  and  4  feet  deep,  in  36  weeks 
of  6  days  each,  working  9  hours  per  day? 

19.  A  certain  number  is  divided  by  9  and  the  quotient  multiplied 

by  lY ;  the  product  is  then  divided  by  300  and  33  is  added 
to  the  quotient;  the  result  is  next  divided  by  3,  and  from 
this  quotient  31  is  subtracted,  and  the  resulting  difference 
divided  by  12i.  Now  i  of  f  of  f  of  this  last  quotient  is 
2^V     Required  the  original  number. 

20.  What  is  the  1.  c.  m.  of  480,  768,  348,  and  1176  ? 

21.  What  is  the  G.  C.  M.  of  17598,  46090,  and  171347? 

22.  In  a  certain  adventure  A  put  in  $12000  for  4  months,  then 

adding  $8000,  he  continued  the  whole  2  months  longer ; 
B  put  in  $25000,  and  after  3  months  took  out  $10000,  and 
continued  the  rest  for  3  months  longer ;  0  put  in  $35000 
for  2  months,  then  withdrawing  \  of  his  stock,  continued 
the  remainder  4  months  longer;  they  gained  $15000: 
what  was  the  share  of  each  ? 

23.  Three  merchants  traffic  in  company,  and  their  stock  is  £400  ; 

the  money  of  A  continued  in  trade  5  months,  that  of  B 
6  months,  end  that  of  C  9  months  ;  and  they  gained 
£375,  which  they  divided  equally.  What  stock  did  each 
put  in  ? 

24.  A  fountain  has  4  pipes.  A,  B,  C,  and  D,  and  under  it  stands 

a  cistern,  which  can  be  filled  by  A  in  6,  by  B  in  8,  by  G 
in  10,  and  by  D  in  12  hours ;  the  cistern  has  4  pipes,  E, 
F,  G,  and  H ;  and  can  be  emptied  by  E  in  6,  by  P  in  5,  by 
G  in  4,  and  by  H  in  3  hours.  Suppose  the  cistern  is  full 
of  water,  and  that  8  pipes  are  all  open,  in  what  time  will 
it  be  emptied  ? 


'xm 


THIRD  SERIES. 

26.  Express  74938  and  17498679  in  Roman  Numerals. 

26.  2310  loaves  of  bread  are  divided  among  charitable  institu- 

tions in  the  following  manner :  as  often  as  the  first  receives 
4  the  second  receives  3,  and  as  often  as  the  first  receives 
6  the  third  gets  '/ ;  how  many  will  each  have? 

27.  How  much  sugar,  at  4,  5,  and  9  cents  a  pound,  must  be  mixed 

with  72  pounds  at  12  cents  a  pound,  so  that  the  mixture 
may  be  worth  8  cents  a  p<  uad  ? 

28.  What  principal  put  out  at  ititert  ^t  will  amount  tc  $4444*44 

in  4  yc  .  =:  *<-  months  4  da}8  at  4*44  per  cent? 

29.  For  what  fu-  ^vist  a  ship  valued  at  $23470  be  insured  so 
as,  in  etise  cx  i^s  destruction,  to  recover  both  the  value  of 
the  veB^;(  I  RiJ  "■  ;lie  premium  of  2^  per  cent.  ? 
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30.  What  principal  will  amount  to  $7493*47  in  8  years,  allowing 

simple  interest  at  7  per  cent? 

31.  I  send  to  my  agent  in  Manchester  $17400  and  instruct  him 

to  deduct  his  commission  at  3i  per  cent.,  and  invest  the 
balance  in  broadcloths  at  $2-95  per  yard.  When  I  receive 
the  goods  I  have  to  pay  in  addition  $134 7 "90  for  carriage, 
$l79-40  for  insurance,  $169-83  for  storage,  wharfage,  and 
harbour  dues,  and  an  ad  valorem  duty  at  2  J  per  cent,  on 
the  invoice  of  goods.  Required  how  many  yards  of  cloth 
my  agent  ships  to  me  and  what  I  gain  or  lose  per  cent,  on 
the  whole  transaction  if  I  sell  the  goods  for  $25000. 

32.  Transpose  134234  quinary  into  the   tcrnanj,  octenary,  and 

duodenary  scales,  and  prove  the  results  by  reducing  all 
four  numbers  to  the  denary  scale. 

9J 

33.  What  is  the  difference  between  •}  of  4i  of  —  of 


.  1. 
1.") 


of   I    of 


i;43  18s.lUd.,aid35ofp^of-5Gofl-7jof6itimcs$97-18. 

34.  Given  the  logarithm  of  2  =  0-801030 

3  =  0-477121 
13  =  1-113943 
Find  the  logarithms  of -jVj  19-5,  1125,  28-16,  65000,  -0005, 
152-1,  and  8-112. 

35.  Extract  the  cube  root  of  87Uc/-72  duodenary  true  to  two 

places  to  the  right  of  the  separating  point. 

36.  A  person  passed  ^  of  his  age  in  childhood,  -jJjj  of  it  in  youth, 

Y  of  it  4-  5  years  in  matrimony ;  he  had  then  a  son  whom 
he  survived  4  years,  and  who  reached  only  i  the  age  of 
his  father.    At  what  age  did  this  person  die  ? 

FOURTH  SERIES. 

37.  Divide  63  miles  3  fur.  7  per.  3  yds.  2  ft.  7  in.  by  7  fur.  23 

per.  3|  yds. 

38.  Divide  6*3  by  -000000274, 

39.  If  ^  yards  of  cloth  cost  ${},  how  much  will  0,^  yards  cost? 

40.  Find  the  interest  on  $i237-7l  at  6 J  per  cent,  for  1*67  years. 

41.  In  what  time  will  $674-30  amount  to  $1000  at8i  per  cent. 

42.  What  are  the  amount  and  Compound  Interest  of  $813-71  for 

7  years  at  4  per  cent,  half  yearly? 

43.  A  owes  B  $4300  to  be  paid  as  follows — viz :  $300  down, 

$700  at  the  end  of  4  months,  $750  at  the  end  of  7  months, 
$850  at  the  end  of  9  months,  $400  at  the  end  of  13  months, 
and  the  balance  at  the  end  of  19  months.  Required  the 
equated  time  for  the  whole  debt. 


I  ! 
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44.  Deduct  23  per  cent,  from  $4200  and  divide  the  remainder 

between  A,  B,  0,  D,  and  E,  so  that  A  may  have  $17-10 
more  than  B,  0  $19-23  less  than  B,  D  $42-11  less  than  C, 
and  E  half  as  much  as  A,  B,  0,  and  D  together. 

45.  What  principal  put  out  at  interest  at  16  per  cent,  will  amount 

to  $3786-80  in  11  years? 

46.  Find  the  value  of 

{(3f2-TV)X-46-M  of -i42857}-T-8i  times  (j+l+^—jyi,-^) 

{(•73X-12345-i-fJg)+H9^+l''T\}-^27-4922077 

47.  Add  together  312312302  and  2312132  quaternary;  multiply 

the  sum  by  twenty-three  thousand  and  eleven  times  4234 
quinary;  from  the  product  subtract  555+444-f333-f222-f 
111  senary:  divide  the  remainder  by  6542  septenary ^  and 
give  the  answer  in  the  octenary  scale. 

48.  What  is  the  square  of  -1  and  also  of  •!  ? 


49. 


,65000, -0005, 

50. 
81. 
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Required  the 

FIFTH  SERIES. 

Read  the  following  numbers : — 

1000300050006000.000  700080009 
7600290034007-000000067400209 

Find  the  I.  c.  m.  of  2,  9,  16,  27,  48,  and  81. 

In  what  time  will  any  sum  of  money  amount  to  7  times  itself 
at  6  per  cent,  per  annum  compound  interest? 

How  often  will  a  coach  wheel  turn  in  going  from  Toronto 
to  Brampton,  a  distance  of  20  miles ;  the  wheel  being  H 
ft.  10  in.  in  circumference  ? 

How  many  divisors  has  the  number  1749600  ? 

96         J  of  7 
Divide  S  of  J  by  ^-j^ 

2 
A  can  do  a  piece  of  work  in  12  days,  and  A  and  B  together 
can  do  it  in  5  days ;  in  what  time  can  B  alone  do  it  ? 

What  principal  will  amount  to  $8899-77  in  11  years  at  6  per 
cent,  half  yearly,  compound  inte-  >.t? 

Divide  the  number  10  into  three  such  parts,  that  if  the  first 
be  multiplied  by  2,  the  second  by  3,  and  the  third  by  4, 
the  three  products  will  be  equal. 

There  are  three  fishermen.  A,  B,  and  C,  who  have  each 
caught  a  certain  number  of  fish ;  when  A's  fish  and  B's 
are  put  together,  they  make  110;  when  B's  and  C's  are 
put  together  they  make  130 ;  and  when  A's  and  C's  are 
put  together  they  make  120.  If  the  fish  be  divided  equally 
among  them,  what  will  be  each  man's  share ;  and  how 
iB»Dy  fish  did  etch  of  them  catch  ? 


n 


'^•>i.^ 
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69.  What  is  the  forty-seventh  term  and  also  the  sum  of  the  first 
93  terms  of  the  series  7,  11,  15,  19,  &c.? 

60.  In  what  time  will  any  sum  of  money  amount  to  21  timcB 

itself  at  7  per  cent.,  compound  interest? 

SIXTH  SERIES. 

61.  Divide  $3700  among  three  persons,  A,  B,  and  C,  so  that  B 

may  have  $387  less  than  A  and  $196*87  more  than  C. 

62.  What  are  all  the  divisors  of  6716? 

63.  What  is  the  value  of 

{(n,V-10AO)..-(^4+J^4.^9--j)}-^(^8378^iof31) 
•6322632XJ  of  9i  -J-  Q  of  4^  of  ^^  of  86^^-5-101) 

64.  Divide  $7200  among  3  men,  4  women,  and  17  children, 

giving  each  man  twice  as  much  as  a  woman,  and  each 
woman  three  times  as  much  as  a  child.  What  is  the  share 
of  each  ? 

65.  How  many  divisors  has  the  number  25400? 

9* 

66.  What  is  ibe  difiference  between  §  of  4^  of  77  of  ^  of  £3  16s. 

19i  1 

11  Jd.  and  ^'j-  of  4}  of  -jr-  of -i»,^  of;Ji  of -85  of  ^  of  $1783  ? 

IF 

67.  Compare  together  the  ratios  7:13,9:16,  8:15  and  10:19  and 

point  out  which  is  the  greatest)  which  the  least  and  what 
the  ratio  compounded  of  those  given  ratios. 

68.  Divide  67.432  by  7.9030. 

69.  Reduce  9  per.  9  yds.  7  ft.  120  in.  to  the  decimal  of  J  of  ij  of 

f  of  35  acres  2  roods. 

70.  Add  together  17.0342,  27.00357,  08.123456,  829.6423,  986.- 

1234298,  9.876342  and  813.9864234667. 

71.  In  the  ruins  of  Persepolis  there  are  two  columns  left  stand- 

ing upright.  The  one  is  64  feet  above  the  plain  and  the 
other  50.  In  a  straight  line  between  these  stands  a 
small  statue  the  hr  id  of  which  is  97  feet  from  the  top  of 
the  higher  column  and  86  feet  from  the  ^  of  the  lower, 
the  base  of  which  is  70  feet  from  the  1  f  the  statue. 

Required  the  distance  between  the  tops  ot  the  columns. 

72.  In  a  mixture  of  spirits  and  water,  i  of  the  whole  plus  25 

gallons  was  spirits,  but  ^  of  the  whole  minus  5  gallons 
was  water.     ITow  many  gallons  were  there  of  each  ? 
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SBVENTH   SERieS. 

73.  Extract  the  square  root  of  401241.3424  in  the  quinar^      ale. 

•74.  A  father  being  asked  by  his  son  how  old  he  was,  plied, 
your  age  is  now  J  of  mine  ;  but  4  years  ago  it  was  only 
I  of  what  mine  is  now  :  what  is  the  age  of  each  ? 

75.  Divide  .7'^34'7  by  .0032. 

76.  Extract  the  11th  root  of  972947G4.372. 

77.  Find  two  numbers,  the  difference  of  which  is  30,  and  the 

relation  betvveen  them  as  7i  is  to  3i  ? 

78.  What  is  the  I.  c.  m.  of  35,  16,  18,  28,  62,  63  and  40  ? 

79.  Sum  the  series  l-f74-13-f  19+&C.,  to  101  term. 

80.  What  is  the  ratio  compounded  of  19:7,  11:56,  35:121,  11^1: 

29,  8:4J  and4|:3. 

81.  Find  two  numbers  whose  sum  and  product  arc  equal,  neither 

of  them  being  2  ? 

Note.— In  this  question  take  any  number  for  tlio  first  of  the  two,  as 
for  example  7.    Tlien  7  +  some  other  number  =  7  X  that  other  number. 
Assume  for  this  second  number  any  other,  as  3. 

Then  74-3=lO=:7X3,  gives  an  error  of  —  11. 
Assume  some  other  for  the  second  as  .5 

Then  7  +  5  =  12  =  7  X  5  gives  an  error  of  —  23 

Then  23  X  3  =  69    Tin  i  u  14       ,  1 

j^j^  v^  5  _  gj     T>  lience  second  number  =  —  =  1—. 

82.  Find  the  value  of 

({(9H4H+3I— 16M)x.54}-f-lf)x  35  times  •142857- 

{•97X-24378X  (1-A-X4^A)  }  X  (4^— 2^). 
The  hour  and  minute  hands  of  a  watch  are  together  at  12  ; 
when  will  they  be  together  again  ? 

Given  the  logarithm  of  2=0.301030 
logarithm  of  7=0.845098 
logarithm  of  11=1.041393 

Find  the  logarithms  of  3850000,  3181.81,  .0000154,  y\ 

1.571428  and  93.17. 


83. 


84. 


EIOHTH   SERIES. 

85.  Find  the  difference  between  the  simple  and  compound  inter- 

est of  $700  in  3  years  at  4J  per  cent,  per  annum. 

86.  X,  y,  and  Z,  form  a  company.  X's  stock  is  in  trade  3 
months,  and  he  claims  -j\  of  the  gain  ;  Y's  stock  is  9 
months  in  trade  ;  and  Z  advanced  $3024  for  4  months, 


and  claims  half  the  profit, 
tribute  ? 


How  much  did  X  and  Y  con- 
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87.  There  is  a  fraction  wtiich  multiplied  by  the  cube  of  li  and 

divided  by  the  square  root  of  1^,  produces  §,  find  it. 

88.  Find  the  cube  root  of  80677668  i61. 

89.  How  much  sugar,  at  4d.,  6d.,  and  8d.  per  lb.  must  there  be 

in  112  lbs.  of  a  mixture  worth  7d.  per  lb. 

90.  Find  three  such  numbers  as  that  the  first  and  |  the  sum  of 

the  other  two,  the  second  and  i  the  sum  of  the  other 

two,  the  third  and  i  the  sum  of  the  other  two  will  make 

34. 

I^Wb.— Assume  40  as  the  aum  of  the  three  numbers. 
Then  Ist  +  2nd  +  3rd  =  40  and  Ist  +  k  (2nd  +  3rd)  =?  34  .  ' .  *  (2nd 
-f  3rd)  =  6  and  2nd  -j-  3rd  =  If. 
2nd  +  t  (1st  +  3rd)  =  34  .  • .  |  (l8t+2nd)  =  6  and  1:  t+3rd=9. 
3rd  +  J  (Ist  -f  2nd)  =  34  ,  ' .  |  (1st  H-  2nd)  =  6  and  Ist  -f  2nd  =  8 
Then  adding  these  together,  twice  (1st  +  2nd  -f  3rd)  =  29.    ,  " .  1st  + 

2nd  +  3rd  =  14*  =  sum. 
But  should  equal  60— therefore  error  =  —  25|. 
Similarly  assume  some  other  number  and  apply  the  rule  and  the  true 
sum,  68  will  be  fou  nd,  from  which  the  numbers  may  be  easily  obtained. 

91.  Insert  4  arithmetical  means  between  1  and  40. 

92.  The  sum  of  all  the  terms  of  a  geometrical  progression  is 

1860040,  the  last  term  is  1240029,  and  the  ratio  is  3. 
What  is  the  first  term  7 

93.  If  6  apples  and  7  pears  cost  33  pence,  and  10  apples  and  8 

pears  44  pence,  what  is  the  price  of  one  apple  and  one 
pear  ? 

28^ 

94.  Multiply  J  of  |  of  f  of  -~-  by  |  of  ^  of  J. 

95.  From  a  sum  of  money,  $50  more  than  the  half  of  it  is  first 

taken  away  ;  from  the  remainder,  $30  more  than  its  fifth 
part ;  and  again,  from  the  second  remainder,  $20  more 
than  its  fourth  part.  At  last  there  remained  only  $10. 
What  was  the  original  sum  ? 

96.  A  gentleman  hires  a  servant,  and  promises  him,  for  the  first 

year,  only  $60  in  wages,  but  for  each  following  year  $4 
more  than  the  preceding.  How  much  will  the  servant 
receive  for  the  17th  year  of  his  engagement,  and  how 
much  for  all  17  years  together? 

NINTH  SERIES. 

97.  Write  down  as  one  number  eleven  trillion  and  eleven ;  and 

eleven  tenths  of  billionths. 

98.  Reduce  £749  16s.  6}d  sterling  to  dollars  and  cents. 

99.  What  i^re  the  prime  factors  of  177408  7 

100.  At  what  rate  percent,  per  annum  will  $704  amount  td 

$11111.11  in  11  years  at  compound  intf?t»t  7 
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104. 


105 


101.  How  many  scholars  are  there  in  a  school  to  which  if  9  be 

added  the  number  will  be  augmented  by  one-thirteenth. 

102.  Three  different  kinds  of  wine  were  mixed  together  in  such  a 

way  that  for  every  3  gallons  of  one  kind  there  were  4  of 
another,  and  7  of  a  third :  what  quantity  of  each  kind 
was  there  in  a  mixture  of  292  gallons  ? 

103.  Divide  JC500  among  four  persons,  so  that  when  A  has  jGJ, 

15  shall  have  J,  0  i,  and  D  -^ 

What  is  the  present  worth  of  an  annuity  of  $40  to  continue 
5  years,  at  5  per  cent,  compound  interest  ? 

Twenty-five  workmen  have  agreed  to  labor  12  hours  a  day 
for  24  days,  to  pay  an  advance  made  to  them  of  $900  ; 
but  having  lost  each  an  hour  per  day,  five  of  them  engage 
to  fulfil  the  agreement  by  working  12  days  :  how  manj' 
hours  per  day  must  these  labor  ? 

lOG.  A  man  has  several  sons,  whose  ages  are  in  arithmetical 
progression  ;  the  age  of  the  youngest  is  5  years,  the 
common  difference  of  their  ages  is  6  years,  and  the  sum 
of  all  their  ages  is  161.    What  is  the  age  of  the  eldest? 

107.  If  a  man  dig  a  small  square  cellar,  which  will  measure  6 
feet  each  way,  in  one  day,  how  long  will  it  take  him  to 
dig  a  similar  one  that  shall  measure  10  feet  each  waj  ? 

A  servant  agreed  to  live  with  his  master  for  £8  a  yean 
and  a  suit  of  clothes.  But  being  turned  out  at  the  end  of 
7  months,  he  received  only  £2  13s.  4d.  and  the  suit  of 
clothes  :  what  was  its  value  ? 


108 


TENTH    SERIBS. 

109.  What  number  is  that  of  which  i,  J,  and  i  added  cOgt,t>er, 

will  make  48  ? 

110.  If  an  ox,  whose  girth  is  6  feet,  weighs  600  lbs.,  what  is  the 

weight  of  an  ox  whose  girth  is  8  feet  ? 

111.  Four  women  own  a  ball  of  butter,  5  inches  in  diameter.   It 

is  agreed  that  each  shall  take  her  share  separately  from 
the  surface  of  the  ball.  How  many  inches  of  its  diameter 
shall  each  take  ? 

112.  Divide  71213.42  by  12.342  in  the  nonary  scale  and  extract 

the  square  root  of  the  quotient  true  to  three  places  to  the 
right  of  the  separating  point.  "       * 

113.  Five  merchants  were  in  partnership  for  four  years;  the 


first  put  in  $60,  then,  5  months  after,  $800,  and  at  length 
$1500,  4  months  before  the  end  of  the  partnership  ;  the 
second  put  in  at  first  $600,  and  6  months  after  $1800  ; 
the  third:  put  in  $400,  and  ,«very  six  months  after  he 
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added  $500  ;  the  fourth  did  not  contribute  till  8  months 
after  the  commencement  of  the  partnership  ;  he  then  put 
in  $900,  and  repeated  this  sum  every  6  months  ;  the  fifth 
put  in  no  capital,  but  kept  the  accounts,  for  which  the 
others  agreed  to  pay  him  $1.25  a  day.  What  is  each 
one's  share  of  the  gain,  which  was  $20000  ? 

114.  In  what  time  will  any  sum  of  money  amount  to  16  times 

Itself  at  5  per  cent,  per  annum.  1st,  at  simple  interest. 

2nd,  at  compound  interest? 

115.  Three  persons  purchased  a  house  for  $9202  ;  the  first  gave 

a  certain  sum  ;  the  second  three  times  as  much ;  and  the 
third  one  and  a  half  times  as  much  as  the  two  others 
together  :  what  did  each  pay  ? 

116.  A  piece  of  land  of  165  acres  was  cleared  by  two  companies 

of  workmen  :  the  first  numbered  25  men  and  the  second 
22  ;  how  many  acres  did  each  company  clear,  and  what 
did  the  clearing  cost  per  acre,  knowing  that  the  first 
company  received  $86  more  than  the  second  ? 

117.  The  greatest  of  two  numbers  is  15  and  the  sum  of  their 

squares  is  346  :  what  are  the  two  numbers  ? 

118.  To  what  sum  will  $1200  amount  in  10  years  at  9J  per 

cent. 

119.  If  496  men,  in  5 J  days  of  11  hours  each,  dig  a  trench  of  7 

degrees  of  hardness  465  feet  long,  3§  wide,  2^  deep,  in 
how  many  days  of  9  hours  long  will  24  men  dig  a  trench 
of  4  degrees  of  hardness  337J  feet  long,  6f  wide,  and  3J 
deep  ? 

120.  Four  men,  A,  B,  C,  and  D,  took  a  prize  of  $6213,  which 

they  are  to  divide  in  proportion  to  the  following  frac- 
tions: if  possible,  A,  B,  and  C  are  to  have  ^  ;  B,  0,  and 
D,  II]  A,  C,  and  D,  ffj;  and  A,  B,  and  D,  i  of  the 
prize. '  What  does  each  receive  ? 


ELEVENTH   SEBIBa. 
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to 


Reduce  -7,  -83,  '727,  '91325  and  8'67l347  to  their  equiva 

lent  vulgar  fractions. 
Reduce  7l3§^i-  undenary,  and   121231^!?^^,?^  quaternary 

equivalent  expressions  in  the  denary  scale. 

123.  Add  together  3f  of  2}  of  7H  of  a  £,  9^  of  3f  of  a  shilling, 

and  8|  of  4^  of  a  penny,  and  divide  the  sum  by  \l  of  f^ 
of|  of3Jd. 

124.  If  24  pioneers,  in  2^  days  of  12  J  hours  long,  can  dig  a  trench 

139.75  yds.  long,  4J  yds.  wide,  and  2J  yds.  deep,  what 
length  of  trench  will  90  pioneers  dig  in  4^^  days  of  9| 
hours  long,  th©  trench  being  4|  yds.  wide  and  3|r  yd». 
deep?  "   ■' 
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125.  A  person,  by  disposing  of  goods  for  $182,  loses  at  the  rat« 

of  9  per  cent. ;  what  ought  they  to  have  been  sold  for  to 
realize  a  profit  of  7  per  cent.  ? 

126.  In  what  time  will  any  sum  of  money  amount  to  llj  times 

itself  at  6  per  cent,  per  annum. 

1»*  At  simple  interest  ? 
2°*  At  compound  interest  ? 

127.  It  is  desired  to  cut  off  an  acre  of  land  from  a  field  15}  per- 

ches in  breadth  ;  what  length  must  be  taken  ? 

128.  Express  a  degree  (69-/2^  miles)  in  metres,  when  32  metres 

are  equal  to  35  yds. 

129.  Find  7  geometrical  means  between  3  and  19683. 

130.  Sum  the  infinite  series  74-li4-7V>  *c. 

131.  Pour  men  bought  a  grindstone  of  ^0  inches  diameter.     Now 

how  much  of  the  diameter  must  be  ground  off  by  each 
man,  one  grinding  his  part  first,  then  another,  and  so  on, 
that  each  may  have  an  equal  share  of  the  stone,  no  allow- 
ance being  made  for  the  axle  ? 

132.  Divide  100  guineas  into  an  equal  number  of  guineas,  half- 

guineas,  crowns,  half-crowns,  shillings,  and  sixpences 
and  reduce  the  remainder  to  a  fraction  of  a  pound. 


TWELFTH   SKRIRS. 

133.  The  owner  of  ^V  of  a  ship  sold  -^^  of  I  of  his  share  for  $12^^ ; 

2i 
what  would  77  of  f  cost  at  the  same  rate  ? 

134.  At  what  rate  per  cent,  per  annum  will  $700.90  amount  to 

$1679.40  in  5  years — compound  interest  being  allowed  ? 

135.  A  person  paid  a  tax  of  10  per  cent,  on  his  income  ;  what 

must  his  income  have  been,  when,  after  he  had  paid  the 
tax,  there  was $1250  remaining? 

136.  The  sum  of  £3  133.  6d.  is  to  be  divided  among  21  men,  21 

women,  and  21  children,  so  that  a  woman  may  have  as 
much  as  two  children,  and  a  man  as  much  as  a  woman 
and  a  child :  what  will  each  man,  woman  and  child 
receive  ? 

137.  Distribute  $200  among  A,  B,  C  and  D,  so  that  B  may 

receive  as  much  as  A  ;  C  as  much  as  A  and  B  together, 
and  D  as  much  as  A,  B  and  C,  together. 

138.  Find  the  difference  between  V  |  and  -^  |. 

139.  Reduce  ^^r,  17^+^^+144^,  2if— H,  i  of  f  X  A  of  ii 

of  fl,  and  6347-J-2J,  to  their  simplest  forms. 

140.  Find  th»  cube  root  of  884736,  and  the  fourth  root  of  95951 
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141.  A  general  levied  a  contribution  of  $520  on  four  villages, 

containing  250,  300,  400  and  500  inhabitants  respective- 
ly ;  wiiat  must  they  eacli  pay  ? 

142.  A  person  had  a  salary  of  $520  a  year,  and  let  it  remain 

unpaid  for  1*7  years.  How  much  had  he  to  receive  at  the 
end  of  that  time,  allowing  6  per  cent,  per  annrm  com- 
pound interest,  payable  half-yearly  ? 

143.  Insert  four  arithmetical  means  between  2  and  79  ;  also  find 

the  9th  term  and  the  sum  of  the  first  207  term  of  the 
series  3,  7,  11,  15,  &c. 

A,  B,  and  C,  start  at  the  same  time,  from  the  same  point, 
and  in  the  same  direction,  round  an  island  73  miles  in 
circiunference ;  A  goes  at  the  rate  of  6,  B  at  the  rate  of 
10,  and  0  at  the  rate  of  IG  miles  per  day.  In  what  time 
will  they  be  all  together  again  ? 


144. 


ARITHMETICAL  RECREATIONS. 

1.  If  the  third  of  6  be  3  what  must  tho  fourth  of  20  be  ? 

2.  If  the  half  of  5  be  7  what  part  of  9  will  be  11 P 

3.  Place  four  nines  so  that  theii"  sum  shall  be  100. 

4.  What  part  of  three  pence  is  the  third  of  two  pence. 

5.  If  a  herring  and  a  half  cost  lid.  how  much  will  eleven  herrings  cost  P 

6.  If  12  apples  are  worth  21  pears  and  3  pears  cost  a  cent,  what  will  be  the 

price  of  100  apples  P 

7.  Fidd  a  number  such  that  5  shall  be  three-sevenths  of  it  ? 

8.  A  hundred  hurdles  are  so  placed  as  to  inclose  £00  sheep,  and  with  twO 

hurdles  more  the  field  may  be  made  to  hold  400 ;  how  is  this  to  be 
done. 

9.  A  gentleman  who  owned  four  hundred  acres  of  land 

in  the  form  of  a  square,  desired  to  keep  100  acres, 
also  in  the  form  of  a  square  in  one  corner,  and 
divide  the  remainder  abed  ef,  equally  among  his 
four  sonrj,  so  that  each  son,  sliould  have  his  lot  of 
the  same  shape  as  his  brothers.  How  may  this  be 
done  ? 


a 


d 


V  f 

jO.  Place  four  threes  so  as  to  make  34. 

11.  Write  down  13  in  such  a  way  that  rubbing  half  of  it  out  8  shall  remain 

12.  Two  thirsty  persons  cast  away  on  a  desert  island,  find  an  8-gallon  cask 

of  water.  They  wish  to  divide  it  equally  between  them  but  have  no 
other  measures  than  the  eight  gallon-cask,  a  five-gallon  cask  and  a 
three-gallon  cask.    How  can  they  divide  it  P 

13.  How  must  a  board  16  inches  long  and  9  inches  wide  be  cut  into  tw^ 

such  parts,  that  when  they  are  joined  together  they  may  form  * 
square  ? 

14.  Place  tho  9  digits  in  tho  accompanying  figure,  cue  digit  to 

each  cell,  in  such  a  way  that  when  added  vertically, 
horizontally  or  diacimally,  the  sum  shall  always  be  the 
same. 
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li,  Throo  pofsons  bought  a  quantity  of  sui^ar  weighin;;  51  Iba.,  and  wish  to 
part  it  equally  between  thorn.  Thoy  Iiavo  no  weights  but  1  lbs.  weight 
and  a  7  loa.  weight.    How  can  thoy  divide  it  ? 

10.  Suppose  20  hurdles  can  be  placed  in  a  rectangular  form  so  as  to  inclose 
40  aquare  yards  of  ground ;  liow  can  they  be  placed  when  two  of  them 
arc  taken  away,  so  as  to  inclose  120  square  yards  ? 

17<  A  person  has  a  fox,  a  goose  and  a  peck  of  oats  to  carr^*  over  a  river,  but 
on  account  of  the  smallncss  of  the  boat  ho  can  only  carry  over  one 
at  a  time.  How  can  this  be  done  so  as  not  to  leave  the  fox  with  the 
goose,  nor  the  goose  with  the  oats  ? 

18.  A  certain  convent  consisted  of  nine  cells,  of  which  the  centre  one  was 
occupied  by  a  blind  abbess  and  the  rest  by  her  nuns.  The  good 
abbess,  to  assure  herself  that  all  were  in,  visited  all  the  cells,  and 
finding  3  nuns  in  each  which  made  9  in  each  row,  retired  to  rest.  Four 
nuns  however  went  out,  and  the  abbess  returning  to  count  them,  still 
found  nine  in  each  row,  and  therefore  retired  as  before.  The  four  nuns 
then  came  back,  bringing  each  another  woman  with  her,  and  the 
abbess  upon  paying  them  another  v<8it,  counted  them  as  before,  and 
entertained  no  suspicion  of  what  hafi  taken  place.  After  this  four  more 
strange  women  were  introduced,  and  the  abbess  still  found  thenumber 
apparently  the  same,  i.  e.,  nine  in  each  row.  Again  four  more  were 
introduced,  making  the  number  of  strange  women  twelve,  and  still 
the  abbess  was  satisfied.  Finally  the  twelve  strange  women  went 
away,  taking  with  them  six  of  the  nuns,  and  the  abbess  again 
counting  them,  retired  in  the  full  persuasion  that  no  one  had  gone 
out  or  come  in.    How  was  all  this  possible  ? 

10.  Three  jealous  husbands  and  their  wives  having  to  cross  a  river,  find  a 
boat  without  '*.s  owner,  which  can  only  carry  two  persons  at  a  time ; 
inwhatmann  ^  then,  can  these  six  persons  transport  themselves 
over  by  pairs,  so  that  none  of  the  women  shall  be  left  in  company 
with  way  of  the  men  except  when  her  husband  is  present  ? 


80.  Place  the  first  25  numbers  1,  2,  3,  4,  6,  &c.  in  the  cells  of 
the  accompanying  figure,  so  that  the  columns  added 
in  any  order,  f.  e.,  upwards,  horizontally  or  diagonally, 
may  amount  to  the  same  sum. 

11.  What  is  the  difference  between  h^lf-a-dozen  dozen  and  six  dozen 
dozen? 

tS.  If  a  cross  be  made  of  13  counters  as  in  the  mar^n,  nine 
may  be  reckoned  in  three  ways.i.  e.,by  counting  from 
the  bottom  up  to  the  top  of  the  perpendicular  line ; 
flrom  the  bottom  up  to  the  cross  and  then  to  the  right ; 
or  ftrom  the  bottom  up  to  the  cross  and  then  to  the 
left.  Now  take  away  two  of  the  counters  and  with 
the  others  form  a  cross  which  shall  possess  the  same 
property  of  counting  nine  when  thus  reckoned. 

IS.  Seven  out  of  21  bottles  being  full  of  wine,  7  half  full  and  7  empty- 
it  is  required  to  distribute  them  among  3  persons,  so  that  each  may 
have  the  same  quantity  of  wine  and  the  same  number  of  bottles. 

24.  Two  travellers,  one  of  whom  had  with  him  6  bottles  of  wine  and  the 
other  8,  were  joined  by  a  third  person,  who,  after  the  wine  was  drunk, 
left  8  shillings  for  his  just  share  of  it ;  how  is  this  to  be  divided  be- 
tween the  other  two  ? 

M,  A  person  having  by  accident  broken  a  basket  of  eggs,  offered  to  pay  for 
ihem  on  the  spot  if  the  owner  could  tell  how  many  he  had ;  to  which 
he  replied  that  he  only  knew  there  were  between  50  and  100,  and  that 
when  he  counted  them  by  2's  and  3's  at  a  time  none  remained ;  but 
when  he  cour^ted  them  by  6  at  a  time,  there  were  3  remaining ;  how 
manye^gshadhe? 


0 
0 
ooOoo 
0 
0 
0 
0 
0 
0 
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20.  It  is  required  to  find  4  Buch  weights  that  they  weigh  any  number  of 
pounas  from  1  to  40. 

27.  In  the  accompahying  figure  it  is 

required  to  fill  seven  out  of  the 
eight  points  with  counters  in 
the  following  manner,  i.  e.,  the 
counter  has  to  start  from  an 
unoccupied  point,  pass  along 
the  line  and  be  deposited  at 
the  other  extremity.  Thus,  in 
commencing,  the  counter  may 
atart  from  any  point,  since  all 
are  unoccupied,  starting  from 

I  the  counter  may  be  carried 
either  to  6  or  to  4  and  there 
deposited,  suppose  it  b«  depo. 
sited  at  6,  then  the  next  counter 
may  start  from  any  point  ex- 
cept 6  and  so  on. 

28.  A  brazen  lion,  placed  in  the  middle  of  a  reservoir,  throws  out  water 

from  its  mouth,  its  eyes  and  its  right  foot.  When  the  water  flows 
from  its  mouth  alone,  it  illls  the  reservoir  in  6  hours ;  from  the  right 
eye  it  Alls  it  in  2  days ;  from  the  left  eye  in  3  days,  and  from  the  foot 
in  4  days.  In  what  time  will  the  bason  be  filled  by  the  waterflowing 
from  all  these  apertures  at  once  ? 

29.  Desire  a  person  to  think  of  any  three  numbers,  each  less  than  10,  and 

then  tell  him  the  numbers  thought  of. 

80.  Three  men,  Jones,  Brown,  and  Smith,  with  their  sons  Harry,  Tom  and 
Ned,  had  each  a  piece  of  land  in  the  form  of  a  square.  Jones'  piece 
was  23  rods  longer  on  each  side  than  Tom's,  and  Brown's  piece  was 

II  rods  longer  on  each  side  than  Harry's.  Each  man  possessed  63 
square  rods  of  land  more  than  his  son.  Wluch  of  the  persons  were 
father  and  son  respectively. 

SI.  A  sea-captain,  on  a  voyage,  had  a  crew  of  30  men,  half  of  whom  were 
blacks.  Being  becalmed  on  the  passage  for  a  long  time,  their  pro- 
visions began  to  fail,  and  the  captain  became  satisfied  that,  unless 
the  number  of  men  were  greatly  diminished,  all  would  perish  of 
hunger  before  they  could  reach  any  friendly  port.  He  therefore  pro- 
posed to  the  sailors  that  they  should  stand  in  a  row  on  deck,  and 
that  every  ninth  man  should  be  thrown  over-board,  until  one-half  of 
the  crew  were  thus  destroyed.  To  this  they  all  agreed.  How  should 
they  stand  so  as  to  save  the  whites  ? 

82.  Direct  a  person  to  multiply  together  two  numbers,  one  of  which  you 
select,  and,  unseen  by  you,  to  rub  out  one  of  the  digits  of  the  pro- 
duct—it is  required  to  tell,  upon  his  reading  the  remaining  digits  of 
the  product,  what  figiire  was  rubbed  out. 

88.  It  is  required  to  write  down  beforehand  the  answer  to  a  question  in 
addition  of  a  given  number  of  lines,  you  writing  the  second,  fourth, 
sixth,  &c.,  addends,  and  some  other  person  the  intermediate  ones. 


MATHEMATICAL  TABLES. 


LOOABITHMS    OP   NUMBERS    FROM   1   TO   10,000,  WITH 
DIFFERENCES  AND   PROPORTIONAL  PARTS. 


tva  cutwater 

water  flows 

om  the  right 

from  the  root 

nrater  flowing 


Numbers  from  1  to  100. 

No. 

liOg. 

No. 

liOg. 

No. 

Log. 

No. 

liOtf. 

No. 

Los. 

1 

0000000 

21 

1-322219 

41 

1-612784 

61 

1-785330 

81 

1-908485 

% 

0-901030 

22 

1-342423 

42 

1-623249 

62 

1-792392 

82 

1-913814 

3 

0-477121 

23 

1-361728 

43 

1-633468 

63 

1-799341 

83 

1-919078 

i 

0-602060 

24 

1-380211 

44 

1-643453 

64 

1-806180 

84 

1-924279 

ft 
« 

0-698970 

25 
26 

1-397940 

45 
46 

1-653213 

65 
66 

1-812913 

85 

86 

1-929419 

0-7781»l 

1-414973 

1-662768 

1-819544 

1-934498 

V 

0-845098 

27 

1-431364 

47 

1-672098 

67 

1-826075 

87 

1-939519 

8 

0-903090 

28 

1-447158 

48 

1-681241 

68 

1-832509 

88 

1-944483 

9 

0-954243 

29 

1-462398 

49 

1-690196 

69 

1-838849 

89 

1-949390 

10 
11 

1-000000 

30 

1-477121 

60 
51 

1-698970 

70 
71 

1-845098 

90 
91 

1-954243 

1-041393 

31 

1-491362 

1-707570 

1-861258 

1-959041 

12 

1-079181 

32 

1-505160 

62 

1-716003 

72 

1-857332 

92 

1-963788 

IS 

1113943 

33 

1-518514 

53 

1-724276 

73 

1-863323 

93 

1-968483 

14 

1-146128 

34 

1-531479 

64 

1-732394 

74 

1-869232 

94 

1-973128 

15 
16 

1-176091 

35 
36 

1-544068 

55 
66 

1-740363 

75 
76 

1-876061 

95 
96 

1-977724 

1-204120 

1-556303 

1-748188 

1-880814 

1-982271 

17 

1-230449 

37 

1-568202 

67 

1-755875 

77 

1-886491 

97 

1-986772 

18 

1-255273 

38 

1-679784 

58 

1-763428 

78 

1-892095 

98 

1-991226 

19 

1-278754 

39 

1-591065 

69 

1-770852 

79 

1-897627 

99 

1-995635 

20 

1-301030 

40 

1-602060 

60 

1-778161 

80 

1-903090 

100 

2-000000 

S81 


i 

A 
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0  1 

1 

1 

1 

1          1 

:<   1   4       3      tf 

y 

8 

9 

D. 

100 

OOOIHH)  (100 m '  00O.SC8 ' 001.101 ' 001734 '  00216<i! 

002598 

003029 

003461 

003891 

432 

41 

1 

4321!  4751   5MI   5<ill9| 

(!038'  6466 

6894 

7:121 

7748 

8174 

428 

fi3 

2 

8600  i  9026   9151!  9876  OK »» HI  010724  i 

011147 

011670 

011993 

912416 

424 

124 

3 

OI2Kr7  013259, 013«)H0  0141001 

4521 

4940 

&:i60 

6779 

6197 

0616 

420 

ItiO 

4 

703;{|  7451   7868'  M284 

8700 

9116 

9632 

9947 

02a<lAl  02077SI 

418 

•m 

5 

021I8U  021003  022016  022428 

022HU 

02:1252 

023664 

024075 

4486 

4896 

412 

!U4« 

() 

5,1(16   57151  6125   65;« 

69421 

7;»o 

7767 

8164 

8671 

8978 

406 

291) 

7 

9.'{H4   97H!I  0;W195  030ti(N» 

031004  0314081 

031812 

032216 

032619 

033021 

404 

;«i 

8 

033424  0:i.V261  4227 1  4028 

6029 

64:«)i 

6830 

6230 

6629 

7028 

400 

1  373 

9 
110 

7426, 

7825 1  8223   8620 
041787  042182  012576 

9017 

9414 

9811 

040207 

040602 

040998 

3W 

041393 

042969  04:«»>2l 

043756 

044148 

044640  044932 

39S 

38 

1 

5323 

5714 

6105 1  6496 

68«5|  72751 

7664 

8063 

8442  8830 

900 

7C 

2 

9218' 

9606 

9i)93  050;«) 

050766  051 LW' 

051 5:18 

061924 

062309  062694 

S86 

113 

3 

053078 

05;«63 

053846 1  42:«) 

4613 

4996 

5378 

6760 

6142   6624 

883 

151 

4 

6905 

7286 

76t)6'  8046 

8426 

8805 

9185 

9563 

9942  060320 

379 

189 

5 

060698 

061075 

061452  06182<.t 

062206 

062582  062958 

063333 

063709   4083 

S76 

227 

6 

4458 

48:12 

6206, 

6580 

5953! 

6:126  i  6699 

7071 

7443   7816 

373 

265 

7 

8186 

av>7 

89281 

9298 

9668 

070038  070407 

070776 

071146  071614 

370 

302 

8 

071882 

072250 

072617  072985 

073362 

3718 

4085 

4461 

4816 

6182 

966 

340 

9 

6547 

6912 

6270 

6640 

7004 

7368 

7731 

8094 

8457 
082067 

8819 

903 

120 

079181 

079543 

079904 

080266 

080626 

080987 

081347 

081707 

082426 

360 

35 

1 

082785 

083144 

08;«03 

3861 

4219 

4676 

4934 

6291 

6647 

6004 

367 

70 

2 

63<i0 

6716 

7071 

7426 

7781 

8i:i6 

8490 

8846 

9198 

9662 

300 

104 

3 

9905 

090258 

090611 

090963 

091316 

091667 

092018 

092370 

092721 

093071 

362 

139 

4 

093422 

3772 

4122 

4471 

4820 

6169 

6618 

6866 

6216 

6662 

349 

174 

5 

6910 

7267 

7604 

7951 

8298 

8644 

8990 

9335 

9681 

100026 

S46 

209 

6 

100371 

100715 

101059 

101403 

101747 

102091 

102434 

102777 

103119 

3462 

943 

244 

7 

3804 

4146 

4487 

4828 

6169 

5510 

5861 

6191 

6631 

6871 

341 

278 

8 

7210 

7549 

7888 

8227 

8665 

8903 

9241 

9679 

9916 

110263 

S38 

313 

9 

110590 

11092C 

111263 

111509 

111934 

112270 

112606 
116943 

112940 

113276 

3609 

335 

130 

113943 

114277 

114611 

114944 

116278 

115611 

116276 

116608 

116940 

333 

32 

1 

7271 

7603 

7934 

8266 

8695 

8926 

9256 

9586 

9916 

120246 

330 

64 

2 

120574 

120903 

121231 

121560 

121888 

122216 

122544 

122871 

123198 

3625 

S28 

97 

3 

3852 

4178 

4504 

4830 

6156 

6481 

5806 

6131 

6456 

6781 

325 

129 

4 

7105 

7429 

7753 

8076 

8399 

8722 

9045 

9368 

9690 

130012 

323 

161 

5 

130334 

130655 

130977 

131298 

131619 

131939 

132260 

132680 

132900 

3219 

321 

193 

6 

3539 

3868 

4177 

4496 

4814 

6133 

6451 

6769 

6086 

6403 

318 

225 

7 

6721 

7037 

7354 

7671 

7987 

8303 

8618 

8934 

9249 

9664 

310 

258 

8 

9879 

140194 

140508 

140822 

141136 

141460 

141763 

142076 

142889 

142702 

914 

290 

9 

143015 

3327 

3639 
146748 

3951 

4263 

4674 

4885 

6196 

6607 

6818 

311 

140 

146128 

146438 

147068 

147367 

147676 

147985 

148294 

148603 

148911 

909 

30 

1 

9219 

9527 

9.835 

150142 

150449 

150756 

151063 

161370 

161676 

161982 

aor 

60 

2 

152288 

152594 

152900 

3205 

3510 

3815 

4120 

4424 

4728 

6032 

905 

90 

3 

6336 

5640 

6043 

6246 

6549 

6852 

7154 

7457 

7769 

8061 

303 

120 

4 

8362 

8664 

89()5 

9266 

9567 

9868 

160168 

160469 

160759 

161068 

901 

150 

5 

161368 

161667 

161967 

162266 

162564 

162863 

3161 

3460 

8768 

4005 

299 

180 

6 

4353 

4660 

4947 

5244 

6541 

5833 

6134 

6430 

6726 

7022 

2B7 

210 

7 

7317 

7613 

7908 

8203 

8497 

8792 

9086 

9380 

9674 

9968 

295 

240 

8 

170262 

170555 

170848 

171141 

171434 

171726 

172019 

172311 

172603 

172890 

293 

270 

9 

3186 

3478 

3769 

4060 

4351 
177248 

4641 

4932 

6222 

6512 

0802 

291 

160 

176091 

176381 

176670 

176959 

177536 

177825 

178113 

178401 

178689 

289 

28 

1 

8977 

9264 

9552 

9839 

180126 

180413 

180699 

120986 

181272 

181558 

287 

56 

2 

181844 

182129 

182415 

182700 

2985 

3270 

3656 

3839 

412a 

44W 

285 

84 

3 

4691 

4975 

6259 

5642 

6825 

6108 

6391 

6674 

6956 

7239 

283 

112 

4 

7521 

7803 

8084 

8366 

8647 

8928 

9209 

9m 

9771 

190001 

281 

140 

6 

190&H2 

190612 

190892 

191171 

191451 

191730 

192010 
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4-2;W824 

14 

196 

2744 

3-7416574 

2-410142 

77 

6929 

456633 

87749644 

4-2.54321 

16 

225 

a375 

3-87298;« 

2-166212 

78 

6084 

474552 

8(<.3 17609 

4'272659 

16 

250 

4096 

4-OOOOtK>0 

2'519842 

79 

6241 

493039 

8-8881944 

4-290841 

17 

289 

4913 

4-1231056 

2-571282 

80 

6400 

612000 

8-9442719 

4-.308«70 

18 

324 

6&32 

4-2426407 

2-620741 

81 

6561 

53144! 

9-0000000 

4-326749 

19 

301 

6859 

4-3588989 

2-668102 

82 

6724 

651.368 

9-0553851 

4-344481 

20 

400 

8000 

4-4721300 

2-714418 

83 

6.H89 

671787 

9-1104.336 

4-362071 

21 

441 

9261 

4-5825757 

2-7.'>8924 

84 

7056 

692704 

9-1651614 

4-.379519 

22 

484 

10648 

4-6904158 

2-802039 

85 

7225 

614125 

9-219.5445 

4-3968.'«) 

23 

629 

12167 

4-7958315 

2-843867 

86 

7396 

636050 

9-2r36185 

4-414005 

U 

676 

13824 

4-8989795 

2-884499 

87 

7669 

6.-58503 

9-3273791 

4-431047 

25 

625 

15625 

6-0000000 

2-924018 

88 

7744 

681472 

9-38l)8;il5 

4-447960 

26 

676 

17576 

6-0990195 

2-962496 

89 

7921 

704969 

9-4.3398U 

4-464745 

27 

729 

19683 

51961624 

3-000000 

90 

8100 

729000 

9'4868,-130 

4-481405 

28 

784 

21962 

6-2916020 

3036589 

91 

8281 

763571 

9-.W9a920 

4-497941 

29 

841 

"  24389 

6-3861648 

3-072317 

92 

8464 

778688 

9-6916630 

4-614857 

3U 

900 

27000 

6-4772260 

3-107232 

93 

8649 

804357 

9-6436508 

4-6.30665 

31 

961 

29791 

6-5077644 

314i:)81 

94 

8836 

830584 

9-6963597 

4-646836 

32 

1024 

32768 

6-6608542 

3-174802 

95 

9025 

857375 

9-7467943 

4'6629a3 

33 

1089 

35937 

6-7445626 

3-207634 

96 

9216 

884736 

9-79795.90 

4-678867 

34 

1150 

39304 

6-8309519 

3-239612 

97 

9409 

912673 

9-8488.578 

4-694701 

36 

1225 

42875 

6-9100798 

3-271066 

98 

9604 

941192 

9-8994949 

4-610436 

36 

1296 

46656 

6-0000000 

3-301927 

99 

9S01 

970299 

9-9498744 

4-020065 

87 

1369 

60653 

0-0827625 

3-3.32222 

100 

10000 

1000000 

10-0000000 

4-641689 

38 

1444 

64872 

61644140 

3-.361976 

101 

10201 

1030301 

10-0498766 

4-667010 

39 

1521 

69319 

6-2449980 

3-;i912ll 

102 

10404 

1061208 

100995049 

4-672329 

40 

1600 

64000 

0-3245553 

3-419952 

103 

10609 

1092727 

101488916 

4-687648 

41 

1681 

68921 

6-4a31242 

3-448217 

104 

10816 

1124864 

10-1980390 

4-702669 

42 

1764 

74088 

6-4807407 

3-476027 

105 

11025 

1157625 

10-2469508 

4-717094 

43 

1849 

79507 

6-5574385 

3-603398 

106 

11236 

1191016 

10-2956301 

4-732024 

44 

1936 

85184 

6-6,332490 

3-630348 

107 

11449 

1226043 

10-3440804 

4-747459 

46 

2025 

91125 

6-7082039 

3-566893 

108 

11664 

1259712 

10-3923048 

4-702203 

40 

2116 

97336 

67823300 

3-683048 

109 

11881 

1296029 

10-4403066 

4-776856 

47 

2209 

103823 

6-8556646 

3-608826 

110 

12100 

1331000 

10-4880885 

4-791420 

48 

2304 

110592 

6-9282032 

3-634241 

111 

12321 

1367ft31 

10-5356.VW 

4-806890 

49 

2401 

117649 

7-0000000 

3-a59306 

112 

12544 

1404928 

I0-6a30052 

4-820284 

60 

•  2600 

125000 

7-0710678 

3-684031 

113 

12769 

1442897 

10-6301458 

4-834688 

61 

2601 

132651 

7-1414284 

3-708430 

114 

12996 

1481644 

10-6770783 

4-848808 

62 

2704 

140608 

7-2111020 

3-732511 

116 

1.3225 

1520875 

10-72;}8053 

4-862944 

63 

2809 

148877 

7-2801099 

3-7.'i6286 

116 

13456 

1500896 

10-770.3296 

4-876999 

64 

2916 

157464 

7-3484692 

3-779703 

117 

1.3r)89 

1601613 

10-8166538 

4-890973 

65 

3025 

166375 

7-4161985 

3-802953 

118 

mm 

16430.32 

10-8627805 

4-904868 

66 

3136 

176616 

7•4K^3148 

3-825802 

119 

14161 

1635169 

10-9087121 

4-918686 

67 

3249 

185193 

7-6498344 

3-848601 

120 

14400 

1728000 

10-9544512 

4-932424 

68 

3364 

196112 

7-6167731 

3-870877 

121 

14641 

1771661 

110000000 

4-946088 

69 

3481 

205379 

7-6811457 

3-892996 

122 

14884 

1815848 

11-0453610 

4-959e75 

60 

3600 

216000 

7-7459607 

3-914867 

123 

15129 

1860867 

11-0905365 

4-973190 

61 

3721 

226981 

7-8102497 

3-936497 

124 

15376 

1906624 

11-1355287 

4-986631 

62 

8844 

238328 

7-8740079 

3-967892 

125 

15625 

1963125 

11-180.3399 

6-000000 

63 

3969 

250047 

7-9372539 

3-979067 

126 

15876 

2000376 

11-2249722 

6-013298 

398 
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No. 

1    ' 
Square. 

Cube. 

8q.  Root. 

Cubelloot 

No. 

Square, 

Cube. 

8q,  Boot 

CubeBoot 

127 

16129 

204S383 

ll-2ffiM277 

i  5-02M2() 

190 

.V.IOO 

6Sfl90<lo' 13-7840488 

6-748897 

128 

16384 

2097152 

ll-3i;{;(i80 

5-ii;(y(>.H» 

191 

3()48l 

6967871  13-820'2750 

6-758966 

129 

16M1 

2Mfl6,Si) 

U357M167 

5-()5-277l 

192 

;1i;H64 

7077888  13-8564tl65 

6-768998 

130 

16900 

2197(XX) 

11-4017M.I 

!imr,797 

193 

.37219 

71890.57  l3-8!»'24440 

6-778996 

131 

17101 

2248(KH 

11  41.^231 

6-()7f^".\! 

194 

37t»; 

7.'iOI."lK4  13-92Ki88.'l 

6-788960 

l;i2 

17424 

ammn 

11-4.H1H253 

,  6()'.ll04;j 

195 

;<80'25 

741 »K75| 13-9642400 

5-79H890 

133 

17089 

23526;»7 

ll-5.'t!jti2(i 

5- U)  lift) 

196 

38116 

7.')2<t.'W6  14-000(HKX) 

6-808786 

134 

17066 

240t)l04 

ll-576H.'«jy 

1  6-lI72.'Hi 

1!»7 

.'{H.><IH,I 

764537.''.!  14-o;«66.S8 

6-818272 

m 

18226 

24(i0;i75 

llOlMDflOO 

6-121Kn;s 

198 

.•l!)204 

7762392 

14-0712473 

5-828648 

m 

18496 

261.'ii56 

1 1-6019038 

5-142.')o;i 

199 

390U1 

788(\'J99 

14-1067:160 

6-8.38476 

137 

18769 

2571353 

11-70»«99S» 

6155137 

200 

40(N)0 

800(H)00 

14-1421366 

6-848035 

13H 

19044 

2628072 

11 -7473 14  J 

5- 1070 19 

201 

40401 

8120601 

14-1774469 

6-867766 

139 

19321 

2686619 

1178!l.H2t)l 

5-lHOlOl 

■202 

40804 

8242408 

14-2126704 

6-867464 

IJO 

19<)00 

2744000 

118321596 

6-lil24yi 

■203 

41209 

^16.5427 

14-2478068 

6-877130 

Ul 

19881 

280;i22l 

1187»;i»21 

5-204.H2,>< 

201 

41016 

84896(i4 

14-2828.''>69 

6-886765 

142 

201&1 

28632.H8 

IIOKW.W 

5-21710;t 

205 

42025 

8615125 

14-3178211 

6-H96368 

143 

a044<) 

2924207 

11 -9582(^)7 

5-2-29321 

20f; 

42i;w 

8741816 

14-3.527001 

6-905941 

144 

20736 

298.VJ84 

12-0000000 

6-24l4S;{ 

207 

42H49 

8809743 

14-;i874946 

6-916483 

XiR 

21026 

3048625 

12-0415940 

6-253588 

208 

4;{264 

8998912 

14^4222061 

6-924993 

146 

21316 

3112136 

l2-08.'«)4<i(l 

6-265637 

209 

43681 

9123329 

14-4568323 

6-934473 

147 

21609 

3l7t»2;i 

12-12^57 

6-2770;i2 

210 

44100 

9261000 

14-4913767 

6-943921 

148 

21904 

32417!*2 

12-ltW5251 

5-2K9572 

211 

44521 

939.3931 

14-52583.90 

6-953341 

149 

22201 

3307949 

12-20(J,'i.V)t) 

5-301459 

212 

44944 

9528128 

14-5602198 

6-962731 

Iflfl 

22500 

3376000 

12-2471487 

5-313293 

213 

45.369 

966,3597 

14-5945196 

6-972091 

151 

22801 

3442951 

12-2,S,S20.5(i 

.  5-;{2.W4 

214 

45796 

9800344 

14-0287388 

6-981426 

152 

23104 

3511808 

12-328«28() 

5,T«)803 

216 

46225 

993KJ75 

14-(i()28783 

6-990727 

153 

23409 

3581577 

12-31)93109 

5-348481 

216 

4665<> 

lOOTTOOO 

14-6969.385 

6-000000 

154 

23716 

3652264 

12-40!)6736 

6-360108 

217 

47089 

10218313 

14-7309199 

6-009244 

165 

24026 

3723875 

12-4498996 

6-371685 

218 

47524 

10360232 

14-7648231 

6-018463 

156 

24336 

3796416 

12-4899960 

6-383213 

219 

47961 

10503459 

14-7986486 

6-027650 

157 

24649 

3869893 

12-6299641 

6-394091 

220 

48400 

10648000 

14-8323970 

6-036811 

168 

24964 

3944312 

12-6698051 

6.406120 

221 

48841 

10793861 

14-8660687 

6-046943 

169 

26281 

4019679 

12-6095202 

6-41T601 

222 

49284 

10941048 

14-8996644 

6-066048 

I6U 

26600 

4096000 

12-6491106 

6-428836 

223 

49729 

110.89567 

14-9331846 

6-064126 

161 

26921 

4173281 

l2-6,S8.'i775 

6-440122 

224 

60176 

11239424 

14-9666295 

6-073178 

162 

26244 

4261528 

12-7279221 

5-4')1362 

225 

60625 

11390625 

15-0000000 

6-082201 

163 

26569 

4330747 

12-7671453 

5-402556 

226 

61076 

11643176 

15-03.32964 

6-091199 

164 

26896 

4410944 

12-8062485 

6-473704 

227 

51529 

11697083 

15-0666192 

6-100170 

165 

27226 

4492125 

12-8452326 

5-484806 

228 

61984 

11862,'»2 

16-0996689 

6109115 

166 

27666 

4674296 

12-8840987 

6-495865 

229 

62441 

12008989 

16-1327460 

6US(m 

167 

27889 

4667463 

12-9228480 

6-506879 

230 

62900 

12167000 

16-1657609 

6-126926 

168 

28224 

4741632 

12-9614814 

6-517848 

231 

63361 

12326391 

16-1986842 

6-136792 

169 

28561 

4S26809 

13-0000000 

6-528775 

2.32 

53824 

12487168 

16-2315462 

6-144634 

170 

28900 

4913000 

13-0384048 

6-539668 

2.33 

64289 

12649337 

16-264*376 

6-163449 

171 

29241 

6000211 

13-0766968 

5-650499 

234 

64756 

12812904 

16-2970586 

6162239 

172 

29684 

6088448 

13-1148770 

5-561298 

236 

65225 

12977876 

16-3297b97 

6171005 

173 

29929 

6177717 

13-1529464 

6-672055 

236 

65696 

13144266 

16-3622916 

6-179747 

174 

30276 

6268024 

13-1909060 

6-582770 

237 

66169 

13312063 

16-3948043 

6188463 

175 

80625 

6359376 

13-2287566 

6-593445 

238 

66644 

13481272 

16-4272486 

6-197164 

176 

801*76 

6461776 

13-2604992 

6-604079 

239 

67121 

13651919 

15-4696248 

6-206821 

177 

31329 

6.545233 

13-3041347 

6-614678 

240 

57600 

13824000 

16-4919334 

6-214464 

178 

31684 

6639762 

13-3410011 

6-625226 

241 

68081 

13997521 

16-5241747 

6-223084 

179 

32041 

6735339 

13-,37908.S2 

6-635741 

242 

68564 

14172488 

16-5663492 

6-231679 

180 

32400 

6832000 

13-4104079 

5-646216 

243 

69049 

14348907 

16-5884673 

6-240261 

181 

S2761 

6929741 

13-4536240 

5-656651 

244 

695,'16 

14626789 

16-6204994 

6-248800 

182 

33124 

6028668 

13-4907376 

60C7061 

246 

60025 

14706125 

16-6524768 

6-267324 

183 

33489 

6128487 

13-5277493 

5-677411 

246 

60516 

14886936 

16-6843871 

6-266826 

184 

83S56 

6229604 

13-6646600 

5-687734 

247 

61009 

16069223 

16-7162336 

6-274306 

l&S 

34225 

6331625 

13-6014705 

6-698019 

248 

61iW4 

15252992 

15-7480167 

6-282760 

186 

34596 

6434856 

13-6.=181817 

6-708267 

249 

6^2001 

16438249 

16-7797338 

6-291194 

187 

34969 

6539203 

13-6747943 

6-718479 

250 

62500 

16626000 

15-8113883 

6-299604 

188 

S.'W44 

6644672 

13-7113092 

6-728664 

251 

63001 

16813261 

16-8429796 

6-307993 

189 

36721 

6761269 

13-7477271 

8-7387W 

262 

6350-1 

16003008 

15-8746079 

6-316369 
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CubsBoot 


Ko. 

8<)a*r«. 

OubA.   Bq.  Iluot. 

CubfRoot 

Ifo. 

Square. 

Cub*. 

Hq.  Knot, 

Cub«lloo< 

va 

64009 

161942771 16-9()697.T7 

6-324704 

316 

99866 

31.5.5U96  I7'776.18Ha 

6-811384 

3M 

64516 

16387064  ll5-937:»775 

6-.n302rt 

317 

100489 

31H.5.5013  17-80449;W 

68 18463 

2M 

65025 

1653i;i75  151>(ifl7l94 

rt'.3»l.'<2t) 

318 

101121 

321.574.32  17K.32.5VI5 

6-82.5624 

3M 

05.U6 

16777216  Irt-OOOOOOO 

6-.349ta>4 

319 

1(11761 

.32461759  17H»)0571I 

6-H.3277I 

2S7 

66049 

imvm  iiHy-ivma 

6-.3.-i7KiU 

3-20 

102100 

32768<M)0  17«H«64.'1H 

6-8.39904 

25H 

66.VH 

17173512  16(»62;<78» 

6-.3*)6i«»5 

.321 

i():wii 

.13076161  17-9164729 

6-847021 

2.W 

67081 

17573079  lrt()»."U76'.» 

6.374.3 11 

.3-22 

103684 

3.1386248  17-9J43.',H4 

6.8.54124 

26() 

67600 

I7676000il6-12I51M 

6-.382.'>04 

323 

i()i;v.'9 

.l'W98267  17-97221  H)8 

6-8«n2l2 

261 

mil 

1777<>5Sl!  16155 1044 

6-.31H»i76 

.324 

104;»76 

.34012224  l.S-OOOtMKK) 

6-8()82.-Vi 

262 

68614 

170H.I72H  1(5-1H64141 

6•.39HM2.'^ 

.326 

1(K5<!25 

34328125  I8()277.'it'.4 

6-H7.5.344 

26.1 

69169 

18191447  16-2172747 

6-40C9.'iH 

326 

ior.27« 

.34615970  180.M47O1 

6-H8-2;».88 

264 

ewiiw 

1K;«9714 

16-24807(i« 

6-41.5068 

.127 

lU692;i 

.H-PJ6.5783  18-0831413 

6-889419 

265 

70225 

18609626 

16-278.S200 

6-423158 

328 

ltt7.').84 

3.5287,Vi2  181107703 

6-8964i5 

266 

70766 

18821096 

16-.T09.5064 

6-431228 

.329 

108241 

.15611289 

1813Hr)71 

6-9034:!«i 

267 

71289 

19034163 

16-.140 1.346 

6-4.39277 

3.30 

lOSiHK) 

a59.370O0 

18-16.5<H)21 

6-910423 

•m 

71H24 

19248H.12 

16-3707055 

6-4I7.305 

131 

109.'.«1 

3(i264f!9l 

18-19340.54 

6-917.396 

26» 

jaai 

19465 I 09 

16-4012195 

6-4:.5;!15 

.132 

110224 

.Sf.594368 

18-220,8(i72 

6-92 1.IV) 

270 

721)00 

196ai000 

16-4;n(i767 

6-4(;;«)» 

.33.3 

110889 

.369260.37 

18-2182876 

6-931.301 

271 

73441 

10902511 

16-4020776 

C- 47 1274 

.134 

111.556 

372.59704 

\H-27mM<'.> 

6!);J.82.32 

272 

73984 

2012.3618 

16-4924225 

6479224 

.115 

112225 

.37.59.5.'575 

i8-;io.3oo.')2 

6-945149 

273 

74529 

20316417 

16-52271  It) 

6-4S7154 

.136 

112896 

.379.130.56 

I8-.130-i028 

6-9520.53 

274 

75076 

2a570824 

16-552",I454 

6-49.5066 

3.37 

113.569 

.382727.53 

18-3575.598 

0-9.58943 

275 

76626 

20796875 

16-.5831240 

6-602956 

338 

114244 

.38614472 

18-3847703 

6-90,5819 

276 

76176 

21024.576 

16-6132477 

6-5 10^30 

339 

114921 

389.58219 

18-4119.526 

6972(i8.3 

277 

76729 

2125393.1 

16-64.^3170 

6-5186.S-J 

340 

11.5600 

39,304(XM) 

18-4390889 

6-979.Vi2 

278 

77284 

21484052 

16-67.3.1320 

6-.526519 

341 

116281 

.3!»651821 

18-4<)6l.H.').3 

6-986.'K)8 

279 

77841 

21717639 

16-70329.31 

6-534.11') 

.342 

116964 

400016.88 

1819.32 120 

6-993191 

280 

78400 

21952000 

16-7.332006 

6-5421.33 

343 

117649 

40.153607 

18.5202.592 

7-000(WI0 

281 

78961 

22188041 

16-76.30546 

6-549912 

.344 

118.136 

40707.584 

18-5172:i70 

7-006796 

283 

79524 

22425768 

16-7928558 

6.5.57672 

345 

119025 

4106.3625,  I8-,57417.56 

7-0I.W9 

28» 

80089 

22665187 

16-8226038 

6-5()5n5 

346 

119716 

41421736!  1,8-1)0107.52 

7-020349 

284 

80656 

22906304 

16-8522995 

6-5731.39 

347 

120409 

417819231 18-6279.360 

7-027100 

285 

81225 

23149125 

16-88194.30 

6-.M0844 

.348 

121104 

42144192118-6517.581 

7-0.13850 

286 

81706 

23393656 

16-9116.346 

6-6a'}5.32 

349 

121S01 

42.508,5491 18-6815417 

7-040581 

287 

82369 

236.39903 

16-941074.3 

6-696202 

150 

122.500 

4287.5(X)0  18-7082,869 

7-047298 

288 

82944 

23887872 

16-9705627 

6-603854 

.351 

123201 

4.3243551  l,8-7.34994(; 

7-05  40O4 

289 

83521 

24137669 

17-0000000 

6-611489 

3.52 

12.3!H)4 

4.3614208  18-761f.r.») 

7-060696 

290 

84100 

24389000 

170293S64 

6-619106 

.153 

12460!) 

43986977 

18-7882942 

7-067376 

291 

84681 

24642171 

17-0587221 

6-626705 

.354 

125316 

44.361864 

18-814,8877 

7-074044 

292 

85264 

24897088 

17-0880075 

6-a34287 

.155 

120025 

447.38.875 

18-841 44.37 

7-080699 

293 

85849 

26163767 

17-1172428 

6-641852 

356 

126736 

45118016 

l8-867962;< 

7-a87341 

294 

8S436 

26412184 

17-1464282 

6-649399 

:357 

127449 

45499293 

18-89444.36 

7-09.3971 

296 

87026 

25672376 

17-1765640 

6-6569.30 

358 

128164 

46882712 

18-9208879 

7-1005.88 

296 

87616 

26934336 

17-2046505 

6-664444 

3.59 

128881 

46268279 

189  472953 

7-107194 

297 

88209 

26198073 

17-2336379 

6-671940 

360 

129600 

466.56000 

18-9736660 

7-113786 

298 

88804 

26463592 

17-2626762 

6-079420 

.361 

1.30321 

47045881  19-0000000 

7-120367 

299 

89401 

26730899 

17-2916165 

6-686882 

362 

131044 

471.37928  19-0262976 

7-126936 

300 

90000 

27000000 

17-3205081 

6-694329 

363 

131769 

47832147  19-0525589 

7-ia3492 

301 

00601 

27270901 

17-3493616 

6-701769 

364 

132496 

48228544119-0787810 

7-140037 

302 

91204 

27543008 

17-3781472 

6-709173 

365 

1.33226 

48627125; 19-1049732 

7-146569 

303 

91809 

27818127 

17-4068962 

6-716570 

366 

1339.56 

49027896 

19-1311265 

7-163090 

304 

92416 

28094464 

17-4355968 

6-723951 

.367 

134689 

49430863 

19-1672441 

7-159699 

305 

93026 

28372626 

17-4642492 

6-731316 

.368 

1.35-424 

498360.32 

19-1833261 

7-166096 

306 

93636 

28862616 

17-4928567 

6-7aS665 

369 

136161 

60243409 

19-2093727 

7-172580 

307 

94249 

28934443 

17-6214165 

6-74.5997 

370 

136900 

60653000 

19-2353841 

7179054 

308 

94864 

29218112 

17-5499288 

6-7.53313 

371 

137641 

61064811 

19-26136a3 

7-186516 

309 

9S481 

29503629 

17-6783958 

6-760614 

372 

138384 

61478848 

19-287;iOI6 

7-191966 

310 

96100 

29791000 

17-6068169 

6-767899 

.373 

139129 

61896117 

19-3132079 

7-198405 

311 

96721 

30080231 

17-6351921 

6-775169 

374 

139876 

62313624 

19-3390796 

7-204832 

312 

97344 

30371338 

17-6636217 

6-782423 

375 

140625 

62734375 

19-.3649167 

7-211248 

313 

97969 

30684297 

17-6918060 

6-789661 

,376 

141376 

63157376 

19-3907194 

7-217662 

314 

98596 

30959144 

17-7200451 

6-796884 

377 

142129 

636826.33 

19-4164,878 

7-224045 

316 

99226 

31255876 

17-7482393 

6-804092 

378 

142884 

54010152 

19-4422221 

7-230427 

400 


SQUARES;  CUBES,  AND  ROOTS. 


No. 

Square. 

Cube. 

Sq.  Koot. 

CubeRoot 

No. 

Square. 

Cube. 

Sq.  Boot. 

CubeRoot 

379 

143641 

64439939 

19-4079223 

7-2.36797 

M2 

195364 

86360888 

21-02.37960 

7-617412 

380 

144400 

54872(H)0 

19-4935887 

7-2J315(! 

443 

196249 

86938307 

21-0475652 

7-623162 

381 

145161 

65:W634I 

19-5192213 

7-249.501 

444 

197136 

87528384 

21-0713076 

7-628884 

382 

145924 

65742968 

19-5448203 

7-2.5.5841 

445 

198026 

88121125 

21-0960231 

7-634607 

383 

146689 

66181887 

19-5703858 

7-262167 

446 

198916 

88716536 

21-1187121 

7-640321 

384 

147456 

66623104 

19-5959179 

7-268482 

447 

199809 

89314623 

211423746 

7-646027 

38S 

148225 

67066625 

19-6214169 

7-274780 

448 

200704 

89916392 

21-1660106 

7-651725 

.386 

148996 

67612456 

19-6468827 

7-281079 

449 

201601 

90518849 

21-1896201 

7-6.57414 

387 

149769 

67960603 

19-67231.')6 

7-287362 

450 

202500 

91126000 

21-2132034 

7-063094 

388 

160544 

68411072 

19-6977156 

7-293633 

45i 

203401 

917.33851 

21-2367606 

7-66.8766 

889 

161321 

68863869 

19-7230829 

7-299894 

462 

204.304 

92346408 

21-2602916 

7-6744;i0 

390 

152100 

69319000 

19-7484177 

7-306143 

453 

205209 

92959677 

21-2837967 

7-680080 

391 

162881 

69776471 

19-7737199 

7-312383 

464 

206116 

9.3576664 

21-3072758 

7-C35733 

.392 

163664 

60236288 

19-7989899 

7-318611 

465 

207025 

94196375 

21-3307290 

7-G91372 

393 

164449 

60698457 

19-8242276 

7-324829 

456 

207936 

94818816 

21-3541565 

7-697002 

394 

166236 

61162984 

19-8494;«2 

7-331037 

4.57 

208849 

95443993 

21-3775583 

7-702625 

396 

156026 

61629875 

19-8746069 

7-a372.34 

458 

209764 

96071912 

21-4009346 

7-708239 

396 

156816 

62099136 

19-8997487 

7-343420 

459 

210681 

967')2579 

21-4242853 

7-71.S845 

397 

157609 

62.570773 

19-9248588 

7-349597 

460 

211600 

97331000 

21-4476106 

7-719442 

398 

168404 

63044792 

19-9499373 

7-355762 

461 

212521 

97972181 

21-4709106 

7-725032 

399 

169201 

63521199 

19-9749844 

7-361918 

462 

213444 

98611128 

21-4941863 

7-730614 

400 

160000 

64000000 

20-0000000 

7-.3»58063 

463 

214369 

99252847 

21-6174348 

7-736188 

401 

160801 

64481201 

20-0249844 

7-374198 

464 

21.5296 

99897344 

21-6406592 

7-741763 

402 

161604 

64964808 

20-0499377 

7-380322 

466 

216225 

100544626 

21-6638587 

7-747311 

403 

162409 

66460827 

20-0748.599 

7-386437 

466 

2171.56 

101194696 

21-5870331 

7-752861 

404 

163216 

659.39264 

20-0997512 

7-392542 

467 

218089 

101847563 

21-6101828 

7-758402 

405 

164025 

66430126 

20-1246118 

7-398636 

468 

2190-^4 

102603232 

21-6333077 

7-763936 

406 

164836 

66923416 

20-1494417 

7-404720 

469 

21P3i>l 

103161709 

21-6664078 

7-769462 

407 

165649 

67419143 

20-1742410 

7-410795 

470 

220900 

103823000 

21-6794834 

7-774980 

408 

166464 

67917312 

20-1990099 

7-416859 

471 

221841 

104487111 

21-7025344 

7-780490 

409 

167281 

68417929 

20-2237484 

7-422914 

472 

222784 

105154048 

21-7256610 

7-785993 

410 

168100 

68921000 

20-2484507 

7-428959 

473 

223729 

105823817 

21-7486632 

7-791487 

411 

168921 

69426531 

20-2731319 

7-431994 

474 

224676 

106496424 

21-7716411 

7-796974 

412 

169744 

69934528 

20-2977831 

7-441019 

475 

226626 

107171876 

21-7944947 

7-802464 

413 

170569 

70444997 

20-3224014 

7-447034 

476 

226.576 

107860176 

21-8174242 

7-807926 

414 

171396 

70967944 

20-3469899 

7-45,TO40 

477 

227529 

108531333 

21-8403297 

7-81.3.3a» 

415 

172225 

71473376 

20-3715188 

7-459036 

478 

228484 

109215352 

21-8632111 

7-818846 

416 

173066 

71991296 

20-3960781 

7-465022 

479 

229441 

109902239 

21-8860686 

7-824294 

417 

173889 

72611713 

20-4205779 

7-470999 

480 

230400 

110592000 

21-9089023 

7-829736 

418 

174724 

73034632 

20-4450483 

7-476966 

481 

231361 

111284641 

21-9317122 

7-836169 

419 

175561 

73660059 

20-4694895 

7-482924 

482 

232324 

111980168 

21-9544984 

7-840595 

420 

176400 

74088000 

20-4939016 

7-488872 

483 

2.33289 

112678587 

21-9772610 

7-846013 

421 

177241 

74618461 

20-5182845 

7-494811 

484 

234266 

113379904 

22-0000000 

7-861424 

422 

178084 

76151448 

20-5426386 

7-500741 

4a5 

235225 

114084126 

22-0227166 

7-866828 

423 

178929 

75686967 

20-.56e9638 

7-506661 

186 

236196 

114791256 

22-0464077 

7-862224 

424 

179776 

76225024 

20-5912603 

7-512571 

487 

237169 

115501303 

22-0680766 

7-867613 

425 

180626 

76765625 

20-6155281 

7-518473 

488 

2.38144 

116214272 

22-0907220 

7-872994 

426 

181476 

77308776 

20-6397674 

7-524365 

489 

239121 

116930169 

221133444 

7-878368 

427 

182329 

77854483 

20-6639783 

7-630248 

490 

240100 

117649000 

22-1369436 

7-883736 

428 

183184 

78402752 

20-6881609 

7-636121 

491 

241081 

118370771 

22-1586198 

7-889(»6 

429 

184041 

78953689 

20-7123152 

7-641986 

492 

242064 

119096488 

22-1810730 

7-894447 

430 

184900 

79507000 

20-7364414 

7-647842 

493 

243049 

119823167 

22-2036033 

7-899792 

431 

186761 

80062991 

20-7605395 

7-5.53688 

494 

2440.36 

120653784 

22-2261108 

7-906129 

432 

186624 

80621.'568 

20-7846097 

7-569526 

495 

246026 

121287376 

22-2486966 

7-910460 

433 

187489 

81182737 

20-8086520 

7-565355 

496 

246016 

12J023936 

22-2710576 

7-916783 

434 

188356 

81746504 

20-8326667 

7-571174 

497 

247009 

122763473 

22-2934968 

7-921100 

436 

189225 

82312875 

20-3566.536 

7-576986 

498 

248004 

123606992 

22-3169136 

7-926408 

430 

190096 

82881866 

20-8806130 

7-682786 

499 

249001 

124251499 

22-3383079 

7-931710 

437 

190969 

83453453 

20-9045450 

7-688579 

500 

260000 

125000000 

22-3606798 

7-937006 

438 

191844 

84027672 

20-9284495 

7-694363 

601 

251001 

125761601 

22-3830293 

7-942293 

439 

192721 

84604619 

20-9523268 

7-600138 

502 

262004 

126606008 

22-4063566 

7-947574 

440 

193600 

86184000 

^0-9761770 

7-606906 

603 

253009 

127263627 

22-4276616 

7-962848 

441 

194481 

85766121 

21-0000000 

7-611662 

504 

264016 

128024064 

22-4499443 

7-968114 

SQUARES,  CUBES,  AND  ROOTS. 


401 


617412 

623152 

628884 

634607 

640321 

646027 

651725 

657414 

663094 

668766 

6744;i0 

680086 

eS5733 

C91372 

697002 

•702625 

708239 

713846 

719442 

725032 

730614 

736188 

741763 

747311 

752861 

'758402 

763936 

769462 

774980 

780490 

786993 

•791487 

796974 

802464 

807926 

813380 

818846 

824294 

829736 

835169 

840595 

846013 

861424 

866828 

862224 

867613 

872994 

878368 

883735 


894447 
899792 
905129 
910460 
915783 
921100 
926408 
931710 
937006 
942293 
947574 
952848 
958114 


Vo. 


SOS 

506 

507 

SOS 

509 

510 

Oil 

612 

513 

514 

015 

516 

617 

618 

510 

620 

621 

522 

523 

624 

526 

526 

627 

628 

529 

630 

031 

632 

633 

634 

636 

636 

637 

538 

539 

640 

641 

642 

643 

544 

645 

546 

647 

548 

549 

060 

051 

66S 

663 

664 

566 

656 

657 

668 

659 

660 

561 

562 

063 

564 

660 

666 

567 


Square. 


255025 
256036 
257019 
258064 
259081 
260100 
261121 
262144 


Cuba. 


Sq.  Root. 


CubeBoot 


No. 


Square. 


264196 
266225 
266256 
267289 
268324 
269361 
270400 
271441 
272484 
273529 
274576 
275625 
276676 
277729 
278784 
279841 
280900 
281961 
283024 
284089 
285156 
286225 
287296 
288369 
289444 
290521 
291600 
292681 
293764 
294849 


297025 
298116 
299209 
300304 
301401 
302600 
303601 
304704 
305809 
S06916 
308026 
S09136 
310249 
311364 
312481 
313600 
314721 
315844 
316969 
S1U096 
319226 
320356 
^1489 


128787625 
129664216 
130323843 
131096.512 
131872229 
132651000 
133432831 
134217728 
135005697 
135796744 
136590875 
137388096 
138188413 
138991832 
139798359 
140608000 
141420761 
142236648 
143055667 
143877824 
144703125 
14.W31676 
146363183 
147197952 
148035889 
148877000 
149721291 
150568768 
151419437 
152273304 
153130375 
163990656 
154854153 
155720872 
166590819 
157464000 
158340421 
159220088 
160103007 
160989184 
161878625 
162771336 
163667323 
164566592 
166469149 
166375000 
167284161 


169112377 
170031464 
170953876 
171879616 
172808693 
173741112 
174676879 
176616000 
176658481 
177604328 
178463647 
1794Q6144 
180362126 
181321496 
182284263 


22-4722()51 
22-4044438 
22-6166605 
22-6388553 
22-5610283 
22-5831796 
22-6053091 
22-6274170 
22-6495033 
22-6715681 
22-6936114 
22-7156334 
22-7376340 
22-7596134 
22-7815715 
22-8035085 
22-8254244 
22-8473193 
22-8691933 
22-89104^3 
22-9128785 
22-9346899 
22-9564806 
22-9782500 
23-0000000 
23-0217289 
23-0434372 
23-0651252 
23-0867928 
23-1084400 
23-1300670 
23-1516738 
231732605 
23-1948270 
23-2163735 
23-2379001 
23-2594067 
23-2808935 
23-3023604 
23-3238076 
23-3452351 
23-3666429 
23-3880311 
23-4093998 
23-4307490 
23-4520783 
23-4733892 
23-4946802 
23-6159520 
23-5372046 
23-6584380 
23-6796522 
23-6008474 
23-6220236 
23-6431808 
23-6643191 
23-6854386 
23-7065392 
23-7276210 
23-7480842 
23-7697286 
23-7907646 
23-8117618 


7-963374 
7-968627 
7-973873 
7-.979112 
7-984344 
7-989.570 
7-994788 
8-000000 
8-005205 
8-010403 
8-015595 
8-020779 
8-025957 
8-031129 
8-036293 
8-041451 
8-046603 
8-051748 
8-056886 
8-062018 
8067143 
8072262 
8-077374 
8-0S2480 
8-087579 
8-092672 
8-097759 
8-102839 
8-107913 
8-112980 
8-118041 
8-123096 
8-128145 
8-133187 
8-1.^23 
8-143253 
8-148276 
8-153294 
8168305 
8-163310 
8-168309 
8173302 
8-178289 
8-183269 
8-188244 
8-193213 
8-198175 
8-203132 
3-208082 
8-213027 
8-217966 
8-222898 
8-227825 
8-232746 
8-237661 
8-242571 
8-247474 
8-252371 
8-257263 
8-262149 
8-267029 
8-271904 
8-286773 


.568 
569 
570 
571 
572 
.573 
574 
576 
576 
577 
578 
579 
580 
581 
682 
583 
584 
585 
686 
587 
588 
689 
690 
691 
592 
593 
694 
595 
096 
697 
598 
599 
600 
601 
602 
603 
604 
605 
606 
607 
608 
609 
610 
611 
612 
613 
614 
615 
616 
617 
618 
619 
620 
621 
622 
623 
624 
625 
626 
627 
628 


322624 
323761 
324900 
320041 
327184 
328329 
329476 
330026 
.331776 
332929 
3.34084 
335241 
436400 
a37561 
338724 
339889 
341056 
342225 
313396 
344.569 
315744 
346921 
348100 
349281 
350464 
?51649 
362836 
354025 
355216 
3.56409 
357604 
358801 
360000 
361201 
362404 
363609 
364816 
366025 
367236 
368449 
369664 
370881 
372100 
373321 
374544 
375769 
376996 
378225 
379456 
380689 
381924 
383161 
384400 
385641 
386884 
388129 
389.376 
390625 
391876 
393129 
394384 
395641 
396900 


Cube. 


Sq.  Root. 


CubeBoot 


1832.50432 
184220009 
185193000 
186169411 
187149248 
188132517 
189119224 
190109.375 
191102976 
192100033 
193100552 
1941045.39 
195112(XJ0 
196122941 
197137368 
198155287 
199176704 
200201625 
201230056 
202262003 
203297472 
204336469 
205379000 
206425071 
207474688 
208527857 
209.584584 
210644876 
211708736 
212776173 
213847192 
214921799 
216000000 
217081801 
218167208 
219256227 
220348864 
221446125 
222546016 
223648643 
224755712 
225866529 
226981000 
228099131 
229220928 
230346397 
231475544 
232608376 
233744896 
234885113 
236029032 
237176669 
238328000 
23948.3061 
240641848 
241804367 
242970624 
244140625 
245314376 
246491883 
247673152 
248858189 
250047000 


23-8327506 
23-8637209 
23-8746728 
23-8956063 
23-9165215 
23-9374184 
23-9582971 
239791.576 

2i-mwm 

240208243 
24-0416.306 
24-0624188 
24-0831892 
24-1039416 
24-1246762 
24-1453929 
24-1660919 
24-18677.32 
24-2074369 
24-2280829 
24-2487113 
24-2693222 
24-2899156 
24-3104916 
24-3310501 
24-3515913 
24-3721152 
24-3926218 
24-4131112 
24-4335834 
24-4640385 
24-4744766 
24-4948974 
24-5153013 
24-6356883 
24-5560583 
24-5764116 
24-5967478 
24-6170673 
24-6373700 
24-6576560 
24-6779254 
24-6981781 
24-7184142 
24-7386338 
24-7588368 
24-7790234 
24-7991935 
24-8193473 
24-8394847 
24-85960.58 
24-8797106 
24-8997992 
24-9198716 
24-9399278 
24-9599679 
24-9799920 
25-0000000 
25-0199920 
25-0399681 
25-0599282 
26-0798724 
25.0998008 


8-218635 
8-286493 
8-291344 
8-296190 
8-.301030 
8-305865 
8-310694 
8-315517 
8-320335 
8-.325147 
8-329954 
8-334755 
8-3:«55l 
8-344341 
8-349126 
8-353905 
8-358678 
8-363446 
8-368209 
8-872967 
8-377719 
8-382466 
8-387206 
8-391942 
8-396673 
8-401398 
8-406U8 
8-410833 
8-415542 
8-420246 
8-424946 
8-429638 
8-434327 
8-439010 
8-443688 
8-448360 
8-453028 
8-457691 
8-462348 
8-467000 
8-471647 
8-476289 
8-480926 
8-485658 
8-490185 
8-494806 
8-499423 
8-604036 
8-603642 
8-613243 
8-617840 
8-522432 
8-527019 
8-631601 
8-536178 
8-640750 
8-545317 
8-549879 
8-564437 
8-558990 
8-563538 
8-568081 
8-572619 


402 


SQUARES,  CUBES,  AND   ROOTS. 


i«B  ^B 

I»o. 

Square. 

Cabo. 

Sq.  Root. 

CubeRoot 

No. 

Square. 

Cub«. 

Sq.  Boot. 

CabtBoot 

11 

631 

398161 

251239591  251197134 

8-677162 

694 

481636 

334256384 

26-3438797 

!  8-8.5.'V»8 

'JB  'fl 

«32 

399424 

262436968 

26-1396102 

8-681681 

696 

48:3025 

335702376 

26-3628527 

8-86784l> 

Sl^B 

633 

400689 

253636137 

261534913 

8-686205 

696 

484416 

337163636 

26-3818119 

8-862099 

'■|B!^B 

634 

401966 

264840104 

25-1793.566 

8-690724 

697 

4H,'->809 

3.38<k)8873 

26-4007676 

8-866337 

H  S 

685 

403225 

256047875 

25- 19920^3 

8-59.5238 

698 

4,S7204 

340068.392 

26-4196896 

8-870576 

H  A 

636 

404496 

257259456 

262190404 

8-599747 

699 

488601 

341632099 

26-4386081 

8-874810 

'Jl  i^B 

637 

406769 

268474863 

25-2.388585 

8-604252 

700 

490<X)0 

343000000 

26-4676131 

8-879040 

<fl^B 

638 

407044 

259691072 

25-2586619 

8-608753 

701 

491401 

344472101 

26-4764046 

8-883266 

,.BH 

639 

408321 

260917119 

25-2784493 

8-613248 

702 

492804 

345948408 

26-4962826 

8-887488 

'Sj^B 

640 

409600 

262144000 

26-2982213 

8-617739 

703 

494209 

347428927 

26-6141472 

8-891706 

'1^1        ' 

641 

410881 

263374721 

25-3179778 

8-622225 

704 

495616 

348913664 

26-6329983 

8-896920 

;9  jH 

642 

412164 

264609288 

26-3377189 

8-626706 

705 

497025 

3.50402626 

26-6618361 

8-900180 

Vrl 

643 

413449 

266847707 

25-3574447 

8-6.31183 

706 

498436 

361896816 

26-6706606 

8-904336 

i^U^H 

644 

414736 

267089984 

25.3771551 

8-6:i5G.W 

707 

499849 

353393243 

26-5894716 

8-908KW 

nl^B 

646 

416026 

268.336125 

25-3968502 

8-640123 

708 

501264 

364894912 

2(i-6082694 

8-912737 

fit^B 

646 

417316 

2696861.36 

25-4165.301 

8-644586 

709 

602681 

356400829 

26-6270539 

8-916a31 

ll^H 

1 

647 

418609 

270840023 

25-4361947 

8-649044 

710 

.504100 

367911000 

2(i-64.58252 

8-921121 

'fl^B 

1 

648 

419904 

272097792 

25-4558441 

8-063497 

711 

505.521 

359425431 

26-6646833 

8-925308 

'fl^B 

! 

649 

421201 

273359449 

25-4754784 

8-6.57946 

712 

606944 

.300944128 

26-6833281 

8-929490 

'  I^B^H 

650 

422500 

274625000 

25-4950970 

8-662391 

713 

508369 

362467097  26-7080598 

8-933668 

I^H  MB 

651 

423801 

276894451 

2.5-5147016 

8-666831 

714 

.509796 

363!>94.344  26-7207784 

8-937843 

a'52 

425104 

277167808 

25-5342907 

8-671266 

716 

611226 

365.525875  26-7394839 

8-942014 

'  iV^H 

aw 

426409 

278445077 

2,5-.55;«647 

8-675697 

716 

5126,56 

367061696  26-7581763 

8-946181 

'  ilM  ^H      ' 

654 

427716 

279726264 

25-5734237 

8-680124 

717 

614089 

368601813  26-77685.57 

8-950344 

'ifl^B 

656 

429026 

2S1011375 

25-5929678 

8-684646 

718 

615524 

370146232  26-795.5220 

6-964603 

ffl^B 

&56 

430336 

282300410 

25-6124969 

8-68896;i 

719 

616961 

371694959,26-81417.54 

8-95«668 

I'fl^l 

657 

4;n649 

2,83593393 

25-6.320112 

8-69.3376 

720 

618400 

373248000 

26-83281.57 

8-962809 

^'il^B 

aiis 

432964 

284890312 

25-6515107 

8-6W784 

721 

619841 

374805361 

26-8614432 

8-966957 

H^a 

659 

434281 

286191179 

25-6709953 

8-7021,88 

722 

621284 

376367048 

26-8700577 

8-971101 

g  ffi 

660 

435i.(HJ 

287496000 

25-U904052 

8-706587 

723 

522729 

377933067 

26-8886593 

8-978240 

1  M 

661 

436921 

2888047H1 

25-7099203 

8-710983 

724 

624176 

379.503424 

26-9072481 

8-979376 

U  ^ 

6(i2 

43H2^4 

290117.'')28 

2,5-7203B07 

8-71.5.373 

725 

.525625 

381078125 

26-9258240 

8-9.a3509 

n  H 

6t« 

4.39569 

29143J247 

25-7487864 

8-7197.59 

726 

627076 

3826.57176 

26-9443872 

8-987637 

3  H 

1 

664 

410896 

292754994 

25-76«1975 

8-724141 

727 

628529 

384240.583 

26-9629375 

8991762 

w  jH 

666 

442225 

294079625 

25-78759.39 

8-728518 

728 

529984 

38582.83.52 

26-9814751 

8-995883 

B  IB 

1 

666 

44.36.56 

29540,H206 

25-8069758 

8-732892 

729 

531441 

387420489 

27-0000000 

9-000000 

n 

I 

667 

444.S89 

2967409i):i 

r)-S26.3431 

8-73726(1 

730 

.532!»00 

389017000 

27-0186122 

9-004113 

M 

668 

446224 

298077C32 

25-84569(jO 

8-741621 

731 

.534.361 

390617891 

27-03701 17 

9-008223 

^H 

669 

447661 

29i<4ia309 

25'80.')t)343 

8-74.59 -W 

732 

.5;i')824 

.3922-2;U68 

27-0.5549a5 

9-01232<t 

670 

448900 

3007^3000 

25-8843.')82 

8-7.5();i4(l 

733 

537289 

.3938;328;37 

27-07.39727 

9-016431 

^a 

671 

450241 

302111711 

25-903iit)77 

8-754691 

734 

538756 

.39."i44(i!K)4 

270924.344 

9-020529 

H 

672 

4515S4 

303464448  259229628 

8-7.59038 

735 

640225 

397065.375 

27-11088.34 

9-024624 

1      1|: 

673 

452929 

304821217 

25-94'22435 

8-76.3,381 

736 

641696 

3986882.56 

27-1293199  90287151 

n 

674 

454276 

306182024 

2.5-9615100 

8-767719 

737 

643169 

4003165.53 

27-14774.39 

9-032802 

H     ^ 

675 

4.W625 

307540H75 

25-98O7021 

8-7720.53 

738 

644644 

401947272 

27-1661.554 

9-036886 

w         ij 

676 

456976 

30H9 1.5776 

2C-()0OOl)O0  8-776383 

7.39 

646121 

403.533419 

271845544 

9-040966 

'S        ' 

677 

45a329 

310288733 

2(50192237 

8-780708 

740 

647600 

405224000 

27-2029410  9-0450411 

9         1 ' 

678 

459684 

311665752 

260;«4.331 

8-78.5029 

741 

649081 

406869021 

27-2213152 

9-049114 

fli         1 

679 

461041 

313040a39 

260576284 

8-789346 

742 

650564 

408518488 

27-2396769 

9-063183 

w       1' 

630 

4624<J0 

3144,32000 

26076S096 

8-7936.59 

743 

552049 

410172407 

27-2680263 

9-057248 

n       li 

681 

46,3761 

31.5821241 

2609.59767 

8-797968 

744 

55.3.').36 

411830784 

27-2763634 

9-061310 

w     17 1 

682 

4a5124 

317214.568 

26-1151297 

8-802272 

745 

555025 

413493625 

27-2946881 

9-066367 

SiH    171 1 

683 

466489 

31861 1987 

26-1342687 

8-80r)572 

746 

556516 

416160936 

27-3130006 

9-069422 

Cfl      Ir 

684 

467a')6 

.32001.3,504 

261.5.3.39,37 

8810868 

747 

658009 

416832723 

27-3313007 

9-073473 

kS      ^^  ' 

685 

469225 

321419125 

20-1725047 

8-815160 

748 

659.504 

418608992 

27-3495887 

9-077620 

^Hi      17 

686 

4/0.')96 

.322828a'5fi 

20-1916017 

8-819447 

749 

661001 

420189749 

27-3678644 

9-081663 

^^B       '^ 

687 

471969 

324242703 

26-2106848 

8-823731 

750 

562.500 

421876000 

27-3861279 

9-085603 

^H      Iti 

688 

47:i344 

325660672 

26-2297541 

8-828009 

751 

664001 

423564761 

27-4043792 

9-089639 

H     1§ 

689 

474721 

327082769 

26-2488095 

8-832285 

762 

665504 

425269008 

27-4226184 

9-093672 

690 

476100 

328509000 

26-267a5H 

8-&36556 

763 

667009 

426967777 

27-4408465 

9-097701 

H     ^'^^ 

691 

477481 

329939371 

26-2868789 

8-840823 

764 

668616 

428661064 

27-4690604 

9-101726 

692 

478864 

331373888 

26-3058929 

8-845086 

765 

670026 

430368875 

27-4772633 

9-105748 

9    i^  1 

693 

480249 

332812567 

26-3248932 

8-849344 

786 

671636 

432081216 

27-4964542 

9109766 

H     1^ 

SQUARES,  CUBES,  AND   ROOTS. 


4oa 


Bq.  Boot. 


CabtBoot 


26S438797 
26-3628527 
26-3818119 
26-4007576 
20-4190896 
20-4386081 
26-4675131 
26-4764046 
26-4952826 
26-6141472 
26-53299&» 
26-6618361 
26-6706606 
26-5rt94716 
20-6082694 
26-6270539 
20-6468252 
20-6645833 
20-6833281 
,  20-7080598 
4126-7207784 

5  20-7394S39 

6  26-7581703 
3  26-7768557 
2 '26-7955-220 
9; -^6-8141754 

0  20-8328167 

1  20-8514432 
S  26-8700577 
17120-8886593 
!4 1 26-9072481 
15  20-926.S240 
6120-9443872 
13126-9029375 


209,S1475l 
270000000 
270185122 
27-0370117 
27()554'ta5 
270739727 
27-0924344 
27-1108834 
271293199 
._  27-1477439 
r2i27-1661554 
19  27-1845544 
27-20294101 
27-2213152 
27-2390709 
27-2580263 
27-2703634 
27-2940881 
27-3130000 
27-3313007 
27-3495887 
27-3678644 
27-3861279 
27-4043792 
27-4226184 
27-4408456 
27-4890604 
27-4772633 
27-4964642 


UO 

21 

S8 

07 

84 

25 

36 

23 

92 

49 

00 

61 

08 

77 

«4 

76 

116 


8-853598 

8-86784» 

8-862095 

8-866337 

8-870576 

8-874810 

8-879040 

8-883266 

8-887488 

8-891706 

8-896920 

8-900180 

8-904336 

8-908538 

8-912737 

8-916931 

8-921121 

8-925308 

8-929490 

8-933668 

8-937843 

8-942014 

8-946181 

8-950344 

8-954503 

8-95iW68 

8-962809 

8-966957 

8-971101 

8-976240 

8-979376 

8-9S:«09 

8-087637 

8991762 

8-995883 

9-000000 

9-004113 

9-008223 

9-01232^1 

9-010431 

9-020529 

9-024624 

9-028715 

9-032802 

9-036886 

9-040966 

9045041 

9049114 

9-053183 

9057248 

9061310 

9065367 

9009422 

9073473 

9077520 

9-081563 

9085603 

9-089639 

9-093672 

9-097701 

9-101726 

9-105748 

9-109766 


Vo. 


767 

768 
789 
760 
761 
762 
763 
764 
765 
766 
767 
768 
769 
770 
771 
772 
773 
774 
775 
776 
777 
778 
779 
780 
781 
782 
783 
784 
785 
786 
787 
788 
789 
790 
791 
792 
793 
794 
795 
796 
797 
798 
799 
800 
601 
802 
803 
804 
805 
806 
807 
808 
809 
810 
811 
812 
813 
814 
815 
816 
817 
818 
819 


Square. 


673049 

674664 

676081 

677600 

679121 

680644 

882169 

683696 

685225 

686756 

688289 

689824 

591361 

692900 

594441 

595984 

697529 

599076 

600625 

602176 

603729 

605284 

606841 

608400 

609961 

611524 

613089 

614656 

616225 

617790 

619369 

620944 

622521 

624100 

625681 

627264 

628849 

630436 

632025 

633616 

635209 

636804 

638401 

640000 

641601 

643204 

644809 

646410 

648025 

649636 

651249 

652864 

654481 

656100 

657721 

'?59344 

600969 

662590 

664225 

605856 

667489 

669124 

670761 


Cube. 


438798093 
435519512 
437246479 
438976000 
440711081 
442450728 
444194947 
448943744 
447697125 
449455096 
461217663 
482984832 
464766609 
486533000 
488314011 
460099648 
461889917 
463684824 
465434375 
467288576 
469097433 
470910952 
472729139 
474552000 
476379541 
478211768 
480048087 
481890304 
483736025 
485587050 
487443403 
489303872 
491169069 
493039000 
494913671 
496793088 
498677257 
600566184 
502459875 
50i35n;j30 
600261573 
608169592 
510082399 
612000000 
813922401 
818849608 
617781627 
519718101 
52166U125 
623606016 
625557943 
627614112 
529475129 
531441000 
5:13411731 
6a'J387328 
537307797 
539;i53144 
541343375 
513338190 
5453.'{a513 
547343432 
649353259 


Sq.  Tloot. 


CubcRootlNo. 


27-5130330 
27-5317998 
27-5499,')  10 
27-5081)975 
27-5802284 
27-6043475 
27-6224546 
27-6405499 
27-6580;m 
27-6767050 
27-6947648 
27-7128129 
27-7308492 
27-7488739 
27-7668868 
27-7848880 
27-8028775 
27-820S.W5 
27-8388218 
27-8507700 
27-8747197 
27-8920514 
279105715 
27-9284801 
27-9463772 
27-9642629 
27-9821372 
28-0000000 
28-0178515 
280350915 
28-0535203 
28-0713377 
28-0891438 
28-1009386 
28-1247222 
28-1424946 
23-1602557 
28-1780056 
28-1957444 
28-2134720 
28-2311884 
28-248S938 
28-2005881 
28-2842712 
28-3019434 
28-3196045 
28-3372546 
28-3548938 
28-3725219 
28-3901391 
28-4077454 
28-425.3408 
28-4429253 
28-4004989 
28-4780017 
28-4950137 
28-5131.549 
28-5300852 
28-5482048 
28-50.57137 
28-6832119 
28-6000993 
28-6181760 


911.3781 

9-117793 

9-121801 

9-12.')H05 

9-12()8()r, 

9-1 3381 U 

9-1.37797 

9-141788 

9-145774 

9-1497.')7 

9-1.0.3737 

9-1.57714 

9-101680 

9-1056.50 

9-169022 

9-17.35,85 

9-177544 

9-181500 

9-185443 

9-189402 

9-19.3347 

9-197289 

9-201229 

9-205164 

9-209096 

9-213025 

9-2169.50 

9-220873 

9-224791 

9-228707 

9-2;i2619 

9-237528 

9-24()'m 

9-24433.'» 

9-248234 

9-252130 

9-256022 

9-2.59911 

9-203797 

9-207680 

9-271.559 

9-275435 

9-279303 

9-2.8.3178 

9-287044 

9-290907 

9-294767 

9-2086; 

9-:{<)2477 

9-300.328 

9-310175 

9-314019 

9-317800 

9-.321697 

9-325532 

9-329303 

9-3:{3192 

9-337017 

9-ai0838 

9-344657 

9-348473 

9-352286 

9-356095 


Square. 


Cube. 


Sq.  Root. 


CubeRoot 


820 

821  i 

822 

8231 

82  li 

8251 

820 1 

8271 

828 

829 

8:jo 

831 

832 

8;« 

834 

8;io 

ma 
8;i9 

840 
841 
842 
843 
844 
845 
846 
847 
818 
849 
8,50 
851 
852 
8.53 
a54 
855 
856 
a57 
8.58 
R59 
800 
801 
862 
803 
804 
865 
866 
867 
808 
809 
870 
871 
872 
873 
874 
875 
876 
877 
878 
879 
880 
881 
882 


672400 

674041 

675084 

C77:»29 

078970 

0.81)025 

682270 

C8;i929 

68.'i,j84 

087241 

688901) 

69().Mil 

692224 

69.3889 

695550 

697225 

698890 

70O.'5e9 

702244 

70.3921 

705000 

707281 

708904 

710049 

712.3.30 

714025 

715710 

717409 

719104 

720801 

722.100 

721201 

725904 

727009 

729310 

731025 

732730 

734449 

7.30104 

737881 

739600 

74132' 

743044 

744709 

740490 

74,8225 

749956 

751089 

753124 

755161 

750900 

75,8041 

700384 

702129 

763876 

76.5625 

767376 

769129 

770884 

772041 

774400 

776161 

777924 


551.308000 
.55.3;«7061 


28-6350421 
28-6.530976 


i);..»412248 1 28-670.5424 
557 141 707 1 28-0879700 
5.59170224  28-705 1(K)2 
.'>0151,5025:28-7228i;i2 
50.3.5.59970128-74021.57 
50.-)009'-J83i28-7.57r.()77 
.')0700.3.')52  28-7749891 
509722789 1 28-792;{601 
.571787(M)Oi  28-8097206 
573850191 128-8270700 
.57.59.m308 128-8144102 
.578009.5.37 1 28-8017.394 
58009.3704' 28-879().''.82 
582182875 '28-896.3000 
684277050128-92.30046 
686;}7625;i!  28-9309.523 
5884.80472 128-9182-297 
,590589719128-9054907 
59270 1000 128-98275,35 
594,82,3,321  i  29-0000000 
690947088 '29-0172,363 
699077107129-0344023 
601-211,584  29-0610781 
603,'J51 125 129-0688837 
605495736 1 29-0860791 
607045423129-1032044 
609800192129-1204396 
611900049  29-1370040 
614125000 '29-1,547595 
61629,5051  i'29-1719043 
618470208 '29- 1890390 
6200,50477129-2001637 
62-283,5864 129-2232784 
62,5020375 1 29-2-10,38,30 
627222010129-2574777 
629422793 '29-2745623 
631628712!  29-2910370 
6,338;«779 129-3087018 
6,300501K)0  29-.32,57560 


638277381 
640.5{).-i928 
6427.3.5047 
644972544 
647214025 
649401890 


29-.3428015 
29-3598365 
29-3708010 
29-3938709 
29-4108823 
29-4278779 


651 714:103 1 -29-4448037 
6,539720,32 1 29-46ia397 
650231909129-47880.59 
65aW.3(K)0 129-4957624 


6607703U 
603054848 
60.5,-m017 
667027624 
669921875 
672221376 
674526133 
676836152 
679151439 
681472000 
683797841 
686128968 


29-5127091 
29-5296101 
29-5405734 
29-5634910 
29-5803989 
29-5972972 
29-6141858 
29-6310648 
29-6479326 
29-6647939 
?9-6816442 
29-6984848 


9-,3,59902 

9.36,3706 

9-307606 

9-,371302 

9-,37.50!»6 

9-,378887 

9-,3,82676 

9-386-160 

9,390242 

9.394020 

9-,3!)7790 

9-401669 

9-'K)53,39 

9-409105 

9-41-2809 

9-416630 

9-420387 

9-424142 

9-427894 

9-431642 

9-4,3.5388 

9-4,39131 

9-442870 

9-446007 

9-450341 

9-454072 

9-4,57800 

9-401525 

9-46,5247 

9-468960 

9-472082 

9-476395 

9-480100 

9-183813 

9-487518 

9-491220 

9-494919 

9-498615 

9-502,308 

9-,50,5998 

9-,509685 

9-513370 

9-517051 

9-,520730 

9-524400 

9-528079 

9-.531749 

9-.5:i5417 

9-5:19082 

9-542744 

9-546403 

9-,5,5<X)59 

9-5.5:1712 

9-.557.363 

9-561011 

9.564656 

9-568298 

9-571938 

9-575574 

0-579208 

9-682840 

9-686468 

8-590094 
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SQUARES;  CUBES;  AND  ROOTS. 


No. 


Square. 


Cube. 


Sq.  Root. 


CubeRoot 


No. 


Square. 


Cube. 


Sq.  Root. 


CubeRoot 


883 
884 


887 


892 


895 
896 
897 


900 
901 
902 
903 
904 
905 
906 
907 
908 
909 
910 
911 
912 
913 
914 
915 
916 
917 
918 
919 
920 
921 
922 
923 
924 
925 
926 
927 
928 
929 
930 
931 
932 
933 
934 
935 
936 
937 
938 
939 
940 
941 


779689 

781466 

783225 

784996 

786769 

788544 

790321 

792100 

793881 

795664 

797449 

799236 

801025 

802816 

804609 

806404 

808201 

810000 

811801 

813604 

815409 

817216 

819025 

820836 

822649 

824464 

826281 

828100 

829921 

831744 

833569 

835396 

83i'226 

839056 

840889 

842724 

844561 

846400 

848241 

850084 

85192C 

853776 

855625 

857476 

859329 

861184 

863041 

864900 

866761 

868624 

870489 

872356 

874225 

876096 

877969 

879844 

881721 

883600 

885481 


688466387 
690807104 
693154126 
695506456 
697864103 
700227072 
702595369 
704969000 
707347971 
709732288 
712121957 
714516984 
716917375 
719323136 
721734273 
724150792 
726572699 
729000000 
731431701 
733870808 
736314327 
738763264 
741217625 
743677416 
746142643 
748613312 
751089429 
753571000 
756058031 
758650528 
761048497 
763551944 
766060875 
768575296 
771095213 
773620632 
776151559 
778688000 
781229961 
783777448 
■'°S330467 
788889024 
791463125 
794022776 
796597983 
799178752 
801765089 
804357000 
806954491 
809557568 
812166237 
814780504 
817400375 
820025856 
822656953 
825293672 
827936019 
830684000 
833237621 


297153159 
29-7321376 
29-7489496 
29-7657.')21 
29-7825452 
29-7993289 
29-8161030 
29-8328678 
29-8496231 
29-8663690 
29-8831056 
29-8998328 
29-9165506 
29-9332591 
29-9499583 
29-9666481 
29-9833287 
30-0000000 
30-0166620 
30-0333148 
300499584 
30-0665928 
.30-0832179 
30-0998339 
30-1164407 
301330383 
30-1496269 
30-1662063 
,30-1827765 
30-1993377 
30-2158899 
30-2.324329 
30-2489669 
30-2664919 
30-2820079 
30-2985148 
30-3150128 
30-3315018 
30-.3479818 
30-3644529 
30-3809151 
30-3973683 
30-4138127 
30-4302481 
30-4466747 
30-4630924 
30-479.')013 
30-4959014 
30-5122926 
30-5286760 
30-6450487 
30-5614136 
30-5777697 
30-6941171 
30-6104567 
30-6267857 
30-6431069 
30-6594194 
30-6757233 


9-593716 
9-597337 
9-600955 
9-604570 
9-608182 
9-611791 
9-616398 
9-619002 
9-622603 
9-626201 
9-629797 
9-633390 
9-636981 
9-640569 
9-644164 
9-647737 
9-651317 
9-654894 
9-658468 
9-662040 
9-665609 
9-669176 
9-672740 
9-676302 
9-679860 
9-683.116 
9-686970 
9-690521 
9-694069 
9-697615 
9-701168 
9-704699 
9-708237 
9-711772 
9-716305 
9-71883.'-/ 
9-7223f3 
9-7258  i8 
9-729411 
9-7329 U 
9-736418 
9-739963 
9-743476 
9-746986 
9-750493 
9-753998 
9-757500 
0-761000 
9-764497 
9-767902 
9-'^7i484 
9-774974 
9-778462 
9-782946 
9-785429 
9-788909 
9-792386 
9-795861 
9-799334 


942 
943 
944 
945 
946 
947 
948 
949 
950 
951 
952 
953 
954 
955 
956 
957 
958 
959 
960 
961 
962 
963 
964 
965 
966 
967 
968 
969 
970 
971 
972 
973 
974 
975 
976 
977 
978 
979 
980 
981 
982 
983 
984 
985 
V^86 
9C7 
988 
980 
990 
991 
992 
993 
994 
996 
996 
997 
998 
999 
1000 


887364 
889249 
891136 
89:3025 
891916 
896809 
898704 
900601 
902500 
904401 
906304 
908209 
910116 
91202,'3 
913936 
915849 
917764 
919681 
921600 
923521 
925444 
927369 
929296 
931225 
933156 
935089 
937024 
938961 
940900 
942841 
944784 
940729 
948676 
950625 
952.576 
954629 
956484 
958441 
960400 
962361 
964324 
966289 
968256 
970225 
972196 
974169 
976144 
978121 
980100 
982081 
984064 
986049 
988036 
990025 
992016 
994009 
996004 
998001 
1000000 


83.5896888 
838561807 
8412323H4 
843908625 
816.5905.36 
849278123 
851971392 
854670349 
8673750(JI) 
860085351 
862801408 
865523177 
868250664 
870983875 
873722816 
876467493 
879217912 
881974079 
884736000 
887503681 
890277128 
893056347 
895841344 
898632125 
901428696 
904231063 
907039232 
909853209 
912673000 
915498611 
918330048 
921167317 
924010424 
926859376 
929714176 
932574833 
935441352 
938313739 
941192000 
944076141 
946966168 
949862087 
952763904 
955671625 
958585256 
961504803 
964430272 
967361669 
970299000 
973242-271 
976191488 
979146657 
982107784 
985074875 
988047936 
991026973 
994011992 
997002999 
1000000000 


30-6920185 
30-7083051 
30-7245830 
30'7408.523 
;i0-7.571130 

;io-77;j3a5i 

;i0-7896086 
30'8058436 
30-8220700 
30-8382879 
.30-8544972 
30-8706981 
30-8868904 
30-9030743 
;30-9192497 
30-9354166 
30-9515751 
30-9677251 
30-9838668 

3rooooooo 

31-0161248 
310322413 
31-0483494 
3r0644491 
31-0805405 
31-0966236 
31-1126984 
311287648 
31-1448230 
31-1608729 
31-1769145 
31-1929479 
31-2089731 
31-2249900 
31-2409987 
31-2569992 
31-2729915 
31-2889757 
31-3049517 
31-3209195 
31-3368792 
31-3528308 
31-3687743 
31-3847097 
31-4006369 
31-4165561 
31-4324673 
31-4483704 
31-4642654 
31-4801525 
31-4960315 
31-5119025 
31-6277655 
31-6436206 
31-6594677 
31-6763068 
31-6911380 
31-6069613 
31-6227766 


9-802804 
9-806271 
9-809736 
9-813199 
9-816659 
9-820117 
9-82:i572 
9-827025 
9-830476 
9-833924 
9-837369 
9-840813 
9-844254 
9-847692 
9-851128 
9-854562 
9-867993 
9-861422 
9-864848 
9-868272 
9-871694 
9-875113 
9-878630 
9-881945 
9-885357 
9-888767 
9-892175 
9-895580 
9-898983 
9-902383 
9-905782 
9-909178 
9-912571 
9-915962 
9-919361 
9-922738 
9-926122 
9-929504 
9-932884 
9-936261 
9-9.39636 
9-943009 
9-946380 
9-949748 
9-953114 
9-956477 
9-959839 
9-963198 
9-966555 
9-969909 
9-973262 
9-976612 
9-979960 
9-98330.5 
9-986649 
9-989990 
9-S93329 
9-996666 
10-000000 


Root. 


Cubeltoot 


9-802804 

9806271 

9809736 

9-813199 

9-816659 

9-820117 

9-82:i572 

9-827025 

9-830476 

9-833924 

9-837369 

9-840813 

9-844254 

9-847692 

9-851128 

9-854562 

9-857993 

9-861422 

9-86484S 

9-868272 

9-871694 

9-875113 

9-878630 

9-881945 

9-885357 

9-888767 

9-892175 

9-895580 

9-898983 

9-902383 

9-905782 

9-909178 

9-912571 

9-915962 

9-919351 

9-922738 

9-926122 

9-929504 

9-932884 

9-936261 

9-939636 

9-943009 

9-946380 

9-949748 

9-95311 4 

9-956477 

9-959839 

9-963198 

9-966555 

9-969909 

9-973262 

9-976612 

9-979960 

9-98;i30r) 

9-986649 

9-989990 

9-99332y 

9-996666 

10-000000 
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ANSWERS  TO  MISCELLANEOUS  EXERCISES. 

Pages  58,  59. 

2.  Sixty-seven  trillions,  eight  hundred  and  forty-five  billions, 

three  hundred  and  ninety-eight  million,  six  hundred  and 
seventy-eight  thousand  nine  hundred  and  four. 
Five  quadrillions,  nine  hundred  trillions,  seven  hundred  and 
four  billions,  sixty  millions,  forty  thousands,  and  sixty 
thousand,  six  hundred  and  four  hundredths  of  millionths. 

3.  MVDCCLXIX. 

4.  429860000. 

5.  $67-31i. 

6.  Y7991. 

7.  605000070016-000009. 

8.  46978900. 

10.  69-800463. 

11.  -8439. 

12.  67890  0000. 

13.  604329860000000. 

14.  100000100000001001-000000000001. 

15.  -0007609. 

17.  Ninety  trillions,  eight  hundred  and  seven  billions,   sixty 

millions,  five  hundred  and  four  thousand  and  thirty. 
Four  quintillions,  four  quadrillions,  forty  trillions,  four  hundred 
billions,  sixty  thousand  four  hundred  and  thirty- two  and 
one  trillion,  ten  billion,  two  hundred  and  three  million, 
forty  thousand,  five  hundred  and  six  hundredths  of  tril- 
lionths. 

18.  77^  cords. 

19.  717  cords  91  cubic  feet. 

20.  DOCXVIII,  DOXIV,  CDXCIX,  CMXCIX,  YMMMDOXLIII, 

XCVMCXLIX,  CLXMMMCMLXXXVI,  ODXLMVCDXLIV. 

21.  333,  1989,  and  1000001. 

25.  $3-75-j%  $24.58 J,  and  $756-47^. 


ee.  $18029304. 

67.  $13999999-73. 

68.  36497318. 

69.  35857536. 

70.  27424500. 

71.  271633. 

72.  9504000. 

73.  327040000. 


Pages  100,  101. 

74.  92438  lbs.  9  oz.  2  dr.  1  scr- 
13  grs. 

75.  1698728602536. 

76.  78990  bushels. 

77.  $64-97. 

78.  9032  yds.  3  qrs.  2  na. 

79.  1037957601-5. 

80.  $16444-9602. 


406 


ANBWEHS  to  MIICELLANS0U3   EXERCISES. 


Pages  116,  117. 

61.  $34736-8421. 

70.  -578  oz. 

62.  $30634.9206. 

71.  565. 

63.  3308dy3.  or9yr3.  20i  dys. 

72.  250  lbs. 

64.  $32. 

73.  10-157. 

65.  $13'7. 

74.  2  bush.  1  pk.'  2  gal.  2  qts. 

66.  $108. 

l-,2r  pts. 

67.  $9. 

75.  18981gi 

68.  $29. 

76.  267  days  mWr  hours. 

69.  429!ti. 

Pages  118,  119,  and  120. 

1.  789641420714. 

14.  -0331632. 

2.  Sixty-seven  millions,  eight 

15.  4Qmh 

hundred  and  thirteen  thou- 

16. $6750. 

sand,    four    hundred    and 

17.  UH- 

twenty    and     twenty-one 

18.  58  acres. 

million,    thirty    thousand 

19.  $0-501. 

and  forty-six  billionths. 

20.  $37. 

Seventy-two    millions    and 

21.  3  lbs.  0  oz.  14  dwt.  13J  grs. 

seventy-two  billionths. 

22.  29  acres  0  roods  21  per. 

One  billion,  one  million  and 

23.  14  yds. 

one  hundred ;  and  ten  tril- 

24. 15  lbs.  4  oz.  1  dwt.  14  grs. 

lion  ten  million,  and  one 

25.  $3890.38^ 

tenths  of  quadrillionths. 

26.  1032694. 

3.  DOCIX,    MVCCCLXXVI, 

27.  16800. 

28.  $360.15. 

29.  $274.95. 

MXCMXCIX,  LXXXVMIV, 

MMMCMXLVMMDXCVI. 

30.  $132082. 

4.  53973  lbs. 

31.  169*49  times. 

5.  £3  183.  ll£d. 

32.  $79-99iV. 

6.  10837yearsll9days2Lours 

33.  $59.85. 

7.  $2919'50-/V. 

34.  $532. 12J. 

8.  $123-77. 

—  __ 

9.  620006002043-000000005016. 

35.  COCCCCDCOIX. 

10.  1  acre  1  rood  3  per.  4  yds. 

36.  -0592.+ 

5  ft.  11  in. 

• 

U.  $12268-30. 

37.  1869696969-69. 

12.  54  years  19  weeks  3  days 

38.  $1713-34. 

16  hours  33  minutes. 

39.  $21-1433. 

13.  741000000,    -00741,    741000000. 

40.  236H-I- 

•000000741,  -000000000741,  '00741, 

and  74-1. 

1.  $4688-16-j'5j. 

2.  26536  miles  1  fur.  21  per. 
0  yds.  1  ft.  6  in. 

3.  96. 


Pages  149,  150. 

4.  500313  octenary  and 
20222133  quinary. 

5.  1243994-98275. 
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e.  LXXMXCDXXIII  and 


10. 
11. 
12. 
13. 
14. 


18. 
19. 


COXXXMVDLXVII. 

7.  2'77200. 

8.  See  XL VIII  Recapitulation 
Sec.  I.,  page  57. 

9.  642'76297706690M. 

15.  742000000905000078014-0000087200011. 

16.  Seventy-one  trillion,  three 
hundred  billion,  one  hun- 
dred million,  two  hundred 
thou3and,four  hundred  and 
one ;  and  seventy  thousand 
four  hundred  and  two  tril- 
lionths. 

One  hundred  and  thirty-four 

quadrillion,  nine  hundred 

trillion,  one  hundred  and 

one  billion,  one  hundred 

thousand  and  one  hundred; 

and  two  hundred  million, 

twenty  thousand  and  two 

trillionths. 
Four  quadrillion,  seven  hun- 
dred trillion,  twenty  thou 


See  Table,  page  125. 

$2689-51§. 

27. 

See  Recapitulation  XLVIII 
page  57. 


10 


'//// 


17. 


sand  and  seven ;  and  two 
hundred  and  seventy-eight 
hundredths  of  trillionths. 
£2272  OS.  3id. 


20. 
21. 
22. 
23. 

24. 
26. 


26x63x3X2.3. 

87  ft.    1'  1"  3'"  0"" 

Q>////f     1Q///////     1Q//////// 

•011436. 

16383. 

4096. 

11  acres3rds.  7  per.  19  yds. 

0  ft.  130  in. 

336960. 

Child's   share,  $l79.41-i\; 

woman,  $358.82  j^r  ;  man's, 

$l794.12-jSr. 

1023  and  512. 

48359.8979694. 
722487.0873859. 
65  lbs.  7  oz.  0  drs.  1  scr. 
1,  2,  4,  7,  8,  14,  19,  28,  38, 
56,  76,  133,  152,  266,  532, 
1064. 
32.  82t^^  yards. 


26. 
27. 
28. 
29. 
30. 
31. 


Pages  180,  181. 


.3, 


1-  ?>  I'oVi  -h)  iV>  and  jhs 

2.    " 

3. 

4. 

5. 

e. 


4'52^^. 
Gave  away  |g  and  kept  \}s. 

7.  $212-99^1. 

8.  Longer  part   72  feet  and 
shorter  part  64  feet. 


10.  14-(^o- and^iPoV 

11.  $134-15^. 

12.  $2838706i. 

13.  3 1  If ^  bushels. 

14.  31  and  l^. 
16.  2f  bushels. 

16.  |. 

17.  H'o. 

18.  5-^^  and  2^. 


9.  1058-iVtfacres;$13219-68i.|l9.  $1333-33ior;j'oOfthewhole 

Pages  196,  19  V. 


84.  '8. 

86.  1.44455667788. 

86.  4  days  17  hours  55  min. 
30  sec. 

87.  \UU- 


88.  .156.85931270094. 

89.  -7391  of  a  mile. 

90.  16  sq.  ft.  104':.;  inches. 

91.  1  acre  3  roods  13  per  22  yds. 
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92.  ll^gandlyJ^. 
03.  26-783742857i. 

94.  71-86193. 

95.  11-546  oz. 

96.  75^  yards. 


07.  13-5169533. 

98.  3,  3,  1,  4,  1,  and  0. 

99.  476-65028119. 
100.  9. 


Pages  198,  199,  and  200. 


2.  702000007030017-0000000004000076. 

3.  1017116666-6.  10. 

4.  23.  11. 

5.  lOsWeV  12. 

6.  5044  bricks.  13, 


0'  9"  7'"  ^""  ^""' 


5044  bricks 
7.  Ill  sq.  ft 
b""" 

12225  bush  2  pks  0  gal  2  qts 


8. 
9. 

17. 


14. 
15. 


20790. 

1375t-12  and 

66. 

1  day  23  hours  24  min.  34^^ 

seconds. 

19860  lbs.  2  oz.  9|  drs. 

$158-75. 


.-_.^..-^...   16.  f,  M,  M^f,  and  7^. 

7040000,  -0000704,   704000000000   -00000000704,  -0000704, 
7-04. 


18.  imi- 

19.  Man's  share=£66  Os.  4Jd., 
woman's  =£33  Os.  2|d.  & 
child's  =  £11  Os.  Old. 

20.  190^V«V 

21.  1,  2,  3,  4,  5,  6,  9,  10,  12,  15, 
18,  20,  25,  27,  30,  36,  45, 
50,  54,' 60,  75,  81,  90,  100, 
108,  135,  150,  162,  180, 
225,270,300,324,405,450, 
540,  675,  810,  900,  1350, 
1620,  2025,  2700,  4050, 
8100. 

22.  117. 

23.  Lunar  month  =  29  days  12 
hours  44  min.  3  seconds. 
Solar  year  =  365  days  5 
hours  48  min.  48  seconds. 


24. 
26. 
26. 
27. 
28. 
29. 
30. 
31. 


13450|^g-. 

134062Jlbs.orl3406igals. 

$295-59iV 
24  7^^ 

4B- 


If. 


29X3X5. 
55045884  lines. 

32.  $45.59. 

33.  $90.96gi. 

34.  3.1859882. 

35.  2159§f. 

36.  $215'88-90. 

37.  $142-8248. 

38.  293. 

30.  im,  \m,  I? 

Mii  wd,  km 

40.  $103.35i. 


>     5T) 


'S\, 


Pages  222-223. 

I   4.  Greatest  21: 27;  least 9: 13. 

i 

I   5.  57-100555661872493. 


1.  2:3. 

2.  $479-30.^. 

3.  

6.  5ee33-^  duodenary,     12014313^^  quinary,    and 

9972 

760f0^^  undenary. 
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7.  5-65276  oz. 

8.  3  yds.  3  qrs.  0  na.  0^  in. 
e.  $2962**70. 

10.  1  bush.  2  pk.  0  gal.  1  qt. 

11.  17:8;  88:176;  17:8  and 
23:11;  6:7  and  88:176; 
1173:616. 

12.  39  per  cent. 

13.  mh 


14.  lO^'r. 

15.  £2  Is.  2Jd.  nearly. 

16.  Sf^days. 

17.  TT)Vr7. 

18.  52. 

19.  50^. 

20.  -026856599989+. 

21.  -0778. 

22.  4-32958  miles. 


23.  764876837   nonary  ;    10011110101000011001111010000    bi- 
nary;  11146453021  septenary. 


29.  1,  2,  3,  4,  5,  6,  7,  9,  10,  12, 
14,15,18,20,21,25,28,30, 
35,  36,  42,  45,  50,  60,  63, 
70,  75,  84,  90,  100,  105, 
126,  140,  150,  175,  180, 
210,  225,  252,  300,  316, 
350,  420,  450,  525,  630, 
700,  900,  1050,  1260,  1575, 
2100,  3150,  6300. 

SO.  $5-04. 

31.  Each  man's  share,  $325.99^^=^  ;  each  woman's,  $88-90J^f  ; 
each  child's,  $25-40^^^. 


24.  188100. 

25.  som- 

26.  48. 

27.  415.471137804. 

28.  $56.5334. 


32. 

in,  5^,  2^^^. 

38.  m- 

33. 

3  yds.  2  ft.  8i  in. 

37.  23%. 

34. 

104:5. 

38.  70  goats. 

35. 

71  miles  5  fur.  34  per.  3 

30.  200. 

yards. 

1 

Pages  2 

31,  232. 

1.  7020400000,  7-0204,  70-204, 
•0000070204,  7020-4,  and 
•00000070204. 

2.  6704866-561. 

3.  i;399  19s.  5H§|Jod. 

4.  846.372095763. 

12.  744916400000;  7-449164;  • 
.0007449164;  744916.4. 

13.  - — . 

14.  Binary  63  and  32,  Quater- 
nary 4095  and  1024,  Se- 
nary 46655  and  7776,  Oc- 
tenary  262143  and  32768, 
Duodenary  2985983  and 
248822. 


5.  5:7;  9  :  13;  54:  221. 

6.  $2070-3593. 

7.  They  have  none. 

8.  $27431.31i. 

10.  2^,^U 

11.  12f  days. 
00000000007449164 ;  7449-164 ; 

15.  1,  2,  3,  4,  6,  8,  9, 12, 16, 18, 
24,  27,  32,  36,  48,  54,  64, 
72,  96,  108,  142,  192,  21«, 
288,  432,  576,  864,  1728. 

16.  720720. 

17.  79.789966677748855. 

18.  $125,249. 

19.  21.1923. 
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Paqeb  367-3Y8. 
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1.  7000090000019'00000004200006. 

2.  A,$1639-32i;B,$1528-21i; 

0,$1437-31J;  D,  $1534-95. 

3.  13f. 

4.  $149'7803819'4444. 

5.  83160. 

6.  361  y'rs,  10  m'ths,  25  days. 

7.  40-38. 

8.  33943 lbs.4oz.8dwt.l4Jgrs. 

9.  2. 

10.  129?. 

11.  3. 

12.  24. 

13.  A,  $384-4'7  ;    B,   $291-0'7 ; 

C,  $221-89. 

14.  135^  lbs. 
16.  -165229. 

16.  530-00121864500. 

17.  $7854-29. 

18.  26|. 

19.  81000. 


20.  545640. 

21.  They  have  none. 

22.  A,  $3492-06;  B,  $4761-91  ; 

0,  $6746-03. 

23.  A,   i;i67i|;     B,   £13955  J 
0,  i:93-4»T. 

24.  2t%  hours. 

25.  LXXMVOMXXXVIII  and 

^MMCDXCVMMMDCLXXIX. 

26.  Ist  gets  792  loave?;2nd, 

594 ;  3rd,  924. 

27.  72,  land 3 lbs., or  1,96, and 

4  lbs.,  respectively. 

28.  $3725-764. 

29.  $24010-23. 

30.  $4803-5064. 

31.  5739-29    yds.      Gain    251 

per  cent. 

32.  

33.  $126-12. 


1-290035:    3-051153;    1-449736;    1-812913 


2-182129;    0-909128. 


34.  2-886057; 
4-698970  ; 

35.  ^8.^2. 

36.  84  years. 

37.  66.80585  times. 

38.  22992700-72992700. 

39.  $5-482. 

44.  A,  $571-9675;  B,  $554-8675  ;  0,  $535-6375;  D,  $493-5275; 
and  E,  $1078. 


40.  $460-0034, 

41.  5  yrs.  8  mos.  5  days. 

42.  Amount    $1409.07.    Com- 

pound Int.  $595-36. 

43.  10  months  16  days. 


45.  $1372-02898. 

46.  1. 

47.  11704272374|^§J  octenary. 

48.  -01  and  -0123456789. 

49.  One     quadrillion,      three 

.hundred  billion,  fifty  mil- 
lion Sc  six  thousand  ;  and 
seven  hundred  million, 
eighty  thousand  and 
nine  trilliontUs. 


Seven  trillion,  six  hundred 
billion,  two  hundred 
k  ninety  million,  thirty- 
four  thousand  and  seven ; 
and  sixty-seven  million, 
four  hundred  thousand, 
tvro  hundred  and  nine 
quadrillionths. 

50.  1296. 

51.  44. 
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62.  in9i%' 

63.  144. 
54.  35^3. 

lo.  $f. 

56.  $2469-70. 

57.  h%  3iV,  ftnd  2)V. 

58.  Each  man  had  60;  A  caught 

50,  B  60,  0  70. 
69.  191  and  17763. 
00.  44-998  years. 

61.  A,$1556-953;B,$1169-9r3; 

0,  $973-08;. 

62.  1429,  2858,  5716. 

63.  2^^. 

64.  Man's  share  =  $919-14^, 
Woman's  =  $459-57|]^, 

$153'19-4V. 


and  child's 

65.  24. 

66.  $21-03. 

67.  Greatest  9  :  16  ;  least  10  : 

19,  comp.  ratio  21  :  247. 

84.6-585461;    3-502675;    5-187521;    2-119186;    0-196295; 
1-969276. 


68.  8-5318452. 

69.  -019156118. 

70.  2781.850714057590730858 

71.  157-036  feet. 

72.  85  spirits,  35  water. 

73.  422-32. 

74.  70  and  14. 

75.  223-82460585. 

76.  5-32341. 

77.  58  and  28. 

78.  156240. 

79.  30401. 

80.  228^:  1617. 

81.  3  and  Ij,  or  4  and  IJ,  or  5 
and  l|,  &c. 

82.  m- 

83.  5-i^f  minutes  past  1  o'clock 


85.  $4-314. 

86.  X  $672  and  Y  $1120. 

87.  ^. 

88.  4321. 

89.  185  lbs.  at  4d. ;  18§  lbs.  at 

6d. ;  and  745  lbs.  at  8d. 

90.  10,  22,  26. 

97.  11000000000011.000000001 

98.  $3649.3932. 

99.  28  X  32  X  7  X  11. 

100.  28i 


91.  1,  8|,  16^,  24|,  32^,  40. 

92.  7. 

93.  Apple  2d.,  pear  3d. 

94.  H. 

95.  $275. 

96.  $124  and  $1564. 


101.  117. 

102.  62^  gal.,  87^  gal.,  and  146 
gal. 


108.  A,  jei94  163.  H^d. ;  B,  £129  l7s.  4^d. ;  0,  £97  8s.  Of §d. ; 
D,  £77  18s.  5H. 


104.  $173-178. 

105.  10  hours. 

106.  41  years. 

107.  4-629  days. 

108.  £4  16s. 

109.  44i*j. 

110.  1422-2  lbs. 


111.  1st,  -47  inches;  2nd,  -57 

in. ;     3rd,  -82   in. ;  4th, 
3-149  in. 

112.  71.11. 

113.  $2019-651 ;  $4871-803  ; 
$4815-805;  $6467-739; 
$1825. 


114.  IS'  300  yrs ;  2«»*  56-827  yrs. 
115.  1st,  $920-20  ;  2nd,  $2760-60  ;  3rd,  $5521-20. 
lie.  Paid  each  workman  $28-665  ;  1st  company  cleared  875^^ 

acres  ;  2d  company,  77i|  acres ;  cost  of  clearing,  $8^  per 

acre. 


I 
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117.  15  and  11. 

118.  $2340-00, 

119.  132  days. 

120.  A,  $2180;    D,  $1635;   C, 
$1308;  D,  $1090. 

121.  h «?,  uh  Hn^  mm- 

122.  86lHand  411 -^/i^V 

123.  Sum  £58  Os  8TV.-d  ;  quo- 

tient 32414-6G. 

124.  49  H^  yds. 

125.  $214. 

126.  l-'lTSyrs;  2'»'» 41-9:4 yrs. 

127.  10J«f  perches. 

128.  111104. 

129.  9,  27,  81,  243,  729,  2187, 

6561. 

130.  9^. 


131.  804  in.  9-534  in.  12*426  in 

and  30  inches. 

132.  51  of  each,  reward  £l|J 

133.  $200. 

134.  11  per  cent,  nearly. 

135.  $1388-888. 

136.  Is.  9d.,  Is.  2d.,  and  7d. 

137.  A,  $25  ;  B,  $50  ;  D,  $100 

138.  -057. 

139.  ,Vr;  1C2  32;  ilH;  ^\hf\ 

2308. 

140.  96;   17?. 

141.  $150,  $180,  $240,  $300. 

142.  $14106-566. 

143.  m,   32^^,   48  i^  and  63^  ; 

35  and  85905. 

144.  361  days. 


THB   END. 


IN  THE  PRESS 


To  be  published  early  in  the  Sprijig  of  1800  ; 


LOVELL'S  GENERAL  GEOGRAPHY. 


BY 


J.  GEORGE  HODGINS,  M.A. 


Embellished  with  about  40  superior  Maps  and  100 
beautiful  Engravings. 


mms  GEOGRAPHY,  while  it  is  designed  to  furnish  a 
•^  satisfactory  resumde  of  geographical  knowledge  of  all 
parts  of  the  world,  will  give  equal  prominence  to  the  BRITISH 
COLONIES,  concerning  which  such  meagre  information  is 
generally  found  in  works  of  this  kind.  It  is  designed  and 
will  be  a  suitable  Text  Book  for  children  in  CANADA,  NOVA 
SCOTIA,  NEW  BRUNSWICK,  NEWFOUNDLAND,  PRINCE 
EDWARD'S  ISLAND,  the  EAST  and  WEST  INDIES,  AUS- 
TRALIA, &c. 

The  Maps  and  Wood-Cuts  are  now  in  course  of  preparation 
and  every  effort  will  be  made  to  exi)edite  publication.  The  work 
will  be  in  the  Bookstores  in  the  Spring  of  1860. 


PRICK  $1. 

A  liberal  Discount  will  be  allowed  to  the  Trade  and 
to  Country  Merchants. 


JOHN  LOVELL,  Publisher. 
Montreal,  December,  1859. 


IN  FBEFASATION: 

EA.8Y   LESSON'S 


iir 


GENERAL  GEOGRAPHY, 

POE  THE  USE  OP 

YOUNGER    PUPILS; 

BEINO  INTRODUCTOBT  TO 

LOVELL'S  GENERAL  GEOGRAPHY. 

To  be  Embellished  with   Maps  and  Illustrations. 


BY  J.  GEORGE  HODGINS,  M.A. 


JOHN  LOVELL,  Publisher. 


IN  PREPARATION: 


A     SCHOOL 

HISTORY  OF  CANADA, 


AWD  OP  THE  OTHER 


BRITISH    PROVINCES. 

With  Illustrations. 


BY   J.   GEORGE    HODGINS,    M.A. 


JOHN  LOVELL,  Publisher. 
Montreal,  December,  1859. 


IK  PREPARATION  -. 

FIRST   BOOK 

OF 

ARITHMETIC, 


IN 


DECIiflAIi    CURREIVCY, 

&c.,  &c. 


BY    J.    H.    SANGSTER. 


JOHN  LOVELL,  Publisher. 


IN  THE  PRESS. 
To  be  published  in  October^  1859  : 

GRAMMAR  MADE  EASY 

TO  THB 

CAPACITY  OF  CHILDREN: 

IK  WHICH,  BY  PLEASANT  BXERCI8E8,  A  KNOWLEDGE  OF  THfi 
FABTB  OF  SPEECH  IS  EASILY  ACQI7IBED. 


BY  Q.  G.  VASEY. 


The  above  works  will  be  prepared  with  great  care, 
printed  ou  good  paper,  and  bound  in  the  most  substan- 
tial manner. 

A  liberal  discount  will  be  allowed  to  the  Trade  and  to  Country 

Merchants. 

JOHN  LOVELL,  Publisher. 

Oakasa  Dibetobt  Office, 
Montreal,  Deo  ember,  1869. 


NATIONAL  SCHOOL  BOOK  DEPOT, 

60  St.  Frangois  Xavier  Street,  Montreal;  and 
87  Yonge  Street,  Toronto. 

E.  &  A.  MILLER    y 

have  much  pleasure  in  announcing  to  their  nume- 
rous Customers  and  the  trade  generally,  that  they 
have  entered  into  arrangements  with  Mr.  John 
LovELL,  of  Montreal,  by  whicli  they  have  been 
appointed  Agents  t-o  sell  his  very  Superior  Editions 
of  the 

NATIONAL  SCHOOL  BOOKS 

and  all  his  other  valuable  SCHOOL  PUBLICA- 
TIONS  now  published,  and  which  will  hereafter 
be  issued  from  his  well  known  Establishment. 

By  this  arrangement  they  are  enabled  to  assure 
the  Public  that  they  shall  have  constantly  in  Stock 
better  Editions  and  larger  Supplies  of  SCHOOL 
BOOKS  than  can  be  found  in  any  Establishment 
in  Canada,  and  the  very  lowest  prices. 

e 

TERMS  LIBERAL. 


With  reference  to  the  above,  I  have  appointed 
Messrs.  R.  &  A.  MILLER,  my  Agents,  for  the 
Sale  of  my  Editions  of  the  NATIONAL  SCHOOL 
BOOKS  and  all  my  SCHOOL  PUBLICA- 
TIONS. 

-  JOHN  LOVELL. 

Montreal,  December,  1859.  > 
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